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Abstract

We propose a novel analysis of the Decentral-
ized Stochastic Gradient Descent (DSGD) al-
gorithm with constant step size, interpret-
ing the iterates of the algorithm as a Markov
chain. We show that DSGD converges to a
stationary distribution, with its bias, to first
order, decomposable into two components:
one due to decentralization (growing with the
graph’s spectral gap and clients’ heterogene-
ity) and one due to stochasticity. Remark-
ably, the variance of local parameters is, at
the first-order, inversely proportional to the
number of clients, regardless of the network
topology and even when clients’ iterates are
not averaged at the end. As a consequence
of our analysis, we obtain non-asymptotic
convergence bounds for clients’ local iterates,
confirming that DSGD has linear speed-up in
the number of clients, and that the network
topology only impacts higher-order terms.

1 INTRODUCTION

Decentralized optimization is a key paradigm for large-
scale machine learning. For such problems, it quickly
becomes necessary to keep data distributed across mul-
tiple clients, sharing the computation among all par-
ticipants. While many methods rely on a central
server to coordinate communication [Kairouz et al.,
2021], decentralized approaches offer a strong alter-
native for handling even larger and more heteroge-
neous clients. A fundamental method in this setting
is Decentralized Stochastic Gradient Descent (DSGD),
where clients perform local stochastic updates and ex-
change information with their neighbors [Nedic and
Ozdaglar, 2009b, Duchi et al., 2011, Lian et al., 2017].
This algorithm alleviates the strong requirements of
centralized and federated learning, which either neces-
sitate collecting all data in a single location or relying
on a central server to manage all communications.

Decentralized learning thus appears as a more flexi-
ble alternative to the widely studied federated learning
[McMahan et al., 2017], and many variants of DSGD
have been proposed an analyzed in a wide range of
settings [Colla and Hendrickx, 2021, Koloskova et al.,
2020, Yuan et al., 2016, Richards and Rebeschini, 2020,
Bars et al., 2023, Sayed, 2014, Nedic and Ozdaglar,
2009a, Sundhar Ram et al., 2010]. Nonetheless, some
of DSGD’s theoretical properties still remain misun-
derstood. Specifically, this algorithm and its variants
have been studied extensively in the deterministic set-
ting, with corresponding upper-bounds on the error
and the convergence rate [Vogels et al., 2022, Nedic
and Ozdaglar, 2009a, Sundhar Ram et al., 2010, Yuan
et al., 2016, Koloskova et al., 2020], but its behavior
under stochastic noise is less precisely understood.

In this work, we present a refined analysis of DSGD,
with a particular focus on the stochastic nature of local
updates. We propose a novel interpretation of DSGD
as a Markov chain, which we show to be geometrically
ergodic and therefore convergent to a stationary dis-
tribution. By analyzing this stationary distribution,
we derive exact first-order expansions in the step size
for the bias and variance of DSGD. Two key insights
stem from these expressions: a bias arises when the
communication graph is not fully connected and clients
are heterogeneous, while the variance depends on the
graph only through higher-order terms. Finally, we
provide a non-asymptotic convergence rate, enabling
a precise characterization of DSGD’s convergence.

We stress that the goal of our work is to precisely study
the properties of DSGD, one of the most fundamental
algorithm of decentralized learning. Here, we aim to
develop an analytical framework for the analysis of
DSGD, that (i) gives very precise insights on the bias
of the algorithm through first-order expansions, rather
than upper bounds, (ii) could readily be extended to
more complex decentralized algorithms, and (iii) could
guide the design of future decentralized algorithms.
Our contributions can be summarized as follows:

e In Section 3, we first study the deterministic coun-
terpart of DSGD, simply denoted as deterministic
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GD (DGD), and derive an explicit first-order expan-
sion in the step size of its bias. This shows that the
limit point reached by the algorithm moves further
away from the optimal point with both network’s
spectral gap and clients’ heterogeneity. In particu-
lar, it vanishes when either of the two is zero.

e In Section 4, interpreting DSGD as a Markov chain,
we show that DSGD’s iterates converge geometri-
cally fast (in Wasserstein distance) towards a sta-
tionary distribution. We provide first-order expan-
sions of DSGD’s bias and variance at stationarity,
disentangling two sources of bias: one due to de-
centralization and heterogeneity combined, and one
due to stochasticity. Interestingly, DSGD’s variance
decreases with the number of clients, and depends
on the network topology only in higher-order terms.

e We then derive sharper non-asymptotic rates for
DSGD. Specifically, we (i) show that clients iterates
converge with linear speed-up without averaging the
parameters across clients, and (ii) tightly control the
impact of decentralization and heterogeneity, as well
as that of the topology on the variance.

e In Section 5, we propose a novel decentralized algo-
rithm, based on Richardson-Romberg extrapolation,
eliminating first order bias. We study its sample
complexity, proving that it reduces communication
without any knowledge of the network topology.

e Finally, we provide experiments in Section 6.

Notations. For f: R? — R a function i-times differ-
entiable (i > 1), we denote V'f its i-th tensor deriva-
tive. For a vector |-|| is its Euclidean norm, and for
a matrix, it is its ¢ operator norm. Id is the iden-
tity matrix, and 1,, the vector filled with 1 in di-
mension m. For a symmetric matrix A, we denote
A’s second largest eigenvalue Ay(A), and Ayin(A) its
smallest eigenvalue. We write Wy (p1, p2) the second-
order Wasserstein distance between two probability
measures p; and ps. For two matrices A, B, A ® B
is the Kronecker product of A and B, i.e., the opera-
tor A® B: M+~ BMAT. We also define A®* as the
k-th power of the tensor A.

2 PROBLEM SETTING

Decentralized Learning. We consider the dis-
tributed optimization problem

0* € argmin f(0) = i oy f1(0) (1)

OeRd

where for k € {1,...,m}, fr : RY = R is the local
objective of agent k. Each agent starts from an initial

vector 9(()k) € R4, and updates it with its neighbors

6 = i Wie (617 =7 (V£e(6:7) + 121 (0)))

where W € R™*™ ig a fixed communication matrix,
assumed to be symmetric and doubly stochastic, and
el (9(6)) is a random noise term

t+1\0¢ .
Note the clients first update their parameters, before

averaging the parameters of their neighbors, which is
usually referred to as ” Adapt-then-Combine”.

Algorithm 1 DSGD

1: Input: Vk, 6 = 6, € R?, number of iterations
T, step size -, matrix W.

2: fort=0,...,7—1do

3: for each client k=1, ..

k m 4

4: 9t(+)1 2 W (et( -

5

: return 495,11), .. .,Qém).

,m do
(VA0 2, (60))

It is convenient to rewrite the updates in global form.
We define the stacked parameter vector ©,, the global
gradient VF(6;) and the global noise ;. (0;) in R™¢
as

0, = (BT @)™,
VF(©,) = (V)T (V (0N,
eer1(0) = (e (05T (e OmNTT

With these notations, the algorithm recursion writes

@t+1 =W (@t — ’Y(VF(@t) + 5t+1(@t))) R (DSGD)

where W := W ® Id. Lastly, we also set ©* = 1,, ®
6* € R™4, defined by repeating m times 6*.

Assumptions. Throughout this paper, we work un-
der the following regularity assumptions.

A1 (Regularity). For all k € {1,...,m}:
(a) fr is p-strongly convez.
(b) fr is four times differentiable and L-smooth.

(c¢) f¥s third derivative is bounded: there exists K3 > 0
such that for 6,u € R, || V3 f1.(0)u®?|| < Kzllul?.

This assumption is standard in the analysis of stochas-
tic and decentralized algorithms [Dieuleveut et al.,
2020, Mangold et al., 2025b,a, Vogels et al., 2022].
The third derivative’s boundedness is useful to con-
trol higher-order terms, as can be seen in the proofs of
the results presented in Section 4.

Finally, to measure heterogeneity, we also define

L=IVE@©M))* . (2)
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A 2. The matriz W is symmetric and stochastic, with
Ao(W) < 1; we let A = 2||(Id — W)TW|la. We define
p = max(|A2(W)[, [Amin(W)]).

This assumption is classical in decentralized learning,
and ensures that the underlying undirected commu-
nication graph is connected. In particular, informa-
tion from each client eventually propagates to all other
clients. For instance, given a weighted, connected, and
undirected graph with Laplacian matrix L, the matrix
W =1d — tL satisfies A2 for a small enough ¢t > 0.

3 DETERMINISTIC ALGORITHM

In this section, we start with the analysis of determin-
istic Decentralized GD (DGD), ie.

Oip1 = W (0, —7VF(6,)) . (DGD)

One of the first notable analysis of DGD was provided
by Nedic and Ozdaglar [2009a], and many rates were
later established on the sub-optimality gap f(fr) —
min f, where 07 is the average of clients iterates at
time T [Colla and Hendrickx, 2021, Yuan et al., 2016,
Le Bars et al., 2023]. In particular, it is known that
the clients’ models do not all converge to the optimal
point, motivating the introduction of gradient track-
ing [Shi et al., 2015, Nedic et al., 2017]. Most works
focus on upper bounding the error between A7 and
6.. Yet, computing the parameter 7 requires a global
averaging step over the entire graph, which may be
costly.

Furthermore, our goal is to understand the limit be-
havior of the limit as function of v. We thus need to
establish the convergence to a limit and characterize
it precisely. We show that DGD converges, and derive
an explicit expansion of its bias (i.e., the difference
between its limit point and the problem’s global so-
lution). We first recall the convergence of DGD to a
fixed point. While this first result was established by
[Vogels et al., 2022, Larsson and Michelusi, 2025], our
following results are more precise, with an exact first-
order expansion of the limit point, rather than upper
bounds, allowing to obtain extrapolation results.

Lemma 3.1. Assume A1, A2, and v < 1/L. Then
the sequence (Oy); generated by (DGD) converges to a
vector Oqet, independent of O, which satisfies

(I = W)Oget = —YWVF(Oqet) - (3)
Moreover, for allt > 0,

16¢ = Ouetll < (1 =v)"[€0 — Ouaeell - (4)

We give a proof based on a contraction argument of
this lemma in Appendix A. This establishes that the

sequence (O;); converges to a point Oget, which de-
pends on both the step size v and the communication
matrix W. We next use (3) to derive an explicit ex-
pansion of ©4.;. Note that the matrix Id — W has
different behavior on Span(1), where it is zero, and
on its orthogonal space Span(1)*, where its largest
eigenvalue is strictly smaller than 1. We thus decom-
pose the vectors into two orthogonal components: a
consensus part, where all the clients have the same
value, and a disagreement part, characterizing individ-
ual specificity. We define the consensus and disagree-
ment projection operators, which project a vector into
the relevant subspace

P.=2L111T®Id, Q=I-P. (5
The operator P projects a vector on the consen-
sus space Span(1) by averaging its block-components,
while @ computes the difference between a vector and
its consensus. We can now define the consensus and
disagreement parts of the clients’ iterates

@det = POqet , édet = QOqet (6)
50 that Oget = Oget + édet. With these notations, the
identity (3) can be reformulated as follows.

Lemma 3.2. Under A1, A2, and for 0 <~ <1/L:

>y VIR0 =0 (7)
Odet = (I — W) WVF(Ouer) . (8)

The identity (7) is a kind of optimality condition; if
Oget is already at consensus, it means that DGD con-
verged to the solution of the global problem. The sec-
ond equation (8) defines the disagreement part. Based
on the identity (1—xz)~1 = Y7 2%, (8) can be inter-
preted as the part of the gradients that reaches each
client after any k& > 0 rounds of propagation through
the network, making iterates depart from consensus.

Now, we derive expansions of the error based on
Lemma 3.2: first for quadratics, where we give ezact
expressions, and then for general functions.

Quadratic functions. When the functions fj are
quadratic, we can derive an exact expression of Oget.
A3. Forkec {1,...,m}, there exist A, € R™9 posi-
tive definite and 05 € R? such that f,(0) = %||A,16/2(07
)%, We let

A= %Z?:l Ak

@?loc) = (QTT7 et 79:711—)—'— )

A = diag(Ay,...

s Am)
A = diag(4,..., A

) .

In this setting, the fixed-point equation (3) reduces to

a linear system (Id —W)Oger = — YW A(Oget — @floc)).
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Under A 3, we define the matrices

H=PA'A, G=I-W)Ww, (9
B:=(I+~GA)"'GA (10)

The matrix H measures heterogeneity among clients,
and relates local and global solutions. Indeed, we have
0" =HO:T,...,05 7). If all matrices Ay, are equal,
then 6* is simply the average of the vectors ;. The
matrix G, which is zero on the consensus subspace
Span(1), acts as Z::f W' on the disagreement sub-
space Span(1)+. When applied to a vector, G sums all
the disagreements propagated in the graph from this
vector. The matrix B mixes these two matrices, ac-
counting both for heterogeneity and network topology.
Using these matrices, we can give an exact expression,
and first-order expansions, of the error.

Proposition 3.3. Assume A 2-3 and v < 2/((1 +
L/u)LA). Then we have the following expressions

Bue = Oy H(I —/BH)'B(O},,) - ©*) ,
Odet = 7(I - VB%)ilB(ezloc) - 6*) )
Odet = O*+ (I = H)(I —yBH) 'B(6],,, — ") ,

Moreover, the following expansions hold:

@det = 0"~ ,YﬂgA(@E(loc) - @*) +O(72) )
Odet = 1G A7, — ©) +0(7%) ,
Buder = O+ (I —H)GA(O],,, — 0%) +0(7) .

We prove this lemma in Appendix A. Remark that
the condition on v is only needed to guarantee the
existence of all inverse matrices that appear in the ex-
pressions. For larger values of v for which all inverse
matrices exist, the above formulas still hold. The ex-
pressions from Proposition 3.3 allow to make multiple
observations on the bias of DGD in this setting.

Impact of the step size. The expansion shows that
Odet —O* = O(7), and thus lim,_,g O4ey = O*. Hence,
decreasing the step size reduces the bias of DGD,
which eventually vanishes. Note that the bias, as well
a the disagreement, scales linearly with + for both the
consensus and disagreement components. Of course,
as seen in Lemma 3.1, reducing the bias by decreasing
v also slows down the convergence of the algorithm.

Impact of data heterogeneity. In the homogeneous
case where all local minimizers ¢; coincide, we have
@E‘loc) = O*, and therefore Ogo; = ©*. This shows
that heterogeneity across clients is the only source of
bias: the greater the differences between the vectors
05, the larger the deviation of Og4e¢ from ©*.

Role of the communication matriz. The network
topology appears through G = (I — W)IW. Re-
call that G captures how disagreement between clients

is smoothed out by iterated communication by sum-
ming all the disagreements obtained on the gradient
VF(©*) at each time step ¢t > 1. As an example, when
the network is fully connected (W = %11—'—), G is
equal to 0, and B4y = ©*; for sparse graphs, G is non-
zero, leading to a larger bias. Generally, under A2, the
spectral norm of G is equal to A = 2||(Id — W)TW ||,
which decreases when the eigenvalues of W, other than
the one at 1, are close to 0, i.e., when the graph is more
connected.

General functions. We now study the case of
strongly convex and smooth functions. To derive our
refined analysis, which finely quantifies the prominent
terms in the error, we need a crude bound on DGD’s
convergence, which we will use to bound higher-order
terms. First, we control the bias O4e; — ©*, using a
bound recently established by Larsson and Michelusi
[2025], showing that it is of order ~.

Lemma 3.4 ([Larsson and Michelusi, 2025, Formula
47]). Assume A1 and A2. Then for v < min (ﬁ, %),

1©aet — O < 2EA(,
In particular, as v — 0, ||©get — ©*]| = O(y).

This directly gives a convergence rate for DGD.

Corollary 3.5. Assume A 1-2. Then, for any t > 0.
we have the convergence rate

10 — %]l < (1 —y)!|@0 — ] + ZEA,

For ¢ > 0, setting ~ min( L, -, 45,

= T’ AL’ LAC,
we have |©; — O < € for T 2
LAC. ©o—0*
max(£, AL LA ) jog (1900l

Notice that to achieve good precision, one needs to
require v to be smaller when the graph is less con-
nected. Using this bound, we adapt Proposition 3.3
to the general strongly convex and smooth setting. To
this end, and under A 1-2, we define the average Hes-
sian V2f(6*) := L 371" | V2. (6%), as well as the the
block-diagonal matrices

A = diag (V2f1(0*), LR szm(e*)) ’
A = diag(V2f(0%),...,V2f(0%)) ,
and formally define H and G as in (9)-(10) with theses

matrices A and A.

Proposition 3.6 (First-order bias expansion). As-
sume A 1-2. Then we have

Bu = O H7HGVF(OY)  +0() |
®det = _’YQVF(@*) +O(’Y2) )
Odet = O* —(I = H)GVF(0*) +0(?) .
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For v < min (ﬁ, %), the residual term is bounded by
2
P (R L6

The proof, given in Appendix A, linearizes the local
gradients using Taylor expansion around 6*, and uses
Lemma 3.4 to control higher-order terms. Proposi-
tion 3.6 is the exact analogue of Proposition 3.3 for
non-quadratic functions. The bias, to the first order,
is the same as in the quadratic setting, the same dis-
cussion thus applies. In short, the same three factors
as in the quadratic setting (step size, heterogeneity
and network connectivity) determine the bias of de-
terministic decentralized gradient descent. The main
difference is that, contrarily to the quadratic setting,
no closed-form expressions are available, but only first-
order expansions.

4 STOCHASTIC ALGORITHM

We now consider DSGD with stochastic gradients.
Prior work [Sirb and Ye, 2016, Lan et al., 2020,
Lian et al., 2017, Bars et al., 2023, Neglia et al.,
2020] provided convergence rates on E||Vf(0;)||? or
E[f(O:)] — min f, where ©; is the vector of all local
models at iteration ¢. Other papers focus directly on
the sequence of iterates (0:):>0 [Vogels et al., 2022,
Theorem 9] and prove that the distance between Oy
and ©* can be upper-bounded by a sum of three terms:
one which depends on the initialization and vanishes
as the time step ¢ tends to +o0, one which depends on
the variance, and one which depends on heterogeneity.

Our analysis departs from these results by analyzing
the iterates of DSGD under a constant step size as
a Markov chain. In the single-client setting, Pflug
[1986a], Moulines et al. [1998], Chee and Toulis [2018]
showed that, with a constant step size, SGD does not
converge to the minimizer, but rather oscillates around
it. Viewing SGD with a constant step size as a Markov
chain was used to characterizes SGD’s stationary dis-
tribution, with convergence rates and asymptotic bias
expansions [Dieuleveut et al., 2020]. This approach
has recently been extended to federated learning algo-
rithms such as Scaffold and FedAvg [Mangold et al.,
2025a,b], giving expansions of the bias and variance,
with associated convergence rates.

In this paper, we thus show the convergence of the
Markov chain generated by DSGD, and derive an ex-
plicit expansion of its bias and variance.

e We highlight the fact that DSGD has linear speed-
up regardless of the topology, and even without av-
eraging the local iterates, up to higher-order terms.

e We show that stochasticity introduces an additional
bias in the limit, corresponding to SGD’s bias.

e We provide non-asymptotic convergence bounds for
clients’ local iterates.

DSGD as a Markov Chain. We introduce the fol-
lowing three assumptions on the noise model.

A 4 (Zero-mean noise). There exists a filtration
(Fi)ien such that for allt € N and © € R™?, £,,,(O)
is Fy-measurable, and E [e;41(©) | Ft] = 0. Moreover,
the sequence of random functions () is i.i.d., and the

noises 6§Ij_)1 of the different clients are independent.

A 5 (p). (Co-coercivity) For every t > 1, define the
stochastic gradient mapping VF (&) := VF(-)+e&(+).
Then, almost surely, VF(-;e¢) is L-co-coercive, i.e.

V0,0 € R™, ||[VF(O;¢;) — VF(0';¢,)|
< L <VF(@,€t) — VF(@/, Et), e — @/> .

In addition, the noise has a finite p-th moment at ©*:
V> 1, [l (0777 < 7.

A 6 (Smoothness of the noise covariance). Define the
covariance operator C(©) = E [£1(0)®?]. Assume
that C is twice continuously differentiable. Further-
more, we define C(0) := L 3", ]E[(sgk)(e))m].

These assumptions are standard when analyzing SGD
iterates as a Markov chain [Dieuleveut et al., 2020,
Mangold et al., 2025a,b]. They assume regularity of
the noisy gradients, as well as bounded moments for
the noise, which both hold in natural contexts such
as least-squares regression or logistic regression un-
der mild assumptions. Under A 4, the sequence of
iterates (©4);>0 generated by (DSGD) defines a time-
homogeneous Markov chain on R™¢ with a Markov
kernel defined as R(0,A) := P[©;11 € A| 6, = O]
for any Borel set A C R™,

Convergence to a Stationary Distribution. In
the stochastic setting, Lemma 3.1 obviously no longer
holds. However, we show below that the Markov chain
(0¢)t>0 converges in Wasserstein distance.

Proposition 4.1 (Convergence of DSGD). Assume A
1, A2, A4, and A5(2). If v < 2/L, then the Markov
chain (©);>0 admits a unique stationary distribution
7, € P2(R™), i.e., with finite second moment. More-
over, for any initial distribution py and any t > 0,

W3 (poR,my) < (1= 2y (1 = Lv/2)) W3 (po, 7).

We prove this result in Appendix B.1. Proposition 4.1
shows that DSGD converges to a stationary regime,
independently of the initialization. The convergence
holds in the Wasserstein metric, with a geometric rate
1-2yu (1 — Lvy/2) < 1—~yu < 1. As expected, smaller
step sizes yield slower convergence, but also reduce
the deterministic bias of the algorithm (see Proposi-
tion 3.6).
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Variance of DSGD. We now analyze the station-
ary distribution =, by characterizing its mean and
variance (with a slight abuse of language),

Octo = Jima O dr,(0)
29 = med(@ - @det)®2 dﬂfy(@) .

The matrix Xy is of size (md) x (md). For k¢ €
{1,...,m} we denote [Xg|g, its d x d-size block of
indices k and ¢. We first give an expansion of the
variance.

Proposition 4.2. Assume A1, A2, Aj, A5(4), AG.
Then for any k,¢ € {1,...,m}, it holds that

[Solke = LICEH") +0(?)

where we defined J = (I@ A+ A®I)~!

To establish this proposition, we linearize the gradients
in DSGD’s updates, expand the square, and bound
the remainder terms; we give the detailed proof in
Appendix B.2. There are two key take-aways from
this proposition: (i) at the first-order in the step size,
DSGD'’s variance decreases with the number of clients,
resulting in a linear speed-up, and (ii) this is the case
regardless of the topology. In other words, for two dif-
ferent graph topologies, the variance of the station-
ary distribution is essentially the same, provided that
the step size < is small enough. Interestingly, this
first-order expression exactly matches with classical
federated learning (see Theorem 4 of Mangold et al.
[2025b]). The dominant contribution is determined by
the noise and the local objectives, while the influence
of the network structure only appears in higher-order
terms. To highlight this phenomenon, we derive the
following bound on the limit variance.

Lemma 4.3. Assume A 1, A2, A4, A5(2). Let
v < min(1/L,1/(AL)), then the variance of DSGD
at stationarity is bounded by

NT2 4+ 32K, B3/? 2 p?
*ana ll 8 S T
where C = (LB + K3B3/?~4/2 4 %72K§B2 +72) /72
4
and B = (77 + 72%/\2@)/#, We use < to indicate
an absolute numerical constant dependence.

To prove this bound, we leverage the decomposition
we used to prove Proposition 4.2, and decompose it
between a consensus, which dominates and disagree-
ment part, which gives higher-order terms. We give a
detailed proof in Appendix C.1. The key takeaway of
this lemma is that as long as

= 0(1/(uyA?))

the leading term is the term in v, which does not de-
pend on the topology. More precisely, as long as the
number of clients is of order O(1/A?), the impact of
the graph’s topology on the variance is negligible.

Bias of DSGD. First, we remark that stochasticity
does not affect the bias for quadratic functions.

Proposition 4.4. Assume A2, A3, Aj, A5(4), AG.
Then stochasticity does not introduce any additional
bias, and it holds that Ogo = Oget -

The proof follows from the linearity of the gradient, see
Appendix B.2. For general smooth and strongly con-
vex functions, however, stochasticity induces an addi-
tional first-order bias in the stationary mean.

Proposition 4.5. Suppose A1, A2, A4, A5(4), AG.
Then for any i € {1,...,m},
glet — _

611 — 0 = — LV F(0%) 7V £(61)TC(67) + O(*)?),

where J is defined in Proposition 4.2.

Proposition 4.5 shows that for smooth and strongly
convex functions, the mean of the stationary distribu-
tion does not coincide with ©ge: an additional bias
of order O(v) appears. We emphasize two key points:
(i) the stationary mean Og, still depends on the net-
work topology, since Oqet does; (ii) yet, the additional
stochastic bias Ogto — Oqer and the stationary variance
are independent of the topology at first order in ~y.

Non-Asymptotic Bounds We now state one of our
main results, which gives a non-asymptotic conver-
gence rate for DSGD based on bounds on the asymp-
totic variance and geometric ergodicity of DSGD.

Theorem 4.6. Assume A1, A2, A4, A5(4), AG.
Taking v < min(5z, 107), it holds that

2 . 3/2
S (=)o + v + 72 EB

T (LA C*+LBp + o2 p272)

E[||©: — ©*||’]

+,y5/2 (K?)B3/2+’y3/2KQBQ) ,

with o = [|©0— @*||2+72L2 2t
and B = 1 (77 + 2Ly A%C2).

(7—2 + 72 AL’ AzC*)

We prove this Theorem in Appendix C. We stress that
the proof scheme is fundamentally different from ex-
isting convergence proofs of DSGD, as it does not rely
on establishing a bound on the convergence of consen-
sus/disagreement part, but rather studies convergence
of the algorithm, together with its properties in its sta-
tionary regime. We can now give a sample complexity
for this algorithm.
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Corollary 4.7. Let € > 0 be small enough. Un-

der the assumptions of Theorem 4.6, set v =
: 'I’TL€2 € —p?

mln(%v LZl/(C* ’ H.,-g ’ LiC* (iB’; )1/256( i—2252 )1/2)7 th@

DSGD algorithm achieves E[||©; — ©*||?] < €2 after

2 2 2
szaX(%a Lﬂfég* 7#27;37462 7Ll;/\2<6* aﬁ(lfpz )1/2) log(%) .

This corollary establishes the sample complexity
of DSGD. It shows that, when high precision is
desired, DSGD has linear speed-up until m <
mln(LXZ -, (@=p )/p )2 ). In other words, provided
the network topology is not too disconnected and the
problem not too heterogeneous, DSGD achieves linear

speed-up in the number of clients.

5 RICHARDSON-ROMBERG FOR
DECENTRALIZED LEARNING

Building on our analysis of DSGD’s bias, we extend
the Richardson-Romberg extrapolation technique to
the decentralized world. The main idea of this tech-
nique, initially developed in numerical analysis, is to
cancel leading-order error terms by combining iterates
obtained with different step sizes. It has since found
applications in diverse areas, like data science [Bach,
2021], and in the analysis of SGD algorithms, both in
the single-client setting [Dieuleveut et al., 2020] and in
federated learning [Mangold et al., 2025b].

To construct the decentralized Richardson-Romberg
estimator, we set a step size v < 1/L, and run the
algorithm two times, giving two sequences of iterates:
one with step size v and one with step size /2, de-
noted respectively by (67 );>0 and (@Z/Q)tzo. We then
define the Richardson-Romberg extrapolated iterate as

Oft .= 2972 @) . (11)
We stress that building this estimator only requires
running the algorithm twice. Contrary to gradi-
ent tracking methods [Di Lorenzo and Scutari, 2016,
Koloskova et al., 2021], it does not require clients to
maintain a slack variable in memory. This makes this
algorithm fit for running on devices with low-resources,
which are typical in decentralized settings.

Leveraging our expression of DSGD’s bias, we show
that the estimator built in (11) has reduced bias.

Proposition 5.1. Assume A 1-2. Ifv < min (ﬁ, %),

105" — ©*[ < v? L A2 (B2 + L¢,)

This shows that Richardson-Romberg extrapolation
successfully eliminates the deterministic first-order
bias term 7+ (I —H)GV F(0©*), which depends on both

the topology of the communication graph and the het-
erogeneity. Remarkably, this does not require explicit
knowledge of the graph structure or of the heterogene-
ity. We then obtain the following convergence rate.

Corollary 5.2. Assume A 1-2. Then, for any t > 0,
in the deterministic setting, we have the convergence
rate

1O — 0% < 3(1 —u/2)"(|©0 — O
’yL
+2(1 = yu/2)' ——
kL S §2+L<) .
8u? " Cpuy/m’
For e > 0, let v = min(L, AIL, /261\2 ) and assume
Ks/mY? is small, then we have ||OF%7 — %] < ¢

after T 2 max(%, %, HLQIG\E/*Q ) log( HGOZG*”) iterations.
This shows that the speed of convergence is not af-
fected, but that the limit bias is quadratically reduced,
allowing for a quadratic improvement in the sample
complexity when heterogeneity is large or the network
not very connected. Finally, we stress that similar
results would hold in the stochastic setting, allowing
to speed-up convergence when the variance is domi-
nated by the decentralization error. Thus, this allows
to handle decentralized learning with much less con-
nected graphs, de facto reducing communications.

In the stochastic setting, combining Corollary 5.2 with
Lemma 4.3 gives the following result.

Corollary 5.3. Let € > 0 be small enough. Un-

der the assumptions of Theorem 4.6, set v =
. 2 1/2 1 1_p2

mll’l(%, LQl/L\C*, #:226 ) IIL/EAC* (LBPp )1/276( T‘22ppz )1/2); the

RR-DSGD algorithm achieves E[[|OF ™7 — 0%|]?] < €

for

2
T>maX(L LPAC, 75 LA, 7*2(152,72)1/2)1(%(%%

9 M2 ’ H2m€2’ #261/2a e

This shows that the Richardson-Romberg extrapola-
tion procedure has the same advantages in the stochas-
tic regime and in the deterministic one. Notably, it
can be particularly beneficial in settings where noise
is dominated by the bias due to decentralization.

6 EXPERIMENTS

This section illustrates our theoretical results through
numerical experiments. We consider the optimiza-
tion problem (1), where for client k£ € {1,...,m},
the local objective is given by fr () = L 3"  log(1 +
exp((0,0k:))) + 3]10]. For each client k, the vec-
tors 6j; are sampled independently from a distribu-
tion specific to that client, which enables us to model



Tight Analysis of Decentralized SGD: A Markov Chain Perspective

Fully Connected

Four Clusters

Ring

100
10—1,
1072

2 100 100
§ 10-14 1071 N\
©1072 1021
—~
% 10734 10734 1073
Jan -4 -4 -4
10 : " ; . 10 " . . " 10 . " " " m=4
0 25000 50000 75000 0 25000 50000 75000 0 25000 50000 75000
Iterations t Iterations t Iterations t - m=16
100 —A— Mm=64
—#— m =256

. 100 10°
§ 10-1/ k 1014
§)10—2— 10724
€ 1073 1073

10—1,
10—2,
10—3,

-4

) | ) | 1 )
0 25000 50000 75000 0 0
Iterations t

| | ) 1 |
25000 50000 75000 0 0
Iterations t

25000 50000 75000
Iterations t

Figure 1: DSGD for heterogeneous (top row) and homogeneous (bottom row) clients, for various numbers of
clients m and communication graphs. Graphs are fully connected (left), four clusters sparsely connected (middle),
and ring (right). Colored areas indicate variations (+ standard deviation) obtained from 20 independent runs.
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Figure 2: L3 ||g! — 6*| for deterministic (left)
and stochastic (right) DGD with step size v, step size
~/2 and RR extrapolation.

heterogeneity across the network. All experiments are
conducted in dimension d = 2, and the communica-
tion graph is chosen to be either (i) fully connected,
with W = %ll—r), (ii) a ring topology, or (iii) a clus-
tered topology with four well-connected clusters that
are only sparsely connected to each other.

Deterministic DGD. In the deterministic setting,
Lemma 3.1 and Proposition 3.6 show that using a
smaller step size 7 reduces the bias, but slows down
convergence. Moreover, Proposition 5.1 shows that
that Richardson-Romberg extrapolation improves the
bias order from O(y) for classical DGD to O(v?).
This is indeed what we observe in Figure 2, where
m = 12,7 = 1073, with the four-clusters graph.

Stochastic DGD. In the stochastic setting, Propo-
sition 4.2 and Proposition 4.5 establish that both the
variance and the bias scale as 1/m at the first-order.
We illustrated this numerically by plotting the evo-
lution of the distance to the deterministic limit ©get
as a function of the iteraiton number, for different m
and graphs. As observed in Figure 1 (y = 1073), in-
creasing the number of clients yields smaller variance
and bias. However, for poorly connected graphs like

the ring topology, the improvement stops when the
bias begins: since the second-largest eigenvalue of W
is very close to 1, higher-order error that depend on
the graph prevent further speed-up.

Decentralized Richardson-Romberg. We now
illustrate the performance of the decentralized
Richardson-Romberg extrapolation method. In both
deterministic and stochastic settings, it effectively re-
duces DSGD’s bias by one order of magnitude. In
Figure 2 (left), we run the deterministic variant of
the algorithm, confirming a reduction of the bias from
1072 to 10~*. The stochastic counterpart of the al-
gorithm, reported in Figure 2 (right), also reduces
the bias: there, bias strongly hinders DSGD’s con-
vergence, while DSGD with Richardson-Romberg ex-
trapolation reaches a stationary regime, where vari-
ance dominates.

7 CONCLUSION

In this paper, we analyzed the deterministic and
stochastic Decentralized Gradient Descent algorithm,
focusing on the characterization of their limiting points
and the impact of heterogeneity, network topology,
and stochastic noise. In the deterministic setting, we
showed that DGD’s bias depends on the step size, net-
work topology, and heterogeneity, with a bias of or-
der O(v) that can be reduced to O(y?) with Richard-
son—Romberg extrapolation. In the stochastic setting,
the iterates admit a unique stationary distribution
with an additional O(+y) bias, and have a linear speed-
up in the number of clients even without formally av-
eraging the iterates.

Overall, our results reveal a clear contrast: determin-
istic bias is shaped by network effects, while stochastic
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bias is dominated by noise. This deepens our under-
standing of the impact of decentralization and stochas-
ticity on optimization, and hints towards novel meth-
ods like, e.g., Richardson—-Romberg extrapolation. We
proved that this method reduces DSGD’s sample com-
plexity, notably in small noise regimes. We hope that
our analysis of DSGD will serve as a basis for the devel-
opment of decentralized algorithms tailored to handle
stochasticity.
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Supplementary Materials

In this appendix, we first provide additional related work.

e Appendix A contains the proofs of the deterministic DGD results stated in Section 3.

e In Appendix B, we give the proofs of the results on DSGD stated in Section 4. We also state and prove
additional results:

— Lemma B.1 and Lemma B.2 give contraction results between consecutive iterates of DSGD, as well as
upper-bounds of moments of order 2 and 4 under the stationary distribution.

— Based on these first two lemmas, Lemma B.4 establishes a first expansion of the stationary distribution’s
variance.

— From this expression of the variance, Lemma B.5 deduces an expression of the stationary distribution’s
bias.

— Lemma B.6 and Lemma B.7 give estimates of the covariance of the noise under the stationary distri-
bution, based on Lemma B.1, Lemma B.2 and Lemma B.5.

— Based on these previous lemmas, Corollary B.8 and Lemma B.9 then simplify the expression of the
variance, which yields both Proposition 4.2 and Proposition 4.5.

e Appendix C contains the proofs of the non-asymptotic results stated in Section 4.
e In Appendix D, we give the proofs of the results on Richardson-Romberg extrapolation.

e Appendix E contains two general lemmas on matrices, used in the proofs of the previous results.

Additional Related Work

Decentralized Optimization. The term decentralized SGD was introduced by Lian et al. [2017]. Nonetheless,
similar algorithms had been studied in distributed optimization, with the first analysis by Nedic and Ozdaglar
[2009D], and algorithms like dual averaging [Duchi et al., 2011], Extra [Shi et al., 2015], and other algorithms
mentioned below. Many analyses [Hendrikx et al., 2021] and variants of decentralized SGD have then been
studied, with variance reduction [Tang et al., 2018], compression [Koloskova et al., 2019], for neural networks
[Assran et al., 2019], with changing topology [Koloskova et al., 2020, Le Bars et al., 2023], biased gradients [Jiang
et al., 2025], asynchronous updates [Even et al., 2024] or projections [Choi and Kim, 2025]. Other works have
studied the generalization of decentralized SGD [Le Bars et al., 2024, Ye et al., 2025]. All these approaches still
suffer from bias due to decentralization and heterogeneity, and some methods have been proposed to mitigate
this bias [Zhang and You, 2019, Pu and Nedié, 2021, Koloskova et al., 2021]. Other algorithms have also been
proposed, like DIGing [Nedic et al., 2017], NIDS [Li et al., 2019b], together with refined analyses of these methods
[Jakoveti¢, 2018, Xu et al., 2020, Li and Lin, 2020] A long line of work have been dedicated to the study of dual
algorithms [Scaman et al., 2017, Uribe et al., 2020, Kovalev et al., 2020]

Distributed and Parallel Stochastic Gradient Descent. The methods from decentralized optimization
find their roots in distributed optimization [Tsitsiklis et al., 2003, Nedic and Ozdaglar, 2009b, Boyd et al., 2011].
In this context, the goal is essentially to accelerate the learning by leveraging the computational power of multiple
machines. A key difficulty in this setting is to handle asynchronous updates, which cause delay [Zinkevich et al.,
2009]. This was studied to learn conditional entropy models [Mcdonald et al., 2009], distributed neural networks
[McDonald et al., 2010, Dean et al., 2012], and for parallel SGD in general [Zinkevich et al., 2010, Agarwal et al.,
2014, Agarwal and Duchi, 2011]. and more generally in the context of asynchronous SGD without locks [Recht
et al., 2011, Duchi et al., 2013, Leblond et al., 2017, De Sa et al., 2015, J Reddi et al., 2015, Mania et al., 2017].
Note that in the more specific setting of federated learning (with a central server) similar ideas of linear speed-up
in the number of clients have been observed [Yang et al., 2021, Qu et al., 2021, Mangold et al., 2025b,a].
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Fixed-Point Analyses of Decentralized Learning. Closely related to our work, Vogels et al. [2022] studied
the convergence of decentralized GD to the solution of an equation involving the gradient and the network,
providing convergence rates for DSGD to a neighborhood of this point in expectation. Similarly, Larsson and
Michelusi [2025] proved the convergence to a fixed point in the deterministic setting. Additionally, Yuan et al.
[2016] showed convergence of decentralized GD by interpreting it as gradient descent on a modified function.

In the federated learning setting, when a central server is available, FedAvg has also been studied under the
fixed-point framework, first in the deterministic setting [Malinovskiy et al., 2020, Wang et al., 2021], establishing
convergence to a point, which can be related to the global solution [Malinovskiy et al., 2020, Charles and
Konecény, 2021, Pathak and Wainwright, 2020], with an explicit characterization of the bias in the quadratic
case. This fixed-point framework was later extended to the stochastic setting, providing new analyses of FedAvg
and Scaffold [Mangold et al., 2025b,a].

Other Approaches in Federated Learning. When a central server can orchestrate the training, decentral-
ized learning boils down to federated learning [McMahan et al., 2017]. The most prominent algorithm in this
setting is the FedAvg [McMahan et al., 2017], which has been widely studied. A first line of work has studied
this method in the homogeneous setting, where clients share the same objective function [Stich, 2019, Wang and
Joshi, 2018, Haddadpour and Mahdavi, 2019, Yu et al., 2019b, Wang and Joshi, 2018, Li et al., 2019a]. Then,
many works studied the properties of FedAvg when clients differ, inducing a client-drift phenomenon [Karim-
ireddy et al., 2020]. Many heterogeneity measures have been proposed, based on first-order information [Yu et al.,
2019a, Khaled et al., 2020, Karimireddy et al., 2020, Reddi et al., 2021, Zindari et al., 2023, Crawshaw et al.,
2024], second-order similarity [Arjevani and Shamir, 2015, Khaled et al., 2020], relaxed first-order heterogeneity
[Glasgow et al., 2022], and average drift at the optimum [Wang et al., 2024, Patel et al., 2023].

In analyses of FedAvg with stochastic gradients, a bias appears as higher order terms [Khaled et al., 2020,
Glasgow et al., 2022, Wang et al., 2024]. This bias essentially stems from the bias of SGD, which has been widely
studied in the single-client setting [Lan, 2012, Défossez and Bach, 2015, Dieuleveut and Bach, 2016, Chee and
Toulis, 2017], and through Markov chain analyses of SGD [Dieuleveut et al., 2020, Pflug, 1986b].

Richardson-Romberg. Richardson-Romberg extrapolation, which we extend to the decentralized setting for
the first time, can be traced back to Richardson [1911]. This is a classical method in numerical analysis, with
many applications, including time-varying autoregressive processes [Moulines et al., 2005], data science [Bach,
2021], and many others [Stoer et al., 1980]. It was brought to stochastic approximation by Dieuleveut et al.
[2020], and later studied by Sheshukova et al. [2024]. Most closely related to our work, Mangold et al. [2025b]
proposed a variant of this method in the context of federated learning, when a central server is available.

A DETERMINISTIC DECENTRALIZED GRADIENT DESCENT

Hereafter, we recall the proof of the convergence in the deterministic case [Larsson and Michelusi, 2025].

Proof of Lemma 3.1. The proof consists in noticing that the operator © — W (©—+VF(0)) is (1—vyu)-Lipschitz,
which comes from

[W(© —7VF(©)) —W (0 —yVF(©))|| =W (0 -0 —yVF(©)+~VF(©))]|
<0 -0 —~(VF(®) - VF(©))]
=T —yA)(© -] ,
1
where A := / V2F(©' + (0 — @) dt satisfies uI < A < LI.
0
For v < 1/L, ||I —vA|2 <1 — ~ypu, hence
W (0 —7VF(©)) -W (6 —1VF(©))| < (1-yu)le-e .

We conclude using Banach fixed-point theorem. O
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Proof of Lemma 3.2. Applying the projection P on the consensus space to (3), and using the fact that PW = P
since W is doubly stochastic, we have PV F(Oqet) = 0, which gives a first equation

1 - dety __
Ezvfk(ek )=0.
k=1
Next, since Ogey = W Oqe, the fixed-point equation (3) implies
(I —W)BOyet = —YWVF(Ouet) ,

which gives the expression for Odet by applying the Moore-Penrose pseudoinverse of I — W. O

Proof of Proposition 3.3. From Lemma 3.2, we know

*va edet i edet * =0 .

k:
Using the decomposition ngt = gdet 1 gget, and the expression of the gradient for quadratic functions, we obtain
Aédet _ i iAke* o l iA gdet
m km Rk
k=1 k=1

which can be rewritten in compact matrix form, using the matrix ‘H defined in Proposition 3.3 and the fact that
A is invertible, as

Odet = HOf) — HOuer - (12)
Lemma 3.2 also provides the following equation:

Ouet = —Y(I = W)WV F(Ouet) = —7GA(Oaer — Ofloc))-
Plugging in Oget = Odet + (:)det, we get:
(I + ’YgA)édet = _’YgA(@det - G?loc))'
Plugging this in (12), we obtain:
Gaer = 1T +7GA) ' GA ((H = DOy ~ HOuer)

We then define
B .= (I+ygA)*1gA,

and we get the closed-form
Odet = y(I —yBH)'B(I - H)O00):
Substituting back into (12) gives the expression for g, using the fact that ’H@ {loc) = = 0O~

To find the upper-bound on 7, we need to make sure that all the above inverse matrices are well-defined.

The matrix (I +vGA)~! is well-defined when v < 1/(L||Gl|]2). Moreover, |Bllz2 < L||G|2/(1 — vL||G|2),

and |H|2 < L/u, so (I — yBH)™ ! is well-defined as soon as v < p(1 — vL||Gll2)/(L?||G||2), or equivalently
1

Y.
(14 L/p)LlIG]l2
The first-order expansions in 7 then follow from B = GA 4+ O(7). O
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Proof of Corollary 3.5. The convergence rate is a direct consequence of Lemma 3.1 and Lemma 3.4:
10: = O < [[©1 — Odet || + |Odet — O7||
< (1=71)"180 — Odet|| + Oder — O
2vLA
< (10100 — 7] + =,

This rate holds if ¥ < min(, 7). If moreover v < then the above bound becomes

LA( )
10 — ©%[| < (1 — )"0 — O*|| + ¢ .
log(/[|©0 — ©*[]) - log([|©0 — ©*]|/¢)

~ 760 9*|| ’ log(L—qp)  ~ T
conclude using the value on 7. O

. We

We then need to have (1 —yu)” or equivalently T' 2

Proof of Proposition 5.6. We follow the approach used in the quadratic case. Using Lemma 3.2, a Taylor expan-
sion, Lemma 3.4, and 0{°t = g4t + gdet it holds that

1 m
- aZwk(@get)
k=1
1 - * * € * € *
= — > (VAl0) + V2 Fu(0) (61 — 67) + O(llog*" — 0*]*))
k=1
=— vak (%) +Aft + = ng (0%)63 — 40" + Ry (7) (13)

=0

K
where R1(7) = O(4?), and more precisely, using A 1, [|R(y)|| < 2— Z K3||0det — 67|12 = 2—3||@det - 0%%
m jp— m

Rearranging (13) yields

gdet — g ( Z V2 £, (6%) 9det> FATIR () |
which in tensorized form reads:
Ouet = 0* — HOut + 12 ARy () - (14)
Now, using the second part of Lemma 3.2, we have
édet = - W)TWVF(Gdet)

=9 (VF(07) + Rz(7))

= —GVF(0") -G Ry ()
where Ra(7) = O(Og4et — ©*) = O(7), and more precisely, using A1, ||R2(7)|| < L||Odet — O*||.
Substituting back into (14), we obtain:

Odet = (0" +YHGVF(0)) + (1@ AT Ri(y) + YHG R (7))

where the residual term is indeed O(y2). More precisely, using Lemma 3.4,

1@ AT R (7) + YHGR2 ()| < Vm[|[A 2 - [Ra(n)| + A H|2 - 1G]z - [[B2(7)]

1 K L
< 23 Oger — O 2+ 9= - L||©ge; — O
< m o 18 I*+72 19112 - L®aet I

L2/ K
< vaA(
u2 \2uy/m

2+ LGl ) -
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B DECENTRALIZED STOCHASTIC GRADIENT DESCENT

B.1 Convergence of DSGD

Proof of Proposition 4.1. The proof follows closely the structure of the argument in [Dieuleveut et al., 2020,
Proposition 2]. The key difference lies in the contraction between consecutive time steps, which we adapt below
to our setting:

E|[0f, - 6117| =E [Iw(©f" - 6f) - yW (VF(6{V;2)) - VF(6{;52) ||
CE[I(60" - 6%) ~1(VF(©[:2) - VF(©OP:20) ]
=E[j6{" - 0| + |VF(©{";e) - VF(O;e0)]
—%E [<e§1> —0? vFOWM: ) - VF(@(Q),et)>] (15)
CE[jOf - 02— 241 - Ly/2) (6 — 0 VF(O{:2) ~ VF(6{:2) )]

(#4d)
DE[I6f - 6|2~ 29(1 - La/2) (6fY - 0 vF(6) - VF(©[))]

(iv)

< (-2 - Ly2)E |6 - o)) (16)
where:

o (i) uses |||z = 1, since W is doubly stochastic.

o (i) comes from the co-coercivity A5(2).

o (7ii) is obtained by taking the expected value conditional on Fy, using the fact that @ﬁ” and 952)
Fi-measurable, and that E[VF(O;¢;) | Fi] = VF(0;), using A4.

e (iv) comes from strong convexity A1 and from v < 2/L.

For any probability measures pi, p2 with finite second order moment, Villani [2009, Theorem 4.1] shows the
existence of random variables @(()1) and 682) which are independent of (e¢);>1 and such that W3(p1, p2) =

E [|of" - 6f|2].

By definition of W5, and using the fact that the distribution of ©(" (resp. ©\?) is p1RE (vesp. paRYL), we have
W2(p1RL, poR.) <E [HGE” - @§2>||2] Then, (16) yields

t
Wi (p1 R, paRL) < (1= 2u7(1 = Ly/2)) W3(p1,p2) (17)
+o0 +oo
and taking ps = p1 R, shows that ng(leg,le’;“) < Zptwg(pl,lev) < +o0.
t=1 t=1

Then, since by Villani [2009, Theorem 6.16] the set of probability measures with finite second moment endowed
with Wy is a Polish space, we get that (let )i>1 is a Cauchy sequence, which converges to some probability

measure with finite second moment 7T,€1 hm Wa(p1 R, w0t) = 0.

Morevoer, if we assume that hm Wg(png m02) = 0 for some 742, then using (17) we get:

Wy (nbt, mh2) < Wa(nht, p1RL) + Wa(pi RL, paRY) + Wa(paRL, 702) — 0,

7Y st

50 Ty := mht = wf? does not depend on py. Finally, Wy(my Ry, my) < Wa(my Ry, myRL) + Wo(m, RE ) e

0
so myR = m,, and m, is indeed a stationary distribution. The uniqueness comes from (17). O
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B.2 Variance and Bias of DSGD
Proof of Proposition 4.4. Using
@1 =W (@0 — ’Y(VF(@O) + 61(@0))) s

integrating over Oy ~ 7 and taking the expected value on €1, it holds that

(I—W)Oyo=—W [ VF(0)r,(dO) .
Rmd

Since the gradient is linear for quadratic functions, we have
(I —W)Oy, = 77WVF(IRM@ T4 (dO)) = =YWV F(Ogo) -

This is precisely the fixed-point equation (3), which has a unique solution: ©ge;. Hence Ogpo = Odet. O

To establish the expression of O, and / CE @det)®2 7,(dO) in the general case, we need a few technical
Rmd
lemmas.

Note that in many of the lemmas below, we give explicit upper-bounds on residual terms. These upper-bounds
are not necessary to prove Proposition 4.2 or Proposition 4.5, and could easily be replaced by O. They are only
given here for completeness.

Lemma B.1. Fory < 1/L, and under A1, A4, and A5(2):
E [[|8t11 — Oactl® | Fe] < (1= 2yu(1 = L))[0: — Oudet|l* + 272(Oact) >4

where 1/2
TQ(Gdet) =E [||51(®det)“2] .
Moreover © )2
O — Oget | m, (dO) < T2
|18 =l ae) < T2EwL

If v < 1/(AL), then
2y (73 +72 4 0%¢2)
u(l—~L) ’

|16 = Bus (de) <

where T is defined in A 5.

Proof. By definition of ©;11 and G4 and expanding the square, we have
E 18141 — Oactl® | Fi] =E [|[W(O; — Oaer) =YW (VF(Oy;€141) — VF(Ouaer)) |1 | Fi]
<E[[[(©f — Odet) = V(VF(O4;6041) — VF(Ouer))I” | Fi]
= (18 = Ouet|I* + V’E [IVF(Or;6141) — VF(Ouer)|I* | Fi]
—29E [(©; — Odet, VF(Ou;6141) — VF(Ouet)) | Fi
Then, using A4 and Ab5:
E[[|[VF(Os;e141) = VE(Oue)* | Fi] < 2E [[[VF(Or;6011) — VF(Oact; er11)|I” | Fi] + 2E [[lert1(Oac) | | Fi]
< 2LE[(VF(O4;6141) — VF(Odet; €141); Ot — Ouet) | Fi] + 272(Ouer)
= 2L (VF(0;) — VF(Oqet), Or — Odet) + 272(Oder)?
Using A 1, we then obtain

E (18141 — Oactll® | Fi] <101 — Ouet|? + 27°72(Oaet)® — 27(1 — Ly) (VF(O;) — VF(Ouet), Or — Oqet)
< (1= 2vu(1 = I)[[©¢ = Oudet||* + 272(Ouet)**
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hence the first inequality. The second statement is obtained by considering E[||©; — Oget||?] A M for M > 0,
taking the limit as t — 400 in the previous inequalities, and letting M — +oo using the monotone convergence
theorem.

To prove the third inequality, we now upper-bound 75(Gge¢)?. Using A1 and A 5(2), the noise is almost surely
2L-Lipschitz continuous, hence
le¢(Oaet) — €:(07)|| < 2L|[Oget — O] ,

from which we deduce
72(0aet)? — 72(67)?| = [Elex(©ac) I — Ile2(67) ]|
< Ellet(Oact) = e1(0)]] (le0(@ace) | + lex(©")])]
< E[le(Oact) = (01| - (lex(@a) — £4(67) | + 20je0(67))]
< 4L[|Odet = O [[(L][Oact — O[] +71),
and using 1 < 75 and Lemma 3.4,

72(Ouet)? < 72+ 4L||Oer — 0% (Ll|Ouct — O[] + 1)
= (r2+ 2L[| et — ©%))?

< (Tz+v2i2AC*)2 .

O
Lemma B.2. Fory < 1/(10L), and under A1, A4, and A5(4),
100774 (Oget)?
B [10cs1 — Ouaul'] " < (1= 231 — IL)'E [[ 00 — O] /* + XL
where 14
74(Odet) = E [[le¢(Oaet) 1] :
Moreover 100y74(6 )2 )
T e
[ 10—, (de) < (FRTE2L)”
]and /J/

If v <1/(AL) and v < 1/(10L), then
250 x 10092 (7{ + 71 LAY
p? '

|16 = Bultm d0) <

Proof. Using Cauchy-Schwarz inequality:
E [[|0t41 — Oaetll* | Fe] = E [[W (01 — Ouet) — Y(VF(Or;e41) — VF(Ouer))) [I* | Fi]

<E[|[(8: = Odet) = YVF(Or;141) = VF(Ouer))||* | Fi]
= 118: = Ouct|l + V' E[|[VF(Os;6141) — VF(Ouet) [ | Fi]
+49°E (O — O, VF(Osier1) = VF(Ouur))” | Fi]
+ 297101 — OuutIPE [|VF(Or: e111) — VF(Ouer)|> | Fi]
- 4’Y||9t - @dctHzE [<9t — Odet, VF(@t;€t+1) - VF(@dct)> | -Ft]
— 4R [|[VF(O4;6041) — VF(Ouer)||? (O — Odet, VF(Or; 6441) — VF(Ouer)) | Fi

<6 - @dctH4 —4v[|©; - @dctH2 (©¢ — Odet, VF(0;) — VF(Oqet))
+Y'E[[VF(O4;e041) — VF(Ouer)|* | Fi]

+67%10; — OuctIPE [IVF(Os;€141) — VF(Ouet)|I* | Fi]

+47%(10; = Ouet |E [[[VF (O €041) — VE(Ouaer)||* | Fi]
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Then, we use (z +y)" < 2"~ (2" +y") for n € {2,3,4}, 7, < 74, and A5:

E[[VE(©;e41) = VF(Oae)|I" | Fi]

< 2"E[|[VF(One41) = VF(Oderi )" | Fo + 2" E [[ler+1(Oaer) " | Fo]

< 2" 2O — Odet|" TR [ VF (O €41) — VF(Odet; €r41) | | Fi] 42" 74(Oger)”

<2V L H|O) — Odet || (O — Odet, VF(O;) — VF(Ouer)) + 2" '74(Oget)” -

Plugging this in the previous inequalities:
E [[[041 — Ouetll* | Fi] <110¢ — et
—4y(1 = 3Ly — 4L*y? — 2L3?) |0y — Ouet||? (O1 — Oder, VE(Or) — VE(Ouer))
+ 874(Oaet) 'y + 1274(Oaet)*2(|Or — Ouqet||* + 1674(Odet)*7*|O¢ — Odet |
<874(Odet)272(74(Odet) 272 +]|Or —O4es ||2)

< (1= 4y (1= 3Ly — 4L*y* = 2L%9°)) | ©; — Oqe*
+ 1674(Odet) 7" + 2074(Oaet)*7?(|O¢ — Oqet ||

Then, we define ¢, = E [0, = Oact[*]"/?, and use E[|6; = Oac’] < ¢, 1= 20 < (1 - 2)? and 1 - 2p(1 -
3Ly —AL22 — 2L39%) > 1 — 2Ly > 1—2/10 > 1/2:
c?—s-l < (1 - 4#’?(1 = 3Ly — 4L - 2L3’y3))cf + 1674(Odet)*v* + 2074(Oget )72
< (1= 2p7(1 = 3Ly — 41292 = 2L%%))*c} + 1674 (Oaer) 7
+4074(Oaee)*v* (1 — 2y (1 = 3Ly — 4L%9* = 2L%9°)
< (1= 20 (1= 3y — 492 = 20599) e+ 20O’
< ((1=2py(1 = 9L7) )er + 207-4(@(1%)272)2 7

=r(v)

1007'4(®det)2

1 2
w S T’(’}/)tCO + 77 Wthh

. €. < 2074(Oget)?y?. Therefi < ¢
i.e., crpr < () + 2074(Oger ) Hy erefore ¢; < 7(y)'co + (= 9L7) p

proves the first inequality.
The second inequality is obtained similarly to Lemma B.1.

For the third inequality, we upper-bound 74(0g4et)?. Using Cauchy-Schwarz inequality,
|72(Qder)” = 74(0%)*] = |E [|le1(Baer)[I* — le2(€7)]*]]
< E|:|||51(®dct)”2 —ller@)I?] - (le2(@aen) I + \\61(@*)”2)}

< \/JE [(le1(®ac)l? = le2(©)112)° E [ (le1(@ac) I + lle2(€%)[2)°] -

For E [(||51(@det)u2 - \|51(®*)||2)2}, using A5, Va, b > 0, (a+b)? < 2(a®+b?), and the upper-bound on 75(Qge;)?
established in the proof of Lemma B.1:

E[(le1(Oaell® — l21(07)]2)°] = E [(nel(edct) ~ (0] lle1(Oaer) +el<e*>||)2]
< AL2)| @40t — 072K [|le1(Ouaet) + £1(0%)]1?]
< 812[O4e — 02 (E [lle1(Oac) 7] + E [lle2(67)]12] )
< 8L Ouer — O°| (72(Oaet)? + 73
< 817Oues — 12 (2 + 2L O — 7)* +73)
< 2° X L?||©aer — O |* (75 + L?||©aet — ©7[|?)
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For E [(Hsl(@dCt)HQ + ||€1(@*)||2)2], using A5 and, for a,b > 0, (a +b)? < 2(a® +b?) and (a + b)* < 8(a* + b*):

* 2 *
E |(lle1(@ae) 12 + le1(07)]12)°] < 2E [lle1 (@act)lI* + lle1 (©7)]]
< 2E [8]le1(Oue) — £1(07)* + 9le1 (67)|I]
< 2°L*||©aer — O * + 187
< 2%(L*|Oget — ©*||* + 1) .

We thus obtain, using, for a,b > 0, (a® + b?)(a* + b*) < 2(a® 4+ %), Va +b < /a+ Vb and 7, < 74,

[71(Oae)* — 7407 < ﬁ [(l21(@aet)lI? = lle1 (©4)112)* | E | (1 (Baet)II? + lle1 (€4)112)?]

< /245 L2]Oue — 7P (73 + L?€uaet — ©°[17) (L Oue — 71+ 74)

< \/215 X L?||@aer — ©*[|2(7$ + L6[|@ et — ©%][6)
< 200L[|Oget — O*|| (75 + L?||Oaet — O*[%) .

Using Va,b > 0, a* + 200b(a® + b%) < 151a* + 2506* < 250(a* + b*), and Lemma 3.4:
g

74(Odet)* < 74 4+ 200L||Ogdet — ©*|| (75 + L?||Oder — O*|1?)
< 250(74 4+ LY Oder — ©4|1)

LS
< 250 (rj + v4u4A4gf> .

Remark B.3. Using Jensen’s inequality,

IN

3/4
([, 16-6ulim o))

_ 210092932 (7 4 VL)
= 11372 :

|10~ 6ul x, (d0)

We now establish a first expansion of the stationary distribution’s variance, which depends on the topology
through ©4e;. This dependence will be removed in later results.

Lemma B.4. Suppose A1, A2, A4, A5(4) and A6 hold. Then the following expansion holds as v — 0:

/ (O — Ouer)® 7, (40)
Rmd
.
=1((P@P) I V2F(Buu) + V2 F(Oue) 2 T) (P 2 P)) / E[e1(0)%2) 7, (d0) + O(*2) .
Rmd
M. Fy<min [ =, ), th
oreover, if v < min AL 1oL )’ en

H /Rmd(@ ~ 040) %1 (40) — 7 ((P & P)(I & V2F(Ou) + V?F (o) & ) (P 5 P))| /Rmd E[21(6)%2] m, (d)|

2y (100K5C%7E K 312 1 IN\2
< 432 34+3)+ 272(1++<1+)) :
~7 ( 13 gu) 21— (W) 7

where we only kept the lowest orders in .
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Proof. Starting from the update equation with ¢ = 0, we use a Taylor expansion:
O1 — Odet = W(Og — Ouet) + (W — I)Oget — YW (VF (Ouet) + V?F(Ouet) (O — Oet) + £1(O0) + R(09))
=W (0p — Odet) — YW (V2F(Oget ) (O0 — Ouet) + £1(00) + R(O9))
=W (I = YV?F(Odet)) (00 — Oaet) — YW (£1(00) + R(©9)) , (18)
where for each ©® € R™?,
IR©)] < 216 — Oul” | (19)
with K3 introduced in A 1.

We integrate over ©g ~ 7, take the expected value on £; and use Lemma B.1 and Lemma B.2:

A'v/ (6 — Oaet)* 7, (dO) = v*(W © W)/ Ele1(©)%%]m(d©) + Ro(v) , (20)
Rmd

Rmd
where:

¢ Ay =11 —-W(I—-~V?F(O4e)) @ W (I —yV?F(Oqet))
e Ro(v) = O(7°/2). More precisely :
Ro() == [ (W =1V (04))(0 - Oaut) & WR(O)) 7 (d0)
Rmd
s / (WR(©) & W(I ~4V2F(04))(O — Our)) 7, (dO)
Rmd
FWew) [ (7©)0 RE)n (1)

1 3
Hence, using (19) and Va,b > 0,ab < Za‘l + 1b4/3:

IRo(l < [
/

=

(PIR©)I +2(1 = 7)1 — Buatl - [ R(O)]) 7 (d0)

K2
51210 — Ouu|[* + Ksl|© — edetn)m(d@)

<L (%

K
<. (4372”@ — Oaalt + (5 497%) (15495 |0 - @detn?’)) 7. (d6)
< L.

[ (%
Rmd

1 p 3
772”@ — Oget|* + (ZKS’Y /2 4 1K371/2||@ - @det||4>) 7 (dO)
l(K 4 3K /? O — Oger | 74 (dO) + ~ FsyP/?
1 '7 37 H det” 777( ) + 1 37
Rmd

Using Lemma B.2:

65K5C2 (74 + AL A CH) (3 + K3y3/2
1Ro()] §75/2< 3 (T4 g ¢ )( 37°%) 1

- + K

Then, we use Woodbury’s formula
(I-uvyt=1+uWv'-u)"*,
from which we deduce:
-1
A7 = (T& T = (W @ W)((I - 1V2F(Ou) @ (I - 7V*F(Oun)) )

-1

— TR+ W®W( (I - wFedct))®(17w2F(@dct)))”f(W@W))
—IoI+( W®W(

WIeI-WoW+y(IeVF (Gdet)+V2F(@det)®1)+R1(v))_1
=II+(WeW)(M,+R(y) "',
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where:

¢ My=IRI—-W W +~(I®V?*F(O4et) + V?F(Oqet) @ I),

e Ri(7) = O(v?), and more precisely Ry(7) = > 7" (Z V2F(O4er)* @ V2F(edct>”’“> , 80

n=2 k=0
= > yL)?(3 — 2vL
IR < S+ DIV POl < o+ Dy = P
n=2 n=2
If we take v < ! th
we take 7 < 75, then
IR ()] < 6(yL)* (22)
According to Lemma E.1,
1 T
M= ((P@P) (I V2F(Ouei) + V2F(O4e) @ I)(P & P)) + Ra(7) (23)
where:
e Ry(y) = O(1), and more precisely
1 L2
R < ————~(1+—) . 24
IR0 < 15 (1) (24)
1
e P=— 11" ® Id is the matrix of the orthogonal projection onto the kernel of I — W.
m N~ ~~

ERTHXW, ERdXd
e P ® P is the matrix of the orthogonal projection onto the kernel of I @ I — W @ W.
Therefore:

ATV =TT+ (W@ W)(M, + Ri(y)"!
= (WoW)M;'+ (I ®1+ Rs(v))

= %(W @W)((P®P)I®V*F(Oqet) + V’F(Oqer) ® I) (P ® P))T
+ (I @I+ Rs(7) + (W @ W)Ry(v))
7( (PRP)I @V F(Oue) + V F(Gdet)@)I)(P@ﬂ’))T
+ (I ®I+Rs(y)+ (W@ W)R:(v)) ,

where, according to Lemma E.2, [[Rs(7)[| < [[W @ Wz x [|[MFYZ - [[Ra (N = M55 - [ B ()]

1 1 L\2 1 2 LN\4
Using (23) and (24), [|M; s € 57— + ————— (1 + = M2 < 14+ =
sing (23) and (24), M5 € 5+ 7y (14 )50 IMEB € s + e (U )
from which we deduce, with (22):
312 129212 L4
Rs(V)| < o+ —T — _(1+=) . 25
1B < =5+ e (L ) (25)

‘We then have

At = %((P ®P)(I ® V?F(Ouet) + V2 F(Ouer) ® I) (P ® 7’))T + Ra(v) (26)
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with

3L2 12+2 L2 L\4 1 A2
||R4(7)||2§1+?+W(1+;) +W(1+*) . (27)

Plugging this back in (20), we get

/ (6 — Ouet)®? m, (dO) = 7((79 @ P)(I @ VPF(Ouet) + VF(Oqer) @ I) (P ® 7:'))T / Ele1(0)%?] 7, (dO)
Rm,d

Rmd

+ 7 Ry (W @ W) / Ele1(0)%?] m, (dO) + AT Ry .
]Rmd

Using (27), A4, (26) and (21):

[ raw o w) [ Ele©)7m, @0) + 47 R
]Rm
3L2 127212 LN 1 L\2
P R R e R £ R I A
—772( e +(142(1/[/))2( +N) +142(14/)( +u)>
1 3L2 129212 LN 1 L\2
s g2y Ve 2y (142
o (m* o e () T ()
65K5C2 (T4 + A LI AYCH) (3 + K33/
X( 3C? (74 7#24)( 37y )+1K3
I

Using the previous lemma, we can now give a first expansion of the stationary distribution’s bias.

Lemma B.5. Suppose A1, A2, A4, A5(4) and A6 hold. Also assume that for each k, fi’s fourth derivative is
bounded: there exists Ky > 0 such that for 6,u € R, |V, (0)u®?|| < Ky|lu||®>. Then the following expansion
holds as v — 0:

@sto - 6dct - _% (PVQF(Gdct)P)TVSF(@dct)/ (@ — edct)®2 Wv(d@) + 0(73/2) .

Rmd

1 1
) < mi R
Moreover, if v < min (AL’ 10L>’ then

He)sto - Gdet + %(’PV2F(@det)’P)TV3F<®det>/

Rmd
<3 2003/5%51(4 e < - 4L2> 2K 373
/2 2
I I I

(6~ O4t)* 7, (d0) |

)

where we only kept the lowest orders in 7.

Proof of Lemma B.5. Using the update equation with ¢ = 0, integrating over Oy ~ 7, and taking the expected
value on 1, it holds that

(I—W)Oyo=-—W [ VF(©)m (dO) .
Rmd

Then, with a Taylor expansion of VF(©) around ©Ogget:

1
VF(0) = VF(Odet) + VEF(Ouet) (O — Oget) + §V3F(®det)(6 — 04et)®? 4+ R1(O)
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where VO € R™?,||[R1(0)|| < £K4||© — Oget||®. Thus:
(I — W)Ogo
= —AWVF(O4et) — YW V2F (O 4et) (Ost0 — Odet) — %WV?’F(@M) / (0 — Oger)®% 7, (dO)

Rmd

— W [ Ry(©)7,(dO) .
Rmd

Since (I — W)BOg4et = —YW VF(Oqet), we obtain

(I - W + ’YWV2F(®det>)(@sto - @det)

= WYV F(Oue) / (0 = 00)®2 7, (d0) =W | Ry(©)7,(dO) .

2 o R
Using Woodbury’s formula:
I-UV)'=1+U(WV'-U)",
and Lemma E.1:
(I =W +AWV?F(Oder)) ' = (I = W(I —yV?F(Oqer)))
=T+ W((I-4V?F(O4u)) " — W)
—T+W(I - W +1V2F(Ouer) + Ra(7)) "

—1

= %W(’PVZF(@det)’P)T + R3(7)

1
= g(Psz(edet)P)T +Rs(7)
where
too 72L2 1
o Ry(y) = Z(’yV?F(@det))k satisfies || Ra(7)|]2 < T T <2202 if y < 0L

k=2
e According to Lemma E.2, |R3(Y)|l2 < 1+ |[(I = W +9V2F(Oder)) 213 - | R2(7)]]2-

1 1 2%
According to L E1L [[(I =W +9V?F(Oqet)) M2 < — 7@ )
e According to Lemma I +7 (Ouer)) ™l < o T A2(W) " N>

Combining these inequalities yields
4172 4172 LN4
Rl <1+ ppp A Iy
[Rs(Mll2 <1+ 2 +y 1= 2 (W))2 +M
S0

Outo ~ Ot = ~ 3L = W + 1WA F(O4)) WY F(Ous) [ (6~ 0ut)m, (d0)
an

AT =W 4 AWV2F(Ou) "' W [ Ry(0)7,(dO)
Rmd

= 3 (PV*F(04.)P) ' V*F(Ou) / (0 — Ouet)®2 7, (dO) + Ra(7)

Rmd
where

Ri(y) = = JBa() WV F(©us) [ (0 = 0u)m, (d0)
R‘"Ld

— (I =W +yWV’F(Oqet))"'W [ Ri(0) 7, (dO) .
Rmd
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Using the upper-bounds we established previously, as well as A1, Lemma B.1 and Remark B.3:

4L°2 412 L (7'2 +W7AC*>
< A2 T S
[Ra()ll2 < 7" K3 (1 + 2 + e (1 + H) )

(1= (W 1

6 P
2K i+1+£+ 247?(1+£)4 2+ Q)
76 w2 T A= e w))? 113/2 '

O

The two previous lemmas use the covariance of the noise under the stationary distribution, for which we give an
expansion in terms of the optimum ©* in the next two lemmas.

Lemma B.6. Under the assumptions of Proposition 4.2, and if all local functions have a bounded fourth deriva-
tive as in Lemma B.5, then it holds that

C(0) my(dO) = C(Baet) + O(7) -

Rmd

Moreover, if we assume that there exist 02,3 > 0 such that for any ©,

Ive®©)| <o +plo-e?  [IV*C©)] <oi+plle-er*,
1
<
and if v < min (AL 10L>’ then
4ot
| [ e®)m,(d0) —c@u)| S 7= .
Rmd 1%

Proof. We use a Taylor expansion
C(0) =C(Oget) + VC(O4et) (© — Oyet) + R(O)
where

IRO)I < (07 + B (IOdet — ©*[* + [1© = ©*[*)) |6 — Ouee |

= (07 + BlOdet = ©"[*) [|© = Oqes|* + BI1© — O*[1*[|© — Oget|?
(02 + Bl®dct — ©*[1%) 10 = Ouet||* + 28O — Ouet||* + 28] Oact = ©7[*[© — Ouee |

<
< (07 +38]9det — O7[7) © — Ouer | + 28]1© — O [|* -

We then have
/ C(0) 7,(d0) = C(Oer) + VC(Ouer) (Oto — Ouer) + / R(©) 7, (dO) .
Rmd Rmd
Using A 6, Lemma B.5, Lemma B.1 and Lemma B.2:

C(©) 1y (dO) = C(Ouet) + O(7) -

Rmd

More precisely,

HVC(@deo(@m — Ouaut) + /

Rmd

R(©)7,(40)| < V(@) [0 — Bl + [ IR(©)]7(d®)
< (0% + et — O°[) - [Osto — Ot

4 (0% + 36]Ouut — O°[) / 16 = O m, (d0)
R’"L

+28 [ 10~ Bultm(de)
R”'L
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1 1
L B.5, L B.1 L B.2,if v <
Using Lemma B.5, Lemma and Lemma if v <min ( VAR L)

|ve(©u)(©uo ~ ) + [ R©)m(d0)

Rmd

< (07 + Bll®det — O7[7) - [Ost0 — Outet || + (07 + 35(Oaer — O*[|?) / dll@ — et [|? 7, (dO)
RrRm

+26 [ [© = Oqet]|* 7,(dO)
Rmd

< (02 + 38100 — ') - (1040~ Bl + [ 0~ Oul?m,(a0) ) +25 [ [0~ Oualm, (00)

( iy s i)

"

<7 (0 +3ﬁv A2C*

2
2L?
AL N4 <72+’YTAC*)

+ 2K (1+ +v27(1+*) )

SN R (D {1 0) R I
+ 75/2g (1 +1+ LLQ +72 44L2 (1 + L)4> rer (TE il 73/%/\3(*3)

6 p? (1= X(W))? Iz pi/2

8
,500C2B (7} + 715 ML)

+ 2 :

Lemma B.7. Under the assumptions of Lemma B.6, it holds that

/R e(0)m,(40) = ¢(6%) + O() -

Moreover, if we assume, like in Lemma B.6, that the first two derivatives of C have polynomial growth, then for

- 11
V=M RNT 0L

C(0) ., (dO) — C(6%)

H Rmd

< w%Ac* - (af Il A%)

2 24L% A2 2
L2 K 4 TS+ = A C*
+ 7<of+3m2u2/\243> : (<1+7 3> ( )

2p %
412 4L? L4 ( AQ)
+ 7K <1++72(1+)>
’ p = (W))2 T u

AL AL L4\ 2 100%/2K, (rf + P L5 A%

+ (+1++72<1+)) (§2 )
o (1= A(W)) I 6%/
,500 10023 (7 + 41 LAY
gl p :

Proof. Write

C(O) m, (dO) — C(6%)

<\ ce)me)-c@u)| +|ec©an) -ce©)

H Rmd Rmd ’
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upper-bound the first term using Lemma B.6, and the second one using Lemma 3.4:

[et@u) - ce)

<0~ 071 (o2 + 5 s - ©17)

2 BL?

L
<Y=AG - (03 +7 == A2C3>
% 2p

O

The following corollary gives an expansion of the stationary distribution’s variance at the first order in -, without
any dependence in the network topology at the first order.

Corollary B.8. Suppose A1, A2, A4, A5(4) and A6 hold. Then the following expansion holds as v — 0:

/ (© = Ouet)*? 7, (dO) = v((P ® P)(I @ V2F(0*) + V2F(O") @ I)(P ® ’P))TC(G*) +OMR?) .
Rmd

Proof. This is easily obtained from Lemma B.4 and Lemma B.7 using A 1.

Note that A + AT is not continuous, but that A — ((P @ P) A (P @ P))' is continuous at every symmetric
positive definite A. O

The previous result is rewritten in a more readable in the following lemma.

Lemma B.9. Under the same assumptions as Lemma B./, the first-order term of the quadratic error can be
expressed, for any k. € {1,...,m}, as

/ (O — 63 & (6, — 03 7,(dO) = L(T® A+ A T)”'C(6%) + O(*/?) .
Rm,d

312

;
Proof. We simply need to simplify (’P ® (PV2F(0*)P) + (PV2F(0*)P) ® ’P) .
First note that PV2F(0*)P = 1(117) ® A, with A the average Hessian at 6*.
Let II be the operator such that (1 ® 2o @ 13 @ 24) = 1 ® 23 ® To R 4.

Then:

H(P ® (PV2F(0*)P) + (PV2F(0*)P) 7>)HT

1 1 -1 ~ 1
=I(—1NHele—11NeAd+ —11")eAde —(11") o I)II"
(-uhere N ed+—11)ede —(117)s1)

1

“m
1 1 L
=—1e1)x —(101) @ (IA+AxI) .
m(@)xm(®)®(®+®)

1 o
MNHe(IeA+AsI)

117 ® —
CEES
This operator is zero on Span(1 ® 1)+ ® R™¥*™d and acts as I ® (I QA+ A® I) on Span(1® 1) @ Rmdxmd,
Its pseudo-inverse is thus L(1®1) x 2(1® 1) ®@ (I® A+ A® I)_l, and we deduce that

(P& (PV2F(O7)P) + (PVAF(0")P) & ’P)T —0" (e 1o (TedtAdel) ).

m m
Therefore the result from Lemma B.4 can be rewritten as

n/ (0 — Oget) %, (dO) :7(1(11T)®i(1ﬂ)® (I®A+A®1)*1) ¥ TIC(0%) + O(*/2) . (28)
Rmd m m
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Z1

Forz=| : | = Zek ® xp, we have II(z ® x) = Z er ® e @ T ® xy, 50 (28) becomes
Tm k=1 k,t=1
S avas ([ 00000 o)
hi=1 Rmd

3

:7(%(11T) ® i(llT)® (I®[1+[1®I)_1) X (iei®ei®E [(e(i)(ﬁ))@]) +0(y¥?)

-lig1e (e A+ A0 1) cvm) + 00"
=LY asas(Ted+dol) 'c@)+06"?)
ko=1

from which we deduce, for any k,¢ € {1,...,m},

/Rmd(e’“ ) © (0 — 01w (40) = L (To A+ Aw 1)) + 007 .
O
Proof of Proposition 4.2. Proposition 4.2 is obtained by combining Lemma B.4 and Lemma B.9. O
Proof of Proposition 4.5. Similarly, Lemma B.5 and Lemma B.9 yield Proposition 4.5. O

C NON-ASYMPTOTIC ANALYSIS

We now give more explicit upper-bounds on the variance of the stationary distribution, and use them to establish
non-asymptotic upper-bounds for the iterates of DSGD.

C.1 Upper bound on Limiting Variance

We first study the variance of the limiting distribution. To this end, we decompose the error in the limit
distribution in a consensus and a disagreement part, and study them separately.

Define

p_ 2000(7F + VL A%2)

I
According to Lemma B.2 and Holder’s inequality,
) . 1/2
JICECEMOES ([10-ulin @) " < By (29)
Starting from (18), we have
©1 — Odet = W(I — 7V2F(O4er))(O0 — Odet) — YW (e1(00) + R(6y)) , (30)

K
where, by (19), the remainder satisfies || R(O)]| < 73H@ — Oget?.

Bound on Consensus. Defining 50, él,édet the average of all agents parameters for Og, ©1, and Oget respec-
tively, and projecting (30) on the consensus space, we obtain

01— Oger = (I — yA(Buer)) (B0 — Baet) —7(£1(60) + R(69)) , (31)
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where we also defined A(Oge) € R £1(00) € RY, R(Oy) € R? as the averaged Hessian, noise and remainder.
Taking the tensor square of (31) and expectation over the noise at step 1, we have

(01 = faet)®* = (I = YA(Ouer)) (B0 — Oer) ** (I — YA(Ouer)) — Y(I = YA(Ouer)) (B0 — Oet) R(O0) "
= YR(00)(0o — Oger) (I = 7A(Ouer)) +1°E[61(00)%] - (32)
Denote by 3py (respectively X gp) the covariance matrix of the consensus part (respectively disagreement

part) under the stationary distribution, and 2. the covariance matrix of the average noise under the stationary
distribution.

Assuming ©¢ ~ ., started from the stationary distribution, we can integrate this equality over this distribution
to obtain

Spo = (I —YA(Oqet))Zpo(I — YA(Oger)) + 722

- ’Y/ {(I — YA(Odet)) (B0 — Baet) R(©0) T + R(O0)(Bo — Oaet) " (I — %Zl(@det))}m(d@o) .

Taking the operator norm and using Holder’s inequality gives

_ _ _ 1/2 _ 1/2
= poll < (1= 30| Zpoll + 721l + 22 [ 10 = el @00)) ([ IR@IPm(00) L (33)

Using Jensen’s inequality:

L 1/2 1 1/2
(/||90 = 9det|\2ﬂv(d@0)) < (/E”GO = 9det||27w(d90))

1
< 731/271/2 .

m
Similarly:
_ 1/2 1 1/2
([1R@0)Pm, (@en) " < ( [ -IR@0)|r (d60))

K 1/2
< 5= f180 = Oulitm (a00)
<K3.B

Hence
_ _ 1/2 _ /2 K.B3/2
(180~ bucPmsta00) ([ IR©O)IPR, (@00)) " < FoTrr
and

_ K B3/2
IZpoll < (1= 7 [Spoll + 728 + 772 20—

which gives, after reorganizing and bounding the covariance matrix,

v K3B3/?
IZpoll < —[IBc]| + 772 =——— .
um um

Bound on Disagreement. First, we recall that for any vector u € R™¢, since W is doubly stochastic,
OWu=Wu—-PWu=Wu—-WPu=WQu . (34)
Starting from (18) and applying Q, we thus have

Q(01 — Oget) = WQ(Og — Oer) — YW Q(V2F (et ) (Op — Oder)) — YW Q(£1(00) + R(Oy)) -
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Computing the tensor square and taking the expectation on the noise, we obtain
®2 ®2
(261 -0un))  =W(QO0-0un)) W
-
—(WQ(O — Bu)) (W Q> F(Ouer) (€0 — ©uer)) + W QR(6)
T
— 1 (WQV2F(©ue) (00 — Ouer)) + WQR(0) ) (W Q(60 — Oucs) )
®2
+92 (W Q(V2F(04) (00 — Ouet)) + WQR(B0) )+ 1*E[W Q=1(00)* QW] .
Integrating over the stationary distribution gives

Yos = WEgyW —vB1 +7°Bz (35)

where we introduced

B, = / (W (60 — uet) ) (W QIVAF(O1e) (0 — Our)) + WQR(@@)TMd@O)
+ [(WRTF(Ou)(©) - 0u)) + WREL) (WO, - 010)) ' 000)
B2 = / (W QT F(Oue) (€0 — Oue) + WQR(%))@Md@o) + / E[W Q¢ (00)2QW] .
Note that these matrices can be upper bounded, in operator norm, as
1B <23 / (L1€0 = Bacll + 1 R(©0)]) 180 ~ Ouet 7 (aO0)
= 2)‘3/ (LH@o — Ouet||® + ||R(©0)]|]|©0 — 9det||)7w(d®o)
< 2A§/ (L1100 — Ouerll® + %H@o ~ Oqutl*) 7, (a00)

K
< 2X2 (LBV + 7333/ 2,3/ 2)
= 2\ILBy + \iK3B%/243/2

and
B2l < [ [WQVF (@460 ~ Ou)) — 1W QR(E0) |, (40) + [WQE.QW|

<23 [ 1280 - GulPm (d60) + 23 [[1R(O0)]m(400) + 3] |

< OBy + 1P NKEB? 4 S|
where we used |[W Q]| < As.
Remark that (35) is a Sylvester equation, whose solution is

Yoy =Y W (—vB1++*B)W" . (36)
k>0

Taking the norm of (36) gives

ool < | By + vBz]|

L|
1— M2
2

1
< ILAQ (203LB + XK By + 2L By + 37* K3 B? + ]| 2. ))
- N2
VA3
1— M2

1
< (ALB + K3 BP91 2 + P KEB? +|[Be))

where we used yL < 1 in the last inequality.
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Bound on Variance. It holds that [|[Zg|| < [|[Zgg|| + | Epel + 2[|Zor|| < 2(||Xgsll + [|Zpsl|). Based on the
two bounds above, we then have the following bound on the variance:

32 KaBY? A3 (
o 1-A3

1
IS0l < 219+ ALB + KB 2 4 S k3B +S])) . (37)

C.2 Non-Asymptotic Bounds for the Iterates of DSGD.

If (©})¢>0 is another sequence, such that ©f ~ ., and defined using the same noise sequence as (©;);>0, then
E[|©; — ©° ] < [0 - &%) + 3[€u — O +3 [0 - OuuslPm (d0) .

Bounding each term using Proposition 4.1, Lemma 3.4 and the bounds established previously, we obtain

. L2A2
[0, — 0*[2] < 3(1 — yu)'E[]|00 — ©)2] + 37

K BS/2
+ 61| =| wg/”—)
pm pm

,}/2 )\2

1— )3

¢

+6< (ALB + K3B*/241/2 4+ 72K332+||2 ||))

Proof of Corollary 4.7. The proof is straightforward from Theorem 4.6: the conditions on - ensure that all terms
in the upper-bound except the first one are of order ¢, and the condition on T ensures that the first term is of
order &. O

D RICHARDSON-ROMBERG FOR DECENTRALIZED LEARNING
We now prove the results stated in Section 5 on Richardson-Romberg extrapolation.

Proof of Proposition 5.1. This result is a direct consequence of Proposition 3.6. Indeed, first write
Oer = O — W(I —H)GVF(O") + R(7)
O3l = 0" = (I - H)GVF(O") + R(7/2) .

where

2 L? 1y
1RO <75 587 (52 + 16,
Hence, using 2@325 Ol — ©* = 2R(v/2) — R(y), we have

* * 312
106er” — ©"1l = 12030 = O3, — "I < 21 R(Y/2)| + IR < 7* T A?(I;L

2+L~C*).

Proof of Corollary 5.2. Using Lemma 3.1 and Proposition 5.1,
RR, * RR, *
10777 — %[ < 6,77 — Oge¢’ - o7

2 2 RR, *
<207 — e} + 167 — &3 + [efh — o]

det

5L2 Ks
<2(1 = yu/2)!|1©0 — ©2/2|| + (1 — yu)t (| — O, || + 72 2= A2 2+ LG,
( /2)"1©0 = O g4 | + ( )'1€0 = Ogey 852 (M/ﬁ )
< 3(1 = 1/2)!100 — O +2(1 — 71/2)! 0" — O + (1 — y)t 0% — Ol
5L2 K.
2 2 3 2
o Lé)
752 (M =+ LG
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We then apply Lemma 3.4,

¢ VLA

25L% o K
I

RR,y _ o* < o t _ O* o
|OF™ 7 — % < 3(1 = 11/2)!|€0 — ©°]| +2(1 — yp1/2) oG

Gt CE+LC*) )

hence the conclusion.

If K3 /ml/ 2 is small enough, and if v is as in the statement of the corollary, then the second and third terms of
the above bound are of order €.

>

1 . *
We thus look for T such that 3(1 — yu/2)T||©9 — ©*|| < &, which yields T > 08(£/[160 = ©71))

e ths o ~ o log(l—yp/2)
og(ll 07; H/s), which concludes. -

Proof of Corollary 5.3. We first write
IOF™7 — &> < 467" — O3 |I* + |67 — e[ .

det

Then, we simply need to make sure that the upper-bound given in Theorem 4.6 is of order €. This can be done
similarly to the proof of Corollary 5.2, using the assumptions on both v and T O

E USEFUL RESULTS ON MATRICES
Lemma E.1. Let A >0 and B >~ 0. Then, as t approaches 0,
(A+tB)! = %(’PB’P)T +o() ,

where P is the orthogonal projection onto the kernel of A.

Moreover,
_ 1 t 1 Amax (B) ?
A+tB)"' — — (PBP H < (1+ :
H( ) t( ) 2 )\;m(A) Amin(B)
where AL, (A) is A’s smallest non-zero eigenvalue.

Proof. Let U be an orthogonal matrix such that

_ 0 0\, _ Boo Boi) ;7
A_U<O D)U , B_U(Blo BH>U ,

where D is diagonal and non-singular, Byg, B11 = 0, and Big = BJI.

Then

B tBoo tBo1 T
A+tB_U(th DHB“)U .

=M
The Schur complement is defined as
S(t) = D +t(Bi1 — BioBgy Boi) -
Then:
1__ _ _ _
M= <tBOOl + By BorS(t) ™' BioByg —30013015(15)1)
—S(t)"'B1o By St

1 <B()01 0> + <BmlB()1S(t)1B1()Bool —BoolB(nS(t)l)

“t\Lo0 o —S(t)"*B1oBgy' S(t)~t
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and we thus have

1 /Bl o By Bo1S(t) "' B1oByy  —Bag BoiS(t) ™!
1 _ ~U 00 UT U 00 01 10200 00 01 UT
(4 +1B) t (0 0> < —S(t)"*B1o By S(t)~* '

If we set

(T 0\t
’P—U(O O)U

the orthogonal projection onto the kernel of A, then

1 B&)l 0 T_l T
tU( YU —g(PBP) .

Moreover:

‘U By BoiS(t) ' BioBoy  —Bgg BorS(t) !
—S(t)_lBloBaol S(t)_l

- — 2

) UTH2 < IS 2(1 + |1 Byg'll2 - 1| Borl2)
1

)\min(D) o )\+

min

e S(t) = D, 50 Amin(S(t)) > Amin(D), and ||S(t) 7|2 <

(4)
e || Boill2 < [|Bll2 = Amax(B)

_ 1
o )\min(BOO) Z )\min(B), SO ||B001||2 S )\ - (B)

Putting everything together yields:

_ - _ _ _ 2
HU (30013015(t) 'BioBy,  —Bgy BoiS(t) 1) UTH < 1 (1 n )\max(B)) 7
2

—S(t)"' Bio By S~ Ain(4)

min
hence the conclusion.

Lemma E.2. Let A= 0,B = 0. Then it holds that

[(A+B)" = A7 2 < A3 - [1Bll2 -
Proof. We use the identity

M- N1=_NYM-N)M?

to obtain

(A+B) ' —Al=-A"'BA+ B!,
hence

I(A+B)™ = A7 2 < [A7 2+ [|Bll2 - I(A + B) "2 -

And A+ B = A, so (A+ B)~! < A~! which implies ||(A + B)~!||2 < ||[A7!]2, hence the conclusion.
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