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Abstract

We propose a novel analysis of the Decentral-
ized Stochastic Gradient Descent (DSGD) al-
gorithm with constant step size, interpret-
ing the iterates of the algorithm as a Markov
chain. We show that DSGD converges to a
stationary distribution, with its bias, to first
order, decomposable into two components:
one due to decentralization (growing with the
graph’s spectral gap and clients’ heterogene-
ity) and one due to stochasticity. Remark-
ably, the variance of local parameters is, at
the first-order, inversely proportional to the
number of clients, regardless of the network
topology and even when clients’ iterates are
not averaged at the end. As a consequence
of our analysis, we obtain non-asymptotic
convergence bounds for clients’ local iterates,
confirming that DSGD has linear speed-up in
the number of clients, and that the network
topology only impacts higher-order terms.

1 INTRODUCTION

Decentralized optimization is a key paradigm for large-
scale machine learning. For such problems, it quickly
becomes necessary to keep data distributed across mul-
tiple clients, sharing the computation among all par-
ticipants. While many methods rely on a central
server to coordinate communication [Kairouz et al.,
2021], decentralized approaches offer a strong alter-
native for handling even larger and more heteroge-
neous clients. A fundamental method in this setting
is Decentralized Stochastic Gradient Descent (DSGD),
where clients perform local stochastic updates and ex-
change information with their neighbors [Nedic and
Ozdaglar, 2009b, Duchi et al., 2011, Lian et al., 2017].
This algorithm alleviates the strong requirements of
centralized and federated learning, which either neces-
sitate collecting all data in a single location or relying
on a central server to manage all communications.

Decentralized learning thus appears as a more flexi-
ble alternative to the widely studied federated learning
[McMahan et al., 2017], and many variants of DSGD
have been proposed an analyzed in a wide range of
settings [Colla and Hendrickx, 2021, Koloskova et al.,
2020, Yuan et al., 2016, Richards and Rebeschini, 2020,
Bars et al., 2023, Sayed, 2014, Nedic and Ozdaglar,
2009a, Sundhar Ram et al., 2010]. Nonetheless, some
of DSGD’s theoretical properties still remain misun-
derstood. Specifically, this algorithm and its variants
have been studied extensively in the deterministic set-
ting, with corresponding upper-bounds on the error
and the convergence rate [Vogels et al., 2022, Nedic
and Ozdaglar, 2009a, Sundhar Ram et al., 2010, Yuan
et al., 2016, Koloskova et al., 2020], but its behavior
under stochastic noise is less precisely understood.

In this work, we present a refined analysis of DSGD,
with a particular focus on the stochastic nature of local
updates. We propose a novel interpretation of DSGD
as a Markov chain, which we show to be geometrically
ergodic and therefore convergent to a stationary dis-
tribution. By analyzing this stationary distribution,
we derive exact first-order expansions in the step size
for the bias and variance of DSGD. Two key insights
stem from these expressions: a bias arises when the
communication graph is not fully connected and clients
are heterogeneous, while the variance depends on the
graph only through higher-order terms. Finally, we
provide a non-asymptotic convergence rate, enabling
a precise characterization of DSGD’s convergence.

We stress that the goal of our work is to precisely study
the properties of DSGD, one of the most fundamental
algorithm of decentralized learning. Here, we aim to
develop an analytical framework for the analysis of
DSGD, that (i) gives very precise insights on the bias
of the algorithm through first-order expansions, rather
than upper bounds, (ii) could readily be extended to
more complex decentralized algorithms, and (iii) could
guide the design of future decentralized algorithms.
Our contributions can be summarized as follows:

• In Section 3, we first study the deterministic coun-
terpart of DSGD, simply denoted as deterministic
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GD (DGD), and derive an explicit first-order expan-
sion in the step size of its bias. This shows that the
limit point reached by the algorithm moves further
away from the optimal point with both network’s
spectral gap and clients’ heterogeneity. In particu-
lar, it vanishes when either of the two is zero.

• In Section 4, interpreting DSGD as a Markov chain,
we show that DSGD’s iterates converge geometri-
cally fast (in Wasserstein distance) towards a sta-
tionary distribution. We provide first-order expan-
sions of DSGD’s bias and variance at stationarity,
disentangling two sources of bias: one due to de-
centralization and heterogeneity combined, and one
due to stochasticity. Interestingly, DSGD’s variance
decreases with the number of clients, and depends
on the network topology only in higher-order terms.

• We then derive sharper non-asymptotic rates for
DSGD. Specifically, we (i) show that clients iterates
converge with linear speed-up without averaging the
parameters across clients, and (ii) tightly control the
impact of decentralization and heterogeneity, as well
as that of the topology on the variance.

• In Section 5, we propose a novel decentralized algo-
rithm, based on Richardson-Romberg extrapolation,
eliminating first order bias. We study its sample
complexity, proving that it reduces communication
without any knowledge of the network topology.

• Finally, we provide experiments in Section 6.

Notations. For f : Rd → R a function i-times differ-
entiable (i ≥ 1), we denote ∇if its i-th tensor deriva-
tive. For a vector ∥·∥ is its Euclidean norm, and for
a matrix, it is its ℓ2 operator norm. Id is the iden-
tity matrix, and 1m the vector filled with 1 in di-
mension m. For a symmetric matrix A, we denote
A’s second largest eigenvalue λ2(A), and λmin(A) its
smallest eigenvalue. We write W2(ρ1, ρ2) the second-
order Wasserstein distance between two probability
measures ρ1 and ρ2. For two matrices A,B, A ⊗ B
is the Kronecker product of A and B, i.e., the opera-
tor A⊗ B : M 7→ BMA⊤. We also define A⊗k as the
k-th power of the tensor A.

2 PROBLEM SETTING

Decentralized Learning. We consider the dis-
tributed optimization problem

θ⋆ ∈ argmin
θ∈Rd

f(θ) = 1
m

∑m
k=1 fk(θ) , (1)

where for k ∈ {1, . . . ,m}, fk : Rd → R is the local
objective of agent k. Each agent starts from an initial

vector θ
(k)
0 ∈ Rd, and updates it with its neighbors

θ
(k)
t+1 =

m∑
ℓ=1

Wkℓ

(
θ
(ℓ)
t − γ

(
∇fℓ(θ(ℓ)t ) + ε

(ℓ)
t+1(θ

(ℓ)
t )
))

,

where W ∈ Rm×m is a fixed communication matrix,
assumed to be symmetric and doubly stochastic, and

ε
(ℓ)
t+1(θ

(ℓ)
t ) is a random noise term.

Note the clients first update their parameters, before
averaging the parameters of their neighbors, which is
usually referred to as ”Adapt-then-Combine”.

Algorithm 1 DSGD

1: Input: ∀k, θ(k)0 = θ0 ∈ Rd, number of iterations
T , step size γ, matrix W .

2: for t = 0, . . . , T − 1 do
3: for each client k = 1, . . . ,m do

4: θ
(k)
t+1←

∑m
ℓ=1Wkℓ

(
θ
(ℓ)
t −γ

(
∇fℓ(θ(ℓ)t )+ε

(ℓ)
t+1(θ

(ℓ)
t )
))

5: return θ
(1)
T , . . . , θ

(m)
T .

It is convenient to rewrite the updates in global form.
We define the stacked parameter vector Θt, the global
gradient ∇F (Θt) and the global noise εt+1(Θt) in Rmd
as

Θt := ((θ
(1)
t )⊤ · · · (θ

(m)
t )⊤)⊤ ,

∇F (Θt) := ((∇f1(θ(1)t ))⊤ · · · (∇fm(θ
(m)
t ))⊤)⊤ ,

εt+1(Θt) := ((ε
(1)
t+1(θ

(1)
t ))⊤ · · · (ε

(m)
t+1(θ

(m)
t ))⊤)⊤ .

With these notations, the algorithm recursion writes

Θt+1 = W
(
Θt − γ

(
∇F (Θt) + εt+1(Θt)

))
, (DSGD)

where W := W ⊗ Id. Lastly, we also set Θ⋆ = 1m ⊗
θ⋆ ∈ Rmd, defined by repeating m times θ⋆.

Assumptions. Throughout this paper, we work un-
der the following regularity assumptions.

A1 (Regularity). For all k ∈ {1, . . . ,m}:
(a) fk is µ-strongly convex.

(b) fk is four times differentiable and L-smooth.

(c) fk’s third derivative is bounded: there exists K3 > 0
such that for θ, u ∈ Rd, ∥∇3fk(θ)u

⊗2∥ ≤ K3∥u∥2.

This assumption is standard in the analysis of stochas-
tic and decentralized algorithms [Dieuleveut et al.,
2020, Mangold et al., 2025b,a, Vogels et al., 2022].
The third derivative’s boundedness is useful to con-
trol higher-order terms, as can be seen in the proofs of
the results presented in Section 4.

Finally, to measure heterogeneity, we also define

ζ2⋆ = ∥∇F (Θ⋆)∥2 . (2)
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A2. The matrix W is symmetric and stochastic, with
λ2(W ) < 1; we let Λ = 2∥(Id −W )†W∥2. We define
ρ = max(|λ2(W )|, |λmin(W )|).

This assumption is classical in decentralized learning,
and ensures that the underlying undirected commu-
nication graph is connected. In particular, informa-
tion from each client eventually propagates to all other
clients. For instance, given a weighted, connected, and
undirected graph with Laplacian matrix L, the matrix
W = Id− tL satisfies A2 for a small enough t > 0.

3 DETERMINISTIC ALGORITHM

In this section, we start with the analysis of determin-
istic Decentralized GD (DGD), ie.

Θt+1 = W
(
Θt − γ∇F (Θt)

)
. (DGD)

One of the first notable analysis of DGD was provided
by Nedic and Ozdaglar [2009a], and many rates were
later established on the sub-optimality gap f(θ̄T ) −
min f , where θ̄T is the average of clients iterates at
time T [Colla and Hendrickx, 2021, Yuan et al., 2016,
Le Bars et al., 2023]. In particular, it is known that
the clients’ models do not all converge to the optimal
point, motivating the introduction of gradient track-
ing [Shi et al., 2015, Nedic et al., 2017]. Most works
focus on upper bounding the error between θ̄T and
θ∗. Yet, computing the parameter θ̄T requires a global
averaging step over the entire graph, which may be
costly.

Furthermore, our goal is to understand the limit be-
havior of the limit as function of γ. We thus need to
establish the convergence to a limit and characterize
it precisely. We show that DGD converges, and derive
an explicit expansion of its bias (i.e., the difference
between its limit point and the problem’s global so-
lution). We first recall the convergence of DGD to a
fixed point. While this first result was established by
[Vogels et al., 2022, Larsson and Michelusi, 2025], our
following results are more precise, with an exact first-
order expansion of the limit point, rather than upper
bounds, allowing to obtain extrapolation results.

Lemma 3.1. Assume A 1, A 2, and γ ≤ 1/L. Then
the sequence (Θt)t generated by (DGD) converges to a
vector Θdet, independent of Θ0, which satisfies

(I −W )Θdet = −γW∇F (Θdet) . (3)

Moreover, for all t ≥ 0,

∥Θt −Θdet∥ ≤ (1− γµ)t∥Θ0 −Θdet∥ . (4)

We give a proof based on a contraction argument of
this lemma in Appendix A. This establishes that the

sequence (Θt)t converges to a point Θdet, which de-
pends on both the step size γ and the communication
matrix W . We next use (3) to derive an explicit ex-
pansion of Θdet. Note that the matrix Id − W has
different behavior on Span(1), where it is zero, and
on its orthogonal space Span(1)⊥, where its largest
eigenvalue is strictly smaller than 1. We thus decom-
pose the vectors into two orthogonal components: a
consensus part, where all the clients have the same
value, and a disagreement part, characterizing individ-
ual specificity. We define the consensus and disagree-
ment projection operators, which project a vector into
the relevant subspace

P := 1
m11⊤ ⊗ Id , Q := I −P . (5)

The operator P projects a vector on the consen-
sus space Span(1) by averaging its block-components,
while Q computes the difference between a vector and
its consensus. We can now define the consensus and
disagreement parts of the clients’ iterates

Θdet := PΘdet , Θ̃det := QΘdet , (6)

so that Θdet = Θdet + Θ̃det. With these notations, the
identity (3) can be reformulated as follows.

Lemma 3.2. Under A1, A2, and for 0 < γ ≤ 1/L:

1
m

∑m
k=1∇fk(θdetk ) = 0 , (7)

Θ̃det = −γ(I −W )†W∇F (Θdet) . (8)

The identity (7) is a kind of optimality condition; if
Θdet is already at consensus, it means that DGD con-
verged to the solution of the global problem. The sec-
ond equation (8) defines the disagreement part. Based
on the identity (1−x)−1 =

∑∞
k=0 x

k, (8) can be inter-
preted as the part of the gradients that reaches each
client after any k ≥ 0 rounds of propagation through
the network, making iterates depart from consensus.

Now, we derive expansions of the error based on
Lemma 3.2: first for quadratics, where we give exact
expressions, and then for general functions.

Quadratic functions. When the functions fk are
quadratic, we can derive an exact expression of Θdet.

A3. For k ∈ {1, . . . ,m}, there exist Ak ∈ Rd×d posi-

tive definite and θ⋆k ∈ Rd such that fk(θ) =
1
2∥A

1/2
k (θ−

θ⋆k)∥2. We let

Ā := 1
m

∑m
k=1Ak , A := diag(A1, . . . , Am) ,

Θ⋆(loc) := (θ⋆1
⊤, . . . , θ⋆m

⊤)⊤ , Ā := diag(Ā, . . . , Ā) .

In this setting, the fixed-point equation (3) reduces to
a linear system (Id−W )Θdet = −γWA(Θdet−Θ⋆(loc)).
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Under A3, we define the matrices

H := PĀ
−1

A , G := (I −W )†W , (9)

B := (I + γGA)−1GA (10)

The matrix H measures heterogeneity among clients,
and relates local and global solutions. Indeed, we have
θ⋆ = H(θ⋆1

⊤, . . . , θ⋆m
⊤)⊤. If all matrices Ak are equal,

then θ⋆ is simply the average of the vectors θk. The
matrix G, which is zero on the consensus subspace
Span(1), acts as

∑+∞
t=1 W

t on the disagreement sub-
space Span(1)⊥. When applied to a vector, G sums all
the disagreements propagated in the graph from this
vector. The matrix B mixes these two matrices, ac-
counting both for heterogeneity and network topology.
Using these matrices, we can give an exact expression,
and first-order expansions, of the error.

Proposition 3.3. Assume A 2-3 and γ < 2/((1 +
L/µ)LΛ). Then we have the following expressions

Θdet = Θ⋆− γH(I − γBH)−1B(Θ⋆(loc) −Θ⋆) ,

Θ̃det = γ(I − γBH)−1B(Θ⋆(loc) −Θ⋆) ,

Θdet = Θ⋆+ γ(I −H)(I − γBH)−1B(Θ⋆(loc) −Θ⋆) ,

Moreover, the following expansions hold:

Θdet = Θ⋆− γHGA(Θ⋆(loc) −Θ⋆) +O(γ2) ,
Θ̃det = γGA(Θ⋆(loc) −Θ⋆) +O(γ2) ,
Θdet = Θ⋆+ γ(I −H)GA(Θ⋆(loc) −Θ⋆) +O(γ2) .

We prove this lemma in Appendix A. Remark that
the condition on γ is only needed to guarantee the
existence of all inverse matrices that appear in the ex-
pressions. For larger values of γ for which all inverse
matrices exist, the above formulas still hold. The ex-
pressions from Proposition 3.3 allow to make multiple
observations on the bias of DGD in this setting.

Impact of the step size. The expansion shows that
Θdet−Θ⋆ = O(γ), and thus limγ→0 Θdet = Θ⋆. Hence,
decreasing the step size reduces the bias of DGD,
which eventually vanishes. Note that the bias, as well
a the disagreement, scales linearly with γ for both the
consensus and disagreement components. Of course,
as seen in Lemma 3.1, reducing the bias by decreasing
γ also slows down the convergence of the algorithm.

Impact of data heterogeneity. In the homogeneous
case where all local minimizers θ⋆k coincide, we have
Θ⋆(loc) = Θ⋆, and therefore Θdet = Θ⋆. This shows
that heterogeneity across clients is the only source of
bias: the greater the differences between the vectors
θ⋆k, the larger the deviation of Θdet from Θ⋆.

Role of the communication matrix. The network
topology appears through G = (I − W )†W . Re-
call that G captures how disagreement between clients

is smoothed out by iterated communication by sum-
ming all the disagreements obtained on the gradient
∇F (Θ⋆) at each time step t ≥ 1. As an example, when
the network is fully connected (W = 1

m11⊤), G is
equal to 0, and Θdet = Θ⋆; for sparse graphs, G is non-
zero, leading to a larger bias. Generally, under A2, the
spectral norm of G is equal to Λ = 2∥(Id −W )†W∥2,
which decreases when the eigenvalues ofW , other than
the one at 1, are close to 0, i.e., when the graph is more
connected.

General functions. We now study the case of
strongly convex and smooth functions. To derive our
refined analysis, which finely quantifies the prominent
terms in the error, we need a crude bound on DGD’s
convergence, which we will use to bound higher-order
terms. First, we control the bias Θdet − Θ⋆, using a
bound recently established by Larsson and Michelusi
[2025], showing that it is of order γ.

Lemma 3.4 ([Larsson and Michelusi, 2025, Formula
47]). Assume A1 and A2. Then for γ < min

(
1
ΛL ,

1
L

)
,

∥Θdet −Θ⋆∥ ≤ γLΛ
µ ζ⋆ .

In particular, as γ → 0, ∥Θdet −Θ⋆∥ = O(γ).

This directly gives a convergence rate for DGD.

Corollary 3.5. Assume A 1-2. Then, for any t ≥ 0.
we have the convergence rate

∥Θt −Θ⋆∥ ≤ (1− γµ)t∥Θ0 −Θ⋆∥+ 2γLΛ
µ ζ⋆ .

For ϵ > 0, setting γ = min( 1
L ,

1
ΛL ,

µϵ
LΛζ⋆

),

we have ∥Θt − Θ⋆∥ ≤ ϵ for T ≳
max(Lµ ,

ΛL
µ ,

LΛζ⋆
µ2ϵ ) log(∥Θ0−Θ⋆∥

ϵ ).

Notice that to achieve good precision, one needs to
require γ to be smaller when the graph is less con-
nected. Using this bound, we adapt Proposition 3.3
to the general strongly convex and smooth setting. To
this end, and under A1-2, we define the average Hes-
sian ∇2f(θ⋆) := 1

m

∑m
k=1∇2fk(θ

⋆), as well as the the
block-diagonal matrices

A := diag
(
∇2f1(θ

⋆), . . . ,∇2fm(θ⋆)
)
,

Ā := diag(∇2f(θ⋆), . . . ,∇2f(θ⋆)) ,

and formally define H and G as in (9)-(10) with theses
matrices A and Ā.

Proposition 3.6 (First-order bias expansion). As-
sume A1-2. Then we have

Θdet = Θ⋆ +γHG∇F (Θ⋆) +O(γ2) ,
Θ̃det = −γG∇F (Θ⋆) +O(γ2) ,
Θdet = Θ⋆ −γ(I −H)G∇F (Θ⋆) +O(γ2) .
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For γ ≤ min
(

1
ΛL ,

1
L

)
, the residual term is bounded by

γ2 L
2

2µ2Λ
2
(

K3

µ
√
m
ζ2⋆ + L · ζ⋆

)
.

The proof, given in Appendix A, linearizes the local
gradients using Taylor expansion around θ⋆, and uses
Lemma 3.4 to control higher-order terms. Proposi-
tion 3.6 is the exact analogue of Proposition 3.3 for
non-quadratic functions. The bias, to the first order,
is the same as in the quadratic setting, the same dis-
cussion thus applies. In short, the same three factors
as in the quadratic setting (step size, heterogeneity
and network connectivity) determine the bias of de-
terministic decentralized gradient descent. The main
difference is that, contrarily to the quadratic setting,
no closed-form expressions are available, but only first-
order expansions.

4 STOCHASTIC ALGORITHM

We now consider DSGD with stochastic gradients.
Prior work [Sirb and Ye, 2016, Lan et al., 2020,
Lian et al., 2017, Bars et al., 2023, Neglia et al.,
2020] provided convergence rates on E∥∇f(Θt)∥2 or
E [f(Θt)] − min f , where Θt is the vector of all local
models at iteration t. Other papers focus directly on
the sequence of iterates (Θt)t≥0 [Vogels et al., 2022,
Theorem 9] and prove that the distance between Θt
and Θ⋆ can be upper-bounded by a sum of three terms:
one which depends on the initialization and vanishes
as the time step t tends to +∞, one which depends on
the variance, and one which depends on heterogeneity.

Our analysis departs from these results by analyzing
the iterates of DSGD under a constant step size as
a Markov chain. In the single-client setting, Pflug
[1986a], Moulines et al. [1998], Chee and Toulis [2018]
showed that, with a constant step size, SGD does not
converge to the minimizer, but rather oscillates around
it. Viewing SGD with a constant step size as a Markov
chain was used to characterizes SGD’s stationary dis-
tribution, with convergence rates and asymptotic bias
expansions [Dieuleveut et al., 2020]. This approach
has recently been extended to federated learning algo-
rithms such as Scaffold and FedAvg [Mangold et al.,
2025a,b], giving expansions of the bias and variance,
with associated convergence rates.

In this paper, we thus show the convergence of the
Markov chain generated by DSGD, and derive an ex-
plicit expansion of its bias and variance.

• We highlight the fact that DSGD has linear speed-
up regardless of the topology, and even without av-
eraging the local iterates, up to higher-order terms.

• We show that stochasticity introduces an additional
bias in the limit, corresponding to SGD’s bias.

• We provide non-asymptotic convergence bounds for
clients’ local iterates.

DSGD as a Markov Chain. We introduce the fol-
lowing three assumptions on the noise model.

A 4 (Zero-mean noise). There exists a filtration
(Ft)t∈N such that for all t ∈ N and Θ ∈ Rmd, εt+1(Θ)
is Ft-measurable, and E [εt+1(Θ) | Ft] = 0. Moreover,
the sequence of random functions (εt)t is i.i.d., and the

noises ε
(k)
t+1 of the different clients are independent.

A 5 (p). (Co-coercivity) For every t ≥ 1, define the
stochastic gradient mapping ∇F (·; εt) := ∇F (·)+εt(·).
Then, almost surely, ∇F (·; εt) is L-co-coercive, i.e.

∀Θ,Θ′ ∈ Rmd, ∥∇F (Θ; εt)−∇F (Θ′; εt)∥2

≤ L ⟨∇F (Θ; εt)−∇F (Θ′; εt),Θ−Θ′⟩ .

In addition, the noise has a finite p-th moment at Θ⋆:

∀t ≥ 1, E [∥εt(Θ⋆)∥p]1/p ≤ τp.
A6 (Smoothness of the noise covariance). Define the
covariance operator C(Θ) := E

[
ε1(Θ)⊗2

]
. Assume

that C is twice continuously differentiable. Further-

more, we define C(θ) := 1
m

∑m
k=1 E[

(
ε
(k)
1 (θ)

)⊗2
].

These assumptions are standard when analyzing SGD
iterates as a Markov chain [Dieuleveut et al., 2020,
Mangold et al., 2025a,b]. They assume regularity of
the noisy gradients, as well as bounded moments for
the noise, which both hold in natural contexts such
as least-squares regression or logistic regression un-
der mild assumptions. Under A 4, the sequence of
iterates (Θt)t≥0 generated by (DSGD) defines a time-
homogeneous Markov chain on Rmd with a Markov
kernel defined as Rγ(Θ, A) := P [Θt+1 ∈ A | Θt = Θ]
for any Borel set A ⊆ Rmd.

Convergence to a Stationary Distribution. In
the stochastic setting, Lemma 3.1 obviously no longer
holds. However, we show below that the Markov chain
(Θt)t≥0 converges in Wasserstein distance.

Proposition 4.1 (Convergence of DSGD). Assume A
1, A 2, A 4, and A 5(2). If γ < 2/L, then the Markov
chain (Θt)t≥0 admits a unique stationary distribution
πγ ∈ P2(Rmd), i.e., with finite second moment. More-
over, for any initial distribution ρ0 and any t ≥ 0,

W2
2

(
ρ0R

t
γ , πγ

)
≤ (1− 2γµ (1− Lγ/2))tW2

2

(
ρ0, πγ

)
.

We prove this result in Appendix B.1. Proposition 4.1
shows that DSGD converges to a stationary regime,
independently of the initialization. The convergence
holds in the Wasserstein metric, with a geometric rate
1−2γµ (1− Lγ/2) ≤ 1−γµ < 1. As expected, smaller
step sizes yield slower convergence, but also reduce
the deterministic bias of the algorithm (see Proposi-
tion 3.6).
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Variance of DSGD. We now analyze the station-
ary distribution πγ , by characterizing its mean and
variance (with a slight abuse of language),

Θsto :=
∫
Rmd Θ dπγ(Θ) ,

Σθ :=
∫
Rmd(Θ−Θdet)

⊗2 dπγ(Θ) .

The matrix Σθ is of size (md) × (md). For k, ℓ ∈
{1, . . . ,m} we denote [Σθ]k,ℓ its d × d-size block of
indices k and ℓ. We first give an expansion of the
variance.

Proposition 4.2. Assume A1, A2, A4, A5(4), A6.
Then for any k, ℓ ∈ {1, . . . ,m}, it holds that

[Σθ]k,ℓ =
γ

m
JC(θ⋆) +O(γ3/2) ,

where we defined J = (I ⊗ Ā+ Ā⊗ I)−1.

To establish this proposition, we linearize the gradients
in DSGD’s updates, expand the square, and bound
the remainder terms; we give the detailed proof in
Appendix B.2. There are two key take-aways from
this proposition: (i) at the first-order in the step size,
DSGD’s variance decreases with the number of clients,
resulting in a linear speed-up, and (ii) this is the case
regardless of the topology. In other words, for two dif-
ferent graph topologies, the variance of the station-
ary distribution is essentially the same, provided that
the step size γ is small enough. Interestingly, this
first-order expression exactly matches with classical
federated learning (see Theorem 4 of Mangold et al.
[2025b]). The dominant contribution is determined by
the noise and the local objectives, while the influence
of the network structure only appears in higher-order
terms. To highlight this phenomenon, we derive the
following bound on the limit variance.

Lemma 4.3. Assume A 1, A 2, A 4, A 5(2). Let
γ ≤ min(1/L, 1/(ΛL)), then the variance of DSGD
at stationarity is bounded by

1

m

m∑
k=1

∥[Σθ]k,k∥ ≲
γτ22 + γ3/2K3B

3/2

µm
+

γ2ρ2

1− ρ2
τ22C ,

where C = (LB + K3B
3/2γ1/2 + 1

2γ
2K2

3B
2 + τ22 )/τ

2
2

and B =
(
τ24 + γ2 L

4

µ2 Λ
2ζ2⋆
)
/µ. We use ≲ to indicate

an absolute numerical constant dependence.

To prove this bound, we leverage the decomposition
we used to prove Proposition 4.2, and decompose it
between a consensus, which dominates and disagree-
ment part, which gives higher-order terms. We give a
detailed proof in Appendix C.1. The key takeaway of
this lemma is that as long as

m = O(1/(µγΛ2)) ,

the leading term is the term in γ, which does not de-
pend on the topology. More precisely, as long as the
number of clients is of order O(1/Λ2), the impact of
the graph’s topology on the variance is negligible.

Bias of DSGD. First, we remark that stochasticity
does not affect the bias for quadratic functions.

Proposition 4.4. Assume A2, A3, A4, A5(4), A6.
Then stochasticity does not introduce any additional
bias, and it holds that Θsto = Θdet.

The proof follows from the linearity of the gradient, see
Appendix B.2. For general smooth and strongly con-
vex functions, however, stochasticity induces an addi-
tional first-order bias in the stationary mean.

Proposition 4.5. Suppose A1, A2, A4, A5(4), A6.
Then for any i ∈ {1, . . . ,m},

θstoi − θdeti =− γ

2m
∇2f(θ⋆)−1∇3f(θ⋆)JC(θ⋆) +O(γ3/2) ,

where J is defined in Proposition 4.2.

Proposition 4.5 shows that for smooth and strongly
convex functions, the mean of the stationary distribu-
tion does not coincide with Θdet: an additional bias
of order O(γ) appears. We emphasize two key points:
(i) the stationary mean Θsto still depends on the net-
work topology, since Θdet does; (ii) yet, the additional
stochastic bias Θsto−Θdet and the stationary variance
are independent of the topology at first order in γ.

Non-Asymptotic Bounds We now state one of our
main results, which gives a non-asymptotic conver-
gence rate for DSGD based on bounds on the asymp-
totic variance and geometric ergodicity of DSGD.

Theorem 4.6. Assume A 1, A 2, A 4, A 5(4), A 6.
Taking γ ≤ min( 1

ΛL ,
1

10L ), it holds that

E[∥Θt −Θ⋆∥2] ≲ (1− γµ)tψ0 + γ
τ2
2

µm + γ3/2K3B
3/2

µm

+ γ2
(
L2Λ2

µ2 ζ2⋆ +
LBρ2

1−ρ2 + ρ2

1−ρ2 τ
2
2

)
+ γ5/2 ρ2

1−ρ2
(
K3B

3/2 + γ3/2K2
3B

2
)
,

with ψ0 = ∥Θ0−Θ⋆∥2+ γ2L2Λ2

µ2 ζ2⋆ +
γ
µ (τ

2
2 +γ

2 4L4

µ2 Λ2ζ2⋆)

and B = 1
µ

(
τ24 + γ2 L

4

µ2 Λ
2ζ2⋆
)
.

We prove this Theorem in Appendix C. We stress that
the proof scheme is fundamentally different from ex-
isting convergence proofs of DSGD, as it does not rely
on establishing a bound on the convergence of consen-
sus/disagreement part, but rather studies convergence
of the algorithm, together with its properties in its sta-
tionary regime. We can now give a sample complexity
for this algorithm.
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Corollary 4.7. Let ϵ > 0 be small enough. Un-
der the assumptions of Theorem 4.6, set γ =

min( 1
L ,

µ
L2Λζ⋆

, µmϵ
2

τ2
2
, µϵ
LΛζ⋆

, ϵ( 1−ρ2
LBρ2 )

1/2, ϵ( 1−ρ
2

τ2
2 ρ

2 )
1/2), the

DSGD algorithm achieves E[∥Θt −Θ⋆∥2] ≤ ϵ2 after

T ≳max(Lµ ,
L2Λζ⋆
µ2 ,

τ2
2

µ2mϵ2 ,
LΛζ⋆
µ2ϵ ,

τ2
µϵ (

ρ2

1−ρ2 )
1/2) log(ψ0

ϵ ) .

This corollary establishes the sample complexity
of DSGD. It shows that, when high precision is
desired, DSGD has linear speed-up until m ≲

min( τ2

LΛζ⋆ϵ
, ((1−ρ

2)/ρ2)1/2

µϵ ). In other words, provided
the network topology is not too disconnected and the
problem not too heterogeneous, DSGD achieves linear
speed-up in the number of clients.

5 RICHARDSON-ROMBERG FOR
DECENTRALIZED LEARNING

Building on our analysis of DSGD’s bias, we extend
the Richardson-Romberg extrapolation technique to
the decentralized world. The main idea of this tech-
nique, initially developed in numerical analysis, is to
cancel leading-order error terms by combining iterates
obtained with different step sizes. It has since found
applications in diverse areas, like data science [Bach,
2021], and in the analysis of SGD algorithms, both in
the single-client setting [Dieuleveut et al., 2020] and in
federated learning [Mangold et al., 2025b].

To construct the decentralized Richardson-Romberg
estimator, we set a step size γ ≤ 1/L, and run the
algorithm two times, giving two sequences of iterates:
one with step size γ and one with step size γ/2, de-

noted respectively by (Θγt )t≥0 and (Θ
γ/2
t )t≥0. We then

define the Richardson-Romberg extrapolated iterate as

ΘRR,γ
t := 2Θ

γ/2
t −Θγt . (11)

We stress that building this estimator only requires
running the algorithm twice. Contrary to gradi-
ent tracking methods [Di Lorenzo and Scutari, 2016,
Koloskova et al., 2021], it does not require clients to
maintain a slack variable in memory. This makes this
algorithm fit for running on devices with low-resources,
which are typical in decentralized settings.

Leveraging our expression of DSGD’s bias, we show
that the estimator built in (11) has reduced bias.

Proposition 5.1. Assume A1-2. If γ ≤ min
(

1
ΛL ,

1
L

)
,

∥ΘRR,γ
det −Θ⋆∥ ≤ γ2 L

2

µ2 Λ
2
(
K3

µ
√
m
ζ2⋆ + Lζ⋆

)
.

This shows that Richardson-Romberg extrapolation
successfully eliminates the deterministic first-order
bias term γ ·(I−H)G∇F (Θ⋆), which depends on both

the topology of the communication graph and the het-
erogeneity. Remarkably, this does not require explicit
knowledge of the graph structure or of the heterogene-
ity. We then obtain the following convergence rate.

Corollary 5.2. Assume A 1-2. Then, for any t ≥ 0,
in the deterministic setting, we have the convergence
rate

∥ΘRR,γ
t −Θ⋆∥ ≤ 3(1− γµ/2)t∥Θ0 −Θ⋆∥

+ 2(1− γµ/2)t γLΛ
µ

ζ⋆

+ γ2
5L2

8µ2
Λ2
( K3

µ
√
m
ζ2⋆ + Lζ⋆

)
.

For ϵ > 0, let γ = min( 1
L ,

1
ΛL ,

µϵ1/2

LΛζ⋆
) and assume

K3/m
1/2 is small, then we have ∥ΘRR,γ

t − Θ⋆∥ ≤ ϵ

after T ≳ max(Lµ ,
ΛL
µ ,

LΛζ⋆
µ2ϵ1/2

) log(∥Θ0−Θ⋆∥
ϵ ) iterations.

This shows that the speed of convergence is not af-
fected, but that the limit bias is quadratically reduced,
allowing for a quadratic improvement in the sample
complexity when heterogeneity is large or the network
not very connected. Finally, we stress that similar
results would hold in the stochastic setting, allowing
to speed-up convergence when the variance is domi-
nated by the decentralization error. Thus, this allows
to handle decentralized learning with much less con-
nected graphs, de facto reducing communications.

In the stochastic setting, combining Corollary 5.2 with
Lemma 4.3 gives the following result.

Corollary 5.3. Let ϵ > 0 be small enough. Un-
der the assumptions of Theorem 4.6, set γ =

min( 1
L ,

µ
L2Λζ⋆

, µmϵ
2

τ2
2
, µϵ

1/2

LΛζ⋆
,ϵ( 1−ρ2

LBρ2 )
1/2,ϵ( 1−ρ

2

τ2
2 ρ

2 )
1/2), the

RR-DSGD algorithm achieves E[∥ΘRR,γ
t −Θ⋆∥2] ≤ ϵ2

for

T ≳max(Lµ ,
L2Λζ⋆
µ2 ,

τ2
2

µ2mϵ2 ,
LΛζ⋆
µ2ϵ1/2

, τ2µϵ (
ρ2

1−ρ2 )
1/2) log(ψ0

ϵ ) .

This shows that the Richardson-Romberg extrapola-
tion procedure has the same advantages in the stochas-
tic regime and in the deterministic one. Notably, it
can be particularly beneficial in settings where noise
is dominated by the bias due to decentralization.

6 EXPERIMENTS

This section illustrates our theoretical results through
numerical experiments. We consider the optimiza-
tion problem (1), where for client k ∈ {1, . . . ,m},
the local objective is given byfk(θ) =

1
n

∑n
i=1 log(1 +

exp(⟨θ, θk,i⟩)) + λ
2 ∥θ∥

2. For each client k, the vec-
tors θk,i are sampled independently from a distribu-
tion specific to that client, which enables us to model
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Figure 1: DSGD for heterogeneous (top row) and homogeneous (bottom row) clients, for various numbers of
clientsm and communication graphs. Graphs are fully connected (left), four clusters sparsely connected (middle),
and ring (right). Colored areas indicate variations (± standard deviation) obtained from 20 independent runs.
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Figure 2: 1
m

∑m
i=1 ∥θti − θ∗∥ for deterministic (left)

and stochastic (right) DGD with step size γ, step size
γ/2 and RR extrapolation.

heterogeneity across the network. All experiments are
conducted in dimension d = 2, and the communica-
tion graph is chosen to be either (i) fully connected,
with W = 1

m11⊤), (ii) a ring topology, or (iii) a clus-
tered topology with four well-connected clusters that
are only sparsely connected to each other.

Deterministic DGD. In the deterministic setting,
Lemma 3.1 and Proposition 3.6 show that using a
smaller step size γ reduces the bias, but slows down
convergence. Moreover, Proposition 5.1 shows that
that Richardson-Romberg extrapolation improves the
bias order from O(γ) for classical DGD to O(γ2).
This is indeed what we observe in Figure 2, where
m = 12, γ = 10−3, with the four-clusters graph.

Stochastic DGD. In the stochastic setting, Propo-
sition 4.2 and Proposition 4.5 establish that both the
variance and the bias scale as 1/m at the first-order.
We illustrated this numerically by plotting the evo-
lution of the distance to the deterministic limit Θdet

as a function of the iteraiton number, for different m
and graphs. As observed in Figure 1 (γ = 10−3), in-
creasing the number of clients yields smaller variance
and bias. However, for poorly connected graphs like

the ring topology, the improvement stops when the
bias begins: since the second-largest eigenvalue of W
is very close to 1, higher-order error that depend on
the graph prevent further speed-up.

Decentralized Richardson-Romberg. We now
illustrate the performance of the decentralized
Richardson-Romberg extrapolation method. In both
deterministic and stochastic settings, it effectively re-
duces DSGD’s bias by one order of magnitude. In
Figure 2 (left), we run the deterministic variant of
the algorithm, confirming a reduction of the bias from
10−2 to 10−4. The stochastic counterpart of the al-
gorithm, reported in Figure 2 (right), also reduces
the bias: there, bias strongly hinders DSGD’s con-
vergence, while DSGD with Richardson-Romberg ex-
trapolation reaches a stationary regime, where vari-
ance dominates.

7 CONCLUSION

In this paper, we analyzed the deterministic and
stochastic Decentralized Gradient Descent algorithm,
focusing on the characterization of their limiting points
and the impact of heterogeneity, network topology,
and stochastic noise. In the deterministic setting, we
showed that DGD’s bias depends on the step size, net-
work topology, and heterogeneity, with a bias of or-
der O(γ) that can be reduced to O(γ2) with Richard-
son–Romberg extrapolation. In the stochastic setting,
the iterates admit a unique stationary distribution
with an additional O(γ) bias, and have a linear speed-
up in the number of clients even without formally av-
eraging the iterates.

Overall, our results reveal a clear contrast: determin-
istic bias is shaped by network effects, while stochastic
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bias is dominated by noise. This deepens our under-
standing of the impact of decentralization and stochas-
ticity on optimization, and hints towards novel meth-
ods like, e.g., Richardson–Romberg extrapolation. We
proved that this method reduces DSGD’s sample com-
plexity, notably in small noise regimes. We hope that
our analysis of DSGD will serve as a basis for the devel-
opment of decentralized algorithms tailored to handle
stochasticity.
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Veeravalli. Distributed stochastic subgradient pro-
jection algorithms for convex optimization. Journal
of optimization theory and applications, 147(3):516–
545, 2010.

Hanlin Tang, Xiangru Lian, Ming Yan, Ce Zhang, and
Ji Liu. D2: Decentralized training over decentral-
ized data. In International Conference on Machine
Learning, pages 4848–4856. PMLR, 2018.

John Tsitsiklis, Dimitri Bertsekas, and Michael
Athans. Distributed asynchronous deterministic and
stochastic gradient optimization algorithms. IEEE
transactions on automatic control, 31(9):803–812,
2003.

César A Uribe, Soomin Lee, Alexander Gasnikov, and
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Supplementary Materials

In this appendix, we first provide additional related work.

• Appendix A contains the proofs of the deterministic DGD results stated in Section 3.

• In Appendix B, we give the proofs of the results on DSGD stated in Section 4. We also state and prove
additional results:

– Lemma B.1 and Lemma B.2 give contraction results between consecutive iterates of DSGD, as well as
upper-bounds of moments of order 2 and 4 under the stationary distribution.

– Based on these first two lemmas, Lemma B.4 establishes a first expansion of the stationary distribution’s
variance.

– From this expression of the variance, Lemma B.5 deduces an expression of the stationary distribution’s
bias.

– Lemma B.6 and Lemma B.7 give estimates of the covariance of the noise under the stationary distri-
bution, based on Lemma B.1, Lemma B.2 and Lemma B.5.

– Based on these previous lemmas, Corollary B.8 and Lemma B.9 then simplify the expression of the
variance, which yields both Proposition 4.2 and Proposition 4.5.

• Appendix C contains the proofs of the non-asymptotic results stated in Section 4.

• In Appendix D, we give the proofs of the results on Richardson-Romberg extrapolation.

• Appendix E contains two general lemmas on matrices, used in the proofs of the previous results.

Additional Related Work

Decentralized Optimization. The term decentralized SGD was introduced by Lian et al. [2017]. Nonetheless,
similar algorithms had been studied in distributed optimization, with the first analysis by Nedic and Ozdaglar
[2009b], and algorithms like dual averaging [Duchi et al., 2011], Extra [Shi et al., 2015], and other algorithms
mentioned below. Many analyses [Hendrikx et al., 2021] and variants of decentralized SGD have then been
studied, with variance reduction [Tang et al., 2018], compression [Koloskova et al., 2019], for neural networks
[Assran et al., 2019], with changing topology [Koloskova et al., 2020, Le Bars et al., 2023], biased gradients [Jiang
et al., 2025], asynchronous updates [Even et al., 2024] or projections [Choi and Kim, 2025]. Other works have
studied the generalization of decentralized SGD [Le Bars et al., 2024, Ye et al., 2025]. All these approaches still
suffer from bias due to decentralization and heterogeneity, and some methods have been proposed to mitigate
this bias [Zhang and You, 2019, Pu and Nedić, 2021, Koloskova et al., 2021]. Other algorithms have also been
proposed, like DIGing [Nedic et al., 2017], NIDS [Li et al., 2019b], together with refined analyses of these methods
[Jakovetić, 2018, Xu et al., 2020, Li and Lin, 2020] A long line of work have been dedicated to the study of dual
algorithms [Scaman et al., 2017, Uribe et al., 2020, Kovalev et al., 2020]

Distributed and Parallel Stochastic Gradient Descent. The methods from decentralized optimization
find their roots in distributed optimization [Tsitsiklis et al., 2003, Nedic and Ozdaglar, 2009b, Boyd et al., 2011].
In this context, the goal is essentially to accelerate the learning by leveraging the computational power of multiple
machines. A key difficulty in this setting is to handle asynchronous updates, which cause delay [Zinkevich et al.,
2009]. This was studied to learn conditional entropy models [Mcdonald et al., 2009], distributed neural networks
[McDonald et al., 2010, Dean et al., 2012], and for parallel SGD in general [Zinkevich et al., 2010, Agarwal et al.,
2014, Agarwal and Duchi, 2011]. and more generally in the context of asynchronous SGD without locks [Recht
et al., 2011, Duchi et al., 2013, Leblond et al., 2017, De Sa et al., 2015, J Reddi et al., 2015, Mania et al., 2017].
Note that in the more specific setting of federated learning (with a central server) similar ideas of linear speed-up
in the number of clients have been observed [Yang et al., 2021, Qu et al., 2021, Mangold et al., 2025b,a].
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Fixed-Point Analyses of Decentralized Learning. Closely related to our work, Vogels et al. [2022] studied
the convergence of decentralized GD to the solution of an equation involving the gradient and the network,
providing convergence rates for DSGD to a neighborhood of this point in expectation. Similarly, Larsson and
Michelusi [2025] proved the convergence to a fixed point in the deterministic setting. Additionally, Yuan et al.
[2016] showed convergence of decentralized GD by interpreting it as gradient descent on a modified function.

In the federated learning setting, when a central server is available, FedAvg has also been studied under the
fixed-point framework, first in the deterministic setting [Malinovskiy et al., 2020, Wang et al., 2021], establishing
convergence to a point, which can be related to the global solution [Malinovskiy et al., 2020, Charles and
Konečnỳ, 2021, Pathak and Wainwright, 2020], with an explicit characterization of the bias in the quadratic
case. This fixed-point framework was later extended to the stochastic setting, providing new analyses of FedAvg
and Scaffold [Mangold et al., 2025b,a].

Other Approaches in Federated Learning. When a central server can orchestrate the training, decentral-
ized learning boils down to federated learning [McMahan et al., 2017]. The most prominent algorithm in this
setting is the FedAvg [McMahan et al., 2017], which has been widely studied. A first line of work has studied
this method in the homogeneous setting, where clients share the same objective function [Stich, 2019, Wang and
Joshi, 2018, Haddadpour and Mahdavi, 2019, Yu et al., 2019b, Wang and Joshi, 2018, Li et al., 2019a]. Then,
many works studied the properties of FedAvg when clients differ, inducing a client-drift phenomenon [Karim-
ireddy et al., 2020]. Many heterogeneity measures have been proposed, based on first-order information [Yu et al.,
2019a, Khaled et al., 2020, Karimireddy et al., 2020, Reddi et al., 2021, Zindari et al., 2023, Crawshaw et al.,
2024], second-order similarity [Arjevani and Shamir, 2015, Khaled et al., 2020], relaxed first-order heterogeneity
[Glasgow et al., 2022], and average drift at the optimum [Wang et al., 2024, Patel et al., 2023].

In analyses of FedAvg with stochastic gradients, a bias appears as higher order terms [Khaled et al., 2020,
Glasgow et al., 2022, Wang et al., 2024]. This bias essentially stems from the bias of SGD, which has been widely
studied in the single-client setting [Lan, 2012, Défossez and Bach, 2015, Dieuleveut and Bach, 2016, Chee and
Toulis, 2017], and through Markov chain analyses of SGD [Dieuleveut et al., 2020, Pflug, 1986b].

Richardson-Romberg. Richardson-Romberg extrapolation, which we extend to the decentralized setting for
the first time, can be traced back to Richardson [1911]. This is a classical method in numerical analysis, with
many applications, including time-varying autoregressive processes [Moulines et al., 2005], data science [Bach,
2021], and many others [Stoer et al., 1980]. It was brought to stochastic approximation by Dieuleveut et al.
[2020], and later studied by Sheshukova et al. [2024]. Most closely related to our work, Mangold et al. [2025b]
proposed a variant of this method in the context of federated learning, when a central server is available.

A DETERMINISTIC DECENTRALIZED GRADIENT DESCENT

Hereafter, we recall the proof of the convergence in the deterministic case [Larsson and Michelusi, 2025].

Proof of Lemma 3.1. The proof consists in noticing that the operator Θ 7→W
(
Θ−γ∇F (Θ)

)
is (1−γµ)-Lipschitz,

which comes from

∥W
(
Θ− γ∇F (Θ)

)
−W

(
Θ′ − γ∇F (Θ′)

)
∥ = ∥W

(
Θ−Θ′ − γ∇F (Θ) + γ∇F (Θ′)

)
∥

≤ ∥Θ−Θ′ − γ(∇F (Θ)−∇F (Θ′))∥
= ∥(I − γA)(Θ−Θ′)∥ ,

where A :=

∫ 1

0

∇2F (Θ′ + t(Θ−Θ′)) dt satisfies µI ⪯ A ⪯ LI.

For γ < 1/L, ∥I − γA∥2 ≤ 1− γµ, hence

∥W
(
Θ− γ∇F (Θ)

)
−W

(
Θ′ − γ∇F (Θ′)

)
∥ ≤ (1− γµ)∥Θ−Θ′∥ .

We conclude using Banach fixed-point theorem.
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Proof of Lemma 3.2. Applying the projection P on the consensus space to (3), and using the fact that PW = P
since W is doubly stochastic, we have P∇F (Θdet) = 0, which gives a first equation

1

m

m∑
k=1

∇fk(θdetk ) = 0 .

Next, since Θdet = WΘdet, the fixed-point equation (3) implies

(I −W )Θ̃det = −γW∇F (Θdet) ,

which gives the expression for Θ̃det by applying the Moore-Penrose pseudoinverse of I −W .

Proof of Proposition 3.3. From Lemma 3.2, we know

1

m

m∑
k=1

∇fk(θdetk ) =
1

m

m∑
k=1

Ak(θ
det
k − θ⋆k) = 0 .

Using the decomposition θdetk = θ̄det+ θ̃detk , and the expression of the gradient for quadratic functions, we obtain

Āθ̄det =
1

m

m∑
k=1

Akθ
⋆
k −

1

m

m∑
k=1

Akθ̃
det
k ,

which can be rewritten in compact matrix form, using the matrix H defined in Proposition 3.3 and the fact that
Ā is invertible, as

Θdet = HΘ⋆(loc) −HΘ̃det . (12)

Lemma 3.2 also provides the following equation:

Θ̃det = −γ(I −W )†W∇F (Θdet) = −γGA(Θdet −Θ⋆(loc)).

Plugging in Θdet = Θdet + Θ̃det, we get:

(I + γGA)Θ̃det = −γGA(Θdet −Θ⋆(loc)).

Plugging this in (12), we obtain:

Θ̃det = −γ(I + γGA)−1GA
(
(H− I)Θ⋆(loc) −HΘ̃det

)
.

We then define
B := (I + γGA)−1GA,

and we get the closed-form

Θ̃det = γ(I − γBH)−1B(I −H)Θ⋆(loc),

Substituting back into (12) gives the expression for Θdet, using the fact that HΘ⋆(loc) = Θ⋆.

To find the upper-bound on γ, we need to make sure that all the above inverse matrices are well-defined.
The matrix (I + γGA)−1 is well-defined when γ < 1/(L∥G∥2). Moreover, ∥B∥2 ≤ L∥G∥2/(1 − γL∥G∥2),
and ∥H∥2 ≤ L/µ, so (I − γBH)−1 is well-defined as soon as γ < µ(1 − γL∥G∥2)/(L2∥G∥2), or equivalently

γ <
1

(1 + L/µ)L∥G∥2
.

The first-order expansions in γ then follow from B = GA+O(γ).
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Proof of Corollary 3.5. The convergence rate is a direct consequence of Lemma 3.1 and Lemma 3.4:

∥Θt −Θ⋆∥ ≤ ∥Θt −Θdet∥+ ∥Θdet −Θ⋆∥
≤ (1− γµ)t∥Θ0 −Θdet∥+ ∥Θdet −Θ⋆∥

≤ (1− γµ)t∥Θ0 −Θ⋆∥+ 2γLΛ

µ
ζ⋆ .

This rate holds if γ ≤ min( 1
L ,

1
ΛL ). If moreover γ ≤ µϵ

LΛζ⋆
, then the above bound becomes

∥Θt −Θ⋆∥ ≤ (1− γµ)T ∥Θ0 −Θ⋆∥+ ε .

We then need to have (1−γµ)T ≲
ε

∥Θ0 −Θ⋆∥
, or equivalently T ≳

log(ε/∥Θ0 −Θ⋆∥)
log(1− γµ)

≳
log(∥Θ0 −Θ⋆∥/ε)

γµ
. We

conclude using the value on γ.

Proof of Proposition 3.6. We follow the approach used in the quadratic case. Using Lemma 3.2, a Taylor expan-
sion, Lemma 3.4, and θdetk = θ̄det + θ̃detk , it holds that

0 =
1

m

m∑
k=1

∇fk(θdetk )

=
1

m

m∑
k=1

(
∇fk(θ⋆) +∇2fk(θ

⋆)(θdetk − θ⋆) +O(∥θdetk − θ⋆∥2)
)

=
1

m

m∑
k=1

∇fk(θ⋆)︸ ︷︷ ︸
=0

+Āθ̄det +
1

m

m∑
k=1

∇2fk(θ
⋆)θ̃detk − Āθ⋆ +R1(γ) , (13)

where R1(γ) = O(γ2), and more precisely, using A 1, ∥R1(γ)∥ ≤
1

2m

m∑
k=1

K3∥θdetc − θ⋆∥2 =
K3

2m
∥Θdet − Θ⋆∥2.

Rearranging (13) yields

θ̄det = θ⋆ − Ā−1

(
1

m

m∑
k=1

∇2fk(θ
⋆)θ̃detk

)
+ Ā−1R1(γ) ,

which in tensorized form reads:

Θdet = Θ⋆ −HΘ̃det + 1⊗ Ā−1R1(γ) . (14)

Now, using the second part of Lemma 3.2, we have

Θ̃det = −γ(I −W )†W∇F (Θdet)

= −γG (∇F (Θ⋆) +R2(γ))

= −γG∇F (Θ⋆)− γGR2(γ) ,

where R2(γ) = O(Θdet −Θ⋆) = O(γ), and more precisely, using A1, ∥R2(γ)∥ ≤ L∥Θdet −Θ⋆∥.

Substituting back into (14), we obtain:

Θdet =
(
Θ⋆ + γHG∇F (Θ⋆)

)
+
(
1⊗ Ā−1R1(γ) + γHGR2(γ)

)
,

where the residual term is indeed O(γ2). More precisely, using Lemma 3.4,

∥1⊗ Ā−1R1(γ) + γHGR2(γ)∥ ≤
√
m∥Ā−1∥2 · ∥R1(γ)∥+ γ∥H∥2 · ∥G∥2 · ∥R2(γ)∥

≤ 1

µ
√
m
· K3

2
∥Θdet −Θ⋆∥2 + γ

L

µ
· ∥G∥2 · L∥Θdet −Θ⋆∥

≤ γ2L
2

µ2
Λ
( K3

2µ
√
m
Λζ2⋆ + L∥G∥2 · ζ⋆

)
.
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B DECENTRALIZED STOCHASTIC GRADIENT DESCENT

B.1 Convergence of DSGD

Proof of Proposition 4.1. The proof follows closely the structure of the argument in [Dieuleveut et al., 2020,
Proposition 2]. The key difference lies in the contraction between consecutive time steps, which we adapt below
to our setting:

E
[
∥Θ(1)

t+1 −Θ
(2)
t+1∥2

]
= E

[
∥W (Θ

(1)
t −Θ

(2)
t )− γW

(
∇F (Θ(1)

t ; εt)−∇F (Θ(2)
t ; εt)

)
∥2
]

(i)

≤ E
[
∥(Θ(1)

t −Θ
(2)
t )− γ

(
∇F (Θ(1)

t ; εt)−∇F (Θ(2)
t ; εt)

)
∥2
]

= E
[
∥Θ(1)

t −Θ
(2)
t ∥2 + γ2∥∇F (Θ(1)

t ; εt)−∇F (Θ(2)
t ; εt)∥2

]
− 2γE

[〈
Θ

(1)
t −Θ

(2)
t ,∇F (Θ(1)

t ; εt)−∇F (Θ(2)
t ; εt)

〉]
(15)

(ii)

≤ E
[
∥Θ(1)

t −Θ
(2)
t ∥2 − 2γ(1− Lγ/2)

〈
Θ

(1)
t −Θ

(2)
t ,∇F (Θ(1)

t ; εt)−∇F (Θ(2)
t ; εt)

〉]
(iii)
= E

[
∥Θ(1)

t −Θ
(2)
t ∥2 − 2γ(1− Lγ/2)

〈
Θ

(1)
t −Θ

(2)
t ,∇F (Θ(1)

t )−∇F (Θ(2)
t )
〉]

(iv)

≤
(
1− 2µγ(1− Lγ/2)

)
E
[
∥Θ(1)

t −Θ
(2)
t ∥2

]
, (16)

where:

• (i) uses ∥W∥2 = 1, since W is doubly stochastic.

• (ii) comes from the co-coercivity A5(2).

• (iii) is obtained by taking the expected value conditional on Ft, using the fact that Θ
(1)
t and Θ

(2)
t are

Ft-measurable, and that E [∇F (Θt; εt) | Ft] = ∇F (Θt), using A4.

• (iv) comes from strong convexity A1 and from γ ≤ 2/L.

For any probability measures ρ1, ρ2 with finite second order moment, Villani [2009, Theorem 4.1] shows the

existence of random variables Θ
(1)
0 and Θ

(2)
0 which are independent of (εt)t≥1 and such that W2

2(ρ1, ρ2) =

E
[
∥Θ(1)

0 −Θ
(2)
0 ∥2

]
.

By definition of W2, and using the fact that the distribution of Θ
(1)
t (resp. Θ

(2)
t ) is ρ1R

t
γ (resp. ρ2R

t
γ), we have

W2
2(ρ1R

t
γ , ρ2R

t
γ) ≤ E

[
∥Θ(1)

t −Θ
(2)
t ∥2

]
. Then, (16) yields

W2
2(ρ1R

t
γ , ρ2R

t
γ) ≤

(
1− 2µγ(1− Lγ/2)

)t
W2

2(ρ1, ρ2) , (17)

and taking ρ2 = ρ1Rγ shows that

+∞∑
t=1

W2
2(ρ1R

t
γ , ρ1R

t+1
γ ) ≤

+∞∑
t=1

ρtW2
2(ρ1, ρ1Rγ) < +∞.

Then, since by Villani [2009, Theorem 6.16] the set of probability measures with finite second moment endowed
with W2 is a Polish space, we get that (ρ1R

t
γ)t≥1 is a Cauchy sequence, which converges to some probability

measure with finite second moment πρ1γ : lim
t→+∞

W2(ρ1R
t
γ , π

ρ1
γ ) = 0.

Morevoer, if we assume that lim
t→+∞

W2(ρ2R
t
γ , π

ρ2
γ ) = 0 for some πρ2γ , then using (17) we get:

W2(π
ρ1
γ , π

ρ2
γ ) ≤W2(π

ρ1
γ , ρ1R

t
γ) +W2(ρ1R

t
γ , ρ2R

t
γ) +W2(ρ2R

t
γ , π

ρ2
γ ) −→

t→+∞
0 ,

so πγ := πρ1γ = πρ2γ does not depend on ρ1. Finally, W2(πγRγ , πγ) ≤W2(πγRγ , πγR
t
γ)+W2(πγR

t
γ , πγ) −→

t→+∞
0,

so πγR = πγ , and πγ is indeed a stationary distribution. The uniqueness comes from (17).
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B.2 Variance and Bias of DSGD

Proof of Proposition 4.4. Using

Θ1 = W
(
Θ0 − γ

(
∇F (Θ0) + ε1(Θ0)

))
,

integrating over Θ0 ∼ πγ and taking the expected value on ε1, it holds that

(I −W )Θsto = −γW
∫
Rmd

∇F (Θ)πγ(dΘ) .

Since the gradient is linear for quadratic functions, we have

(I −W )Θsto = −γW∇F (
∫
RmdΘπγ(dΘ)) = −γW∇F (Θsto) .

This is precisely the fixed-point equation (3), which has a unique solution: Θdet. Hence Θsto = Θdet.

To establish the expression of Θsto and

∫
Rmd

(Θ − Θdet)
⊗2 πγ(dΘ) in the general case, we need a few technical

lemmas.

Note that in many of the lemmas below, we give explicit upper-bounds on residual terms. These upper-bounds
are not necessary to prove Proposition 4.2 or Proposition 4.5, and could easily be replaced by O. They are only
given here for completeness.

Lemma B.1. For γ < 1/L, and under A 1, A 4, and A 5(2):

E
[
∥Θt+1 −Θdet∥2

∣∣ Ft] ≤ (1− 2γµ(1− Lγ))∥Θt −Θdet∥2 + 2τ2(Θdet)
2γ2 ,

where
τ2(Θdet) = E

[
∥ε1(Θdet)∥2

]1/2
.

Moreover ∫
Rmd

∥Θ−Θdet∥2 πγ(dΘ) ≤ γτ2(Θdet)
2

µ(1− γL)
.

If γ ≤ 1/(ΛL), then ∫
Rmd

∥Θ−Θdet∥2 πγ(dΘ) ≤
2γ
(
τ22 + γ2 4L4

µ2 Λ2ζ2⋆

)
µ(1− γL)

,

where τ2 is defined in A5.

Proof. By definition of Θt+1 and Θdet and expanding the square, we have

E
[
∥Θt+1 −Θdet∥2

∣∣ Ft] = E
[
∥W (Θt −Θdet)− γW (∇F (Θt; εt+1)−∇F (Θdet))∥2

∣∣ Ft]
≤ E

[
∥(Θt −Θdet)− γ(∇F (Θt; εt+1)−∇F (Θdet))∥2

∣∣ Ft]
= ∥Θt −Θdet∥2 + γ2E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥2

∣∣ Ft]
− 2γE [⟨Θt −Θdet,∇F (Θt; εt+1)−∇F (Θdet)⟩ | Ft] .

Then, using A4 and A5:

E
[
∥∇F (Θt; εt+1)−∇F (Θdet)∥2

∣∣ Ft] ≤ 2E
[
∥∇F (Θt; εt+1)−∇F (Θdet; εt+1)∥2

∣∣ Ft]+ 2E
[
∥εt+1(Θdet)∥2

∣∣ Ft]
≤ 2LE [⟨∇F (Θt; εt+1)−∇F (Θdet; εt+1),Θt −Θdet⟩ | Ft] + 2τ2(Θdet)

2

= 2L ⟨∇F (Θt)−∇F (Θdet),Θt −Θdet⟩+ 2τ2(Θdet)
2 .

Using A1, we then obtain

E
[
∥Θt+1 −Θdet∥2

∣∣ Ft] ≤ ∥Θt −Θdet∥2 + 2γ2τ2(Θdet)
2 − 2γ(1− Lγ) ⟨∇F (Θt)−∇F (Θdet),Θt −Θdet⟩

≤ (1− 2γµ(1− Lγ))∥Θt −Θdet∥2 + 2τ2(Θdet)
2γ2 ,



Tight Analysis of Decentralized SGD: A Markov Chain Perspective

hence the first inequality. The second statement is obtained by considering E[∥Θt − Θdet∥2] ∧M for M > 0,
taking the limit as t→ +∞ in the previous inequalities, and letting M → +∞ using the monotone convergence
theorem.

To prove the third inequality, we now upper-bound τ2(Θdet)
2. Using A1 and A5(2), the noise is almost surely

2L-Lipschitz continuous, hence
∥εt(Θdet)− εt(Θ⋆)∥ ≤ 2L∥Θdet −Θ⋆∥ ,

from which we deduce∣∣τ2(Θdet)
2 − τ2(Θ⋆)2

∣∣ = ∣∣∣E[∥εt(Θdet)∥2 − ∥εt(Θ⋆)∥2
]∣∣∣

≤ E
[
∥εt(Θdet)− εt(Θ⋆)∥ · (∥εt(Θdet)∥+ ∥εt(Θ⋆)∥)

]
≤ E

[
∥εt(Θdet)− εt(Θ⋆)∥ · (∥εt(Θdet)− εt(Θ⋆)∥+ 2∥εt(Θ⋆)∥)

]
≤ 4L∥Θdet −Θ⋆∥

(
L∥Θdet −Θ⋆∥+ τ1

)
,

and using τ1 ≤ τ2 and Lemma 3.4,

τ2(Θdet)
2 ≤ τ22 + 4L∥Θdet −Θ⋆∥

(
L∥Θdet −Θ⋆∥+ τ2

)
=
(
τ2 + 2L∥Θdet −Θ⋆∥)2

≤
(
τ2 + γ

2L2

µ
Λζ⋆

)2
.

Lemma B.2. For γ < 1/(10L), and under A 1, A 4, and A 5(4),

E
[
∥Θt+1 −Θdet∥4

]1/2 ≤ (1− 2γµ(1− 9Lγ))tE
[
∥Θ0 −Θdet∥4

]1/2
+

100γτ4(Θdet)
2

µ
,

where
τ4(Θdet) = E

[
∥εt(Θdet)∥4

]1/4
.

Moreover ∫
Rmd

∥Θ−Θdet∥4 πγ(dΘ) ≤
(100γτ4(Θdet)

2

µ

)2
.

If γ ≤ 1/(ΛL) and γ < 1/(10L), then∫
Rmd

∥Θ−Θdet∥4 πγ(dΘ) ≤
250× 1002γ2

(
τ44 + γ4 L

8

µ4 Λ
4ζ4⋆
)

µ2
.

Proof. Using Cauchy-Schwarz inequality:

E
[
∥Θt+1 −Θdet∥4

∣∣ Ft] = E
[
∥W

(
(Θt −Θdet)− γ(∇F (Θt; εt+1)−∇F (Θdet))

)
∥4
∣∣ Ft]

≤ E
[
∥(Θt −Θdet)− γ(∇F (Θt; εt+1)−∇F (Θdet))∥4

∣∣ Ft]
= ∥Θt −Θdet∥4 + γ4E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥4

∣∣ Ft]
+ 4γ2E

[
⟨Θt −Θdet,∇F (Θt; εt+1)−∇F (Θdet)⟩2

∣∣∣ Ft]
+ 2γ2∥Θt −Θdet∥2E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥2

∣∣ Ft]
− 4γ∥Θt −Θdet∥2E [⟨Θt −Θdet,∇F (Θt; εt+1)−∇F (Θdet)⟩ | Ft]
− 4γ3E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥2 ⟨Θt −Θdet,∇F (Θt; εt+1)−∇F (Θdet)⟩

∣∣ Ft]
≤ ∥Θt −Θdet∥4 − 4γ∥Θt −Θdet∥2 ⟨Θt −Θdet,∇F (Θt)−∇F (Θdet)⟩
+ γ4E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥4

∣∣ Ft]
+ 6γ2∥Θt −Θdet∥2E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥2

∣∣ Ft]
+ 4γ3∥Θt −Θdet∥E

[
∥∇F (Θt; εt+1)−∇F (Θdet)∥3

∣∣ Ft] .
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Then, we use (x+ y)n ≤ 2n−1(xn + yn) for n ∈ {2, 3, 4}, τn ≤ τ4, and A5:

E [∥∇F (Θt; εt+1)−∇F (Θdet)∥n | Ft]
≤ 2n−1E [∥∇F (Θt; εt+1)−∇F (Θdet; εt+1)∥n | Ft] + 2n−1E [∥εt+1(Θdet)∥n | Ft]
≤ 2n−1Ln−2∥Θt −Θdet∥n−2E

[
∥∇F (Θt; εt+1)−∇F (Θdet; εt+1)∥2

∣∣ Ft]+ 2n−1τ4(Θdet)
n

≤ 2n−1Ln−1∥Θt −Θdet∥n−2 ⟨Θt −Θdet,∇F (Θt)−∇F (Θdet)⟩+ 2n−1τ4(Θdet)
n .

Plugging this in the previous inequalities:

E
[
∥Θt+1 −Θdet∥4

∣∣ Ft] ≤ ∥Θt −Θdet∥4

− 4γ
(
1− 3Lγ − 4L2γ2 − 2L3γ3

)
∥Θt −Θdet∥2 ⟨Θt −Θdet,∇F (Θt)−∇F (Θdet)⟩

+ 8τ4(Θdet)
4γ4 + 12τ4(Θdet)

2γ2∥Θt −Θdet∥2 + 16τ4(Θdet)
3γ3∥Θt −Θdet∥︸ ︷︷ ︸

≤8τ4(Θdet)2γ2(τ4(Θdet)2γ2+∥Θt−Θdet∥2)

≤
(
1− 4µγ

(
1− 3Lγ − 4L2γ2 − 2L3γ3

))
∥Θt −Θdet∥4

+ 16τ4(Θdet)
4γ4 + 20τ4(Θdet)

2γ2∥Θt −Θdet∥2 .

Then, we define ct = E
[
∥Θt −Θdet∥4

]1/2
, and use E

[
∥Θt −Θdet∥2

]
≤ ct, 1 − 2x ≤ (1 − x)2 and 1 − 2µγ

(
1 −

3Lγ − 4L2γ2 − 2L3γ3
)
≥ 1− 2Lγ ≥ 1− 2/10 ≥ 1/2:

c2t+1 ≤
(
1− 4µγ

(
1− 3Lγ − 4L2γ2 − 2L3γ3

))
c2t + 16τ4(Θdet)

4γ4 + 20τ4(Θdet)
2γ2ct

≤
(
1− 2µγ

(
1− 3Lγ − 4L2γ2 − 2L3γ3

))2
c2t + 16τ4(Θdet)

4γ4

+ 40τ4(Θdet)
2γ2
(
1− 2µγ

(
1− 3Lγ − 4L2γ2 − 2L3γ3

)
ct

≤
((
1− 2µγ

(
1− 3Lγ − 4L2γ2 − 2L3γ3

))
ct + 20τ4(Θdet)

2γ2
)2

≤
((

1− 2µγ
(
1− 9Lγ

)︸ ︷︷ ︸
=r(γ)

)
ct + 20τ4(Θdet)

2γ2
)2

,

i.e., ct+1 ≤ r(γ)ct + 20τ4(Θdet)
2γ2. Therefore ct ≤ r(γ)tc0 +

10τ4(Θdet)
2γ

µ(1− 9Lγ)
≤ r(γ)tc0 +

100τ4(Θdet)
2γ

µ
, which

proves the first inequality.

The second inequality is obtained similarly to Lemma B.1.

For the third inequality, we upper-bound τ4(Θdet)
4. Using Cauchy-Schwarz inequality,∣∣τ4(Θdet)

4 − τ4(Θ⋆)4
∣∣ = ∣∣E [∥ε1(Θdet)∥4 − ∥ε1(Θ⋆)∥4

]∣∣
≤ E

[∣∣∥ε1(Θdet)∥2 − ∥ε1(Θ⋆)∥2
∣∣ · (∥ε1(Θdet)∥2 + ∥ε1(Θ⋆)∥2

)]
≤
√

E
[(
∥ε1(Θdet)∥2 − ∥ε1(Θ⋆)∥2

)2]E [(∥ε1(Θdet)∥2 + ∥ε1(Θ⋆)∥2
)2]

.

For E
[(
∥ε1(Θdet)∥2 − ∥ε1(Θ⋆)∥2

)2]
, using A5, ∀a, b ≥ 0, (a+b)2 ≤ 2(a2+b2), and the upper-bound on τ2(Θdet)

2

established in the proof of Lemma B.1:

E
[(
∥ε1(Θdet)∥2 − ∥ε1(Θ⋆)∥2

)2]
= E

[(
∥ε1(Θdet)− ε1(Θ⋆)∥ · ∥ε1(Θdet) + ε1(Θ

⋆)∥
)2]

≤ 4L2∥Θdet −Θ⋆∥2E
[
∥ε1(Θdet) + ε1(Θ

⋆)∥2
]

≤ 8L2∥Θdet −Θ⋆∥2
(
E
[
∥ε1(Θdet)∥2

]
+ E

[
∥ε1(Θ⋆)∥2

] )
≤ 8L2∥Θdet −Θ⋆∥2

(
τ2(Θdet)

2 + τ22

)
≤ 8L2∥Θdet −Θ⋆∥2

((
τ2 + 2L∥Θdet −Θ⋆∥

)2
+ τ22

)
≤ 26 × L2∥Θdet −Θ⋆∥2

(
τ22 + L2∥Θdet −Θ⋆∥2

)
.
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For E
[(
∥ε1(Θdet)∥2 + ∥ε1(Θ⋆)∥2

)2]
, using A5 and, for a, b ≥ 0, (a+ b)2 ≤ 2(a2 + b2) and (a+ b)4 ≤ 8(a4 + b4):

E
[(
∥ε1(Θdet)∥2 + ∥ε1(Θ⋆)∥2

)2] ≤ 2E
[
∥ε1(Θdet)∥4 + ∥ε1(Θ⋆)∥4

]
≤ 2E

[
8∥ε1(Θdet)− ε1(Θ⋆)∥4 + 9∥ε1(Θ⋆)∥4

]
≤ 28L4∥Θdet −Θ⋆∥4 + 18τ44

≤ 28
(
L4∥Θdet −Θ⋆∥4 + τ44

)
.

We thus obtain, using, for a, b ≥ 0, (a2 + b2)(a4 + b4) ≤ 2(a6 + b6),
√
a+ b ≤

√
a+
√
b and τ2 ≤ τ4,

∣∣τ4(Θdet)
4 − τ4(Θ⋆)4

∣∣ ≤√E
[(
∥ε1(Θdet)∥2 − ∥ε1(Θ⋆)∥2

)2]E [(∥ε1(Θdet)∥2 + ∥ε1(Θ⋆)∥2
)2]

≤
√

214 × L2∥Θdet −Θ⋆∥2
(
τ22 + L2∥Θdet −Θ⋆∥2

)(
L4∥Θdet −Θ⋆∥4 + τ44

)
≤
√

215 × L2∥Θdet −Θ⋆∥2
(
τ64 + L6∥Θdet −Θ⋆∥6

)
≤ 200L∥Θdet −Θ⋆∥

(
τ34 + L3∥Θdet −Θ⋆∥3

)
.

Using ∀a, b ≥ 0, a4 + 200b(a3 + b3) ≤ 151a4 + 250b4 ≤ 250(a4 + b4), and Lemma 3.4:

τ4(Θdet)
4 ≤ τ44 + 200L∥Θdet −Θ⋆∥

(
τ34 + L3∥Θdet −Θ⋆∥3

)
≤ 250(τ44 + L4∥Θdet −Θ⋆∥4)

≤ 250

(
τ44 + γ4

L8

µ4
Λ4ζ4⋆

)
.

Remark B.3. Using Jensen’s inequality,∫
Rmd

∥Θ−Θdet∥3 πγ(dΘ) ≤
(∫

Rmd

∥Θ−Θdet∥4 πγ(dΘ)

)3/4

≤
261003/2γ3/2

(
τ34 + γ3 L

6

µ3 Λ
3ζ3⋆
)

µ3/2
.

We now establish a first expansion of the stationary distribution’s variance, which depends on the topology
through Θdet. This dependence will be removed in later results.

Lemma B.4. Suppose A1, A2, A4, A5(4) and A6 hold. Then the following expansion holds as γ → 0:∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)

= γ
(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)† ∫
Rmd

E[ε1(Θ)⊗2]πγ(dΘ) +O(γ3/2) .

Moreover, if γ ≤ min

(
1

ΛL
,

1

10L

)
, then

∥∥∥∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)− γ

(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)† ∫
Rmd

E[ε1(Θ)⊗2]πγ(dΘ)
∥∥∥

≲ γ3/2
(
100K3C

2τ44
µ3

+
K3

8µ

)
+ γ2τ22

(
1 +

3L2

µ2
+

1

1− λ2(W )

(
1 +

L

µ

)2)
,

where we only kept the lowest orders in γ.
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Proof. Starting from the update equation with t = 0, we use a Taylor expansion:

Θ1 −Θdet = W (Θ0 −Θdet) + (W − I)Θdet − γW
(
∇F (Θdet) +∇2F (Θdet)(Θ0 −Θdet) + ε1(Θ0) +R(Θ0)

)
= W (Θ0 −Θdet)− γW

(
∇2F (Θdet)(Θ0 −Θdet) + ε1(Θ0) +R(Θ0)

)
= W (I − γ∇2F (Θdet))(Θ0 −Θdet)− γW

(
ε1(Θ0) +R(Θ0)

)
, (18)

where for each Θ ∈ Rmd,

∥R(Θ)∥ ≤ K3

2
∥Θ−Θdet∥2 , (19)

with K3 introduced in A1.

We integrate over Θ0 ∼ πγ , take the expected value on ε1 and use Lemma B.1 and Lemma B.2:

Aγ

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ) = γ2(W ⊗W )

∫
Rmd

E[ε1(Θ)⊗2]πγ(dΘ) +R0(γ) , (20)

where:

• Aγ = I ⊗ I −W
(
I − γ∇2F (Θdet)

)
⊗W

(
I − γ∇2F (Θdet)

)
• R0(γ) = O(γ5/2). More precisely :

R0(γ) = −γ
∫
Rmd

(
W (I − γ∇2F (Θdet))(Θ−Θdet)⊗WR(Θ)

)
πγ(dΘ)

− γ
∫
Rmd

(
WR(Θ)⊗W (I − γ∇2F (Θdet))(Θ−Θdet)

)
πγ(dΘ)

+ γ2(W ⊗W )

∫
Rmd

(
R(Θ)⊗R(Θ)

)
πγ(dΘ) .

Hence, using (19) and ∀a, b ≥ 0, ab ≤ 1

4
a4 +

3

4
b4/3:

∥R0(γ)∥ ≤
∫
Rmd

(
γ2∥R(Θ)∥2 + 2(1− γµ)γ∥Θ−Θdet∥ · ∥R(Θ)∥

)
πγ(dΘ)

≤
∫
Rmd

(
K2

3

4
γ2∥Θ−Θdet∥4 +K3γ∥Θ−Θdet∥3

)
πγ(dΘ)

≤
∫
Rmd

(
K2

3

4
γ2∥Θ−Θdet∥4 +

(
K

1/4
3 γ5/8

)(
K

3/4
3 γ3/8∥Θ−Θdet∥3

))
πγ(dΘ)

≤
∫
Rmd

(
K2

3

4
γ2∥Θ−Θdet∥4 +

(1
4
K3γ

5/2 +
3

4
K3γ

1/2∥Θ−Θdet∥4
))

πγ(dΘ)

≤ 1

4

(
K2

3γ
2 + 3K3γ

1/2
)∫

Rmd

∥Θ−Θdet∥4 πγ(dΘ) +
1

4
K3γ

5/2 .

Using Lemma B.2:

∥R0(γ)∥ ≤ γ5/2
(
65K3C

2
(
τ44 + γ4 L

8

µ4 Λ
4ζ4⋆
)
(3 +K3γ

3/2)

µ2
+

1

4
K3

)
. (21)

Then, we use Woodbury’s formula

(I − UV )−1 = I + U(V −1 − U)−1 ,

from which we deduce:

A−1
γ =

(
I ⊗ I − (W ⊗W )

(
(I − γ∇2F (Θdet))⊗ (I − γ∇2F (Θdet))

))−1

= I ⊗ I + (W ⊗W )
((

(I − γ∇2F (Θdet))⊗ (I − γ∇2F (Θdet))
)−1 −

(
W ⊗W )

)−1

= I ⊗ I + (W ⊗W )
(
I ⊗ I −W ⊗W + γ

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
+R1(γ)

)−1

= I ⊗ I + (W ⊗W )(Mγ +R1(γ))
−1 ,
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where:

• Mγ = I ⊗ I −W ⊗W + γ
(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
,

• R1(γ) = O(γ2), and more precisely R1(γ) =

∞∑
n=2

γn

(
n∑
k=0

∇2F (Θdet)
k ⊗∇2F (Θdet)

n−k

)
, so

∥R1(γ)∥ ≤
∞∑
n=2

(n+ 1)(γ∥∇2F (Θdet)∥)n ≤
∞∑
n=2

(n+ 1)(γL)n =
(γL)2(3− 2γL)

(1− γL)2
.

If we take γ <
1

10L
, then

∥R1(γ)∥ ≤ 6(γL)2 . (22)

According to Lemma E.1,

M−1
γ =

1

γ

(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)†
+R2(γ) , (23)

where:

• R2(γ) = O(1), and more precisely

∥R2(γ)∥ ≤
1

1− λ2(W )

(
1 +

L

µ

)2
. (24)

• P =
1

m
11⊤︸︷︷︸

∈Rm×m

⊗ Id︸︷︷︸
∈Rd×d

is the matrix of the orthogonal projection onto the kernel of I −W .

• P ⊗P is the matrix of the orthogonal projection onto the kernel of I ⊗ I −W ⊗W .

Therefore:

A−1
γ = I ⊗ I + (W ⊗W )(Mγ +R1(γ))

−1

= (W ⊗W )M−1
γ + (I ⊗ I +R3(γ))

=
1

γ
(W ⊗W )

(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)†
+
(
I ⊗ I +R3(γ) + (W ⊗W )R2(γ)

)
=

1

γ

(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)†
+
(
I ⊗ I +R3(γ) + (W ⊗W )R2(γ)

)
,

where, according to Lemma E.2, ∥R3(γ)∥ ≤ ∥W ⊗W ∥2 × ∥M−1
γ ∥22 · ∥R1(γ)∥ = ∥M−1

γ ∥22 · ∥R1(γ)∥.

Using (23) and (24), ∥M−1
γ ∥2 ≤

1

2γµ
+

1

1− λ2(W )

(
1 +

L

µ

)2
, so ∥M−1

γ ∥22 ≤
1

2γ2µ2
+

2

(1− λ2(W ))2

(
1 +

L

µ

)4
,

from which we deduce, with (22):

∥R3(γ)∥ ≤
3L2

µ2
+

12γ2L2

(1− λ2(W ))2

(
1 +

L

µ

)4
. (25)

We then have

A−1
γ =

1

γ

(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)†
+R4(γ) , (26)
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with

∥R4(γ)∥2 ≤ 1 +
3L2

µ2
+

12γ2L2

(1− λ2(W ))2

(
1 +

L

µ

)4
+

1

1− λ2(W )

(
1 +

L

µ

)2
. (27)

Plugging this back in (20), we get∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ) = γ

(
(P ⊗P)

(
I ⊗∇2F (Θdet) +∇2F (Θdet)⊗ I

)
(P ⊗P)

)† ∫
Rmd

E[ε1(Θ)⊗2]πγ(dΘ)

+ γ2R4(W ⊗W )

∫
Rmd

E[ε1(Θ)⊗2]πγ(dΘ) +A−1
γ R0 .

Using (27), A4, (26) and (21):∥∥∥γ2R4(W ⊗W )

∫
Rmd

E[ε1(Θ)⊗2]πγ(dΘ) +A−1
γ R0

∥∥∥
≤ γ2τ22

(
1 +

3L2

µ2
+

12γ2L2

(1− λ2(W ))2

(
1 +

L

µ

)4
+

1

1− λ2(W )

(
1 +

L

µ

)2)
+ γ5/2

(
1

2γµ
+ 1 +

3L2

µ2
+

12γ2L2

(1− λ2(W ))2

(
1 +

L

µ

)4
+

1

1− λ2(W )

(
1 +

L

µ

)2)
×

(
65K3C

2
(
τ44 + γ4 L

8

µ4 Λ
4ζ4⋆
)
(3 +K3γ

3/2)

µ2
+

1

4
K3

)
.

Using the previous lemma, we can now give a first expansion of the stationary distribution’s bias.

Lemma B.5. Suppose A1, A2, A4, A5(4) and A6 hold. Also assume that for each k, fk’s fourth derivative is
bounded: there exists K4 > 0 such that for θ, u ∈ Rd, ∥∇4fk(θ)u

⊗3∥ ≤ K4∥u∥3. Then the following expansion
holds as γ → 0:

Θsto −Θdet = −
γ

2

(
P∇2F (Θdet)P

)†∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ) +O(γ3/2) .

Moreover, if γ ≤ min

(
1

ΛL
,

1

10L

)
, then

∥∥∥Θsto −Θdet +
γ

2

(
P∇2F (Θdet)P

)†∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)

∥∥∥
≲ γ3/2

20C3/2τ34K4

µ5/2
+ γ2

(
1 +

4L2

µ2

)
2K3τ

2
2

µ
,

where we only kept the lowest orders in γ.

Proof of Lemma B.5. Using the update equation with t = 0, integrating over Θ0 ∼ πγ and taking the expected
value on ε1, it holds that

(I −W )Θsto = −γW
∫
Rmd

∇F (Θ)πγ(dΘ) .

Then, with a Taylor expansion of ∇F (Θ) around Θdet:

∇F (Θ) = ∇F (Θdet) +∇2F (Θdet)(Θ−Θdet) +
1

2
∇3F (Θdet)(Θ−Θdet)

⊗2 +R1(Θ) ,
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where ∀Θ ∈ Rmd, ∥R1(Θ)∥ ≤ 1
6K4∥Θ−Θdet∥3. Thus:

(I −W )Θsto

= −γW∇F (Θdet)− γW∇2F (Θdet)(Θsto −Θdet)−
γ

2
W∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)

− γW
∫
Rmd

R1(Θ)πγ(dΘ) .

Since (I −W )Θdet = −γW∇F (Θdet), we obtain

(I −W + γW∇2F (Θdet))(Θsto −Θdet)

= −γ
2
W∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)− γW

∫
Rmd

R1(Θ)πγ(dΘ) .

Using Woodbury’s formula:

(I − UV )−1 = I + U(V −1 − U)−1 ,

and Lemma E.1:

(I −W + γW∇2F (Θdet))
−1 = (I −W (I − γ∇2F (Θdet)))

−1

= I +W
(
(I − γ∇2F (Θdet))

−1 −W
)−1

= I +W
(
I −W + γ∇2F (Θdet) +R2(γ)

)−1

=
1

γ
W
(
P∇2F (Θdet)P

)†
+R3(γ)

=
1

γ

(
P∇2F (Θdet)P

)†
+R3(γ) ,

where

• R2(γ) =

+∞∑
k=2

(γ∇2F (Θdet))
k satisfies ∥R2(γ)∥2 ≤

γ2L2

1− γL
≤ 2γ2L2 if γ <

1

10L
.

• According to Lemma E.2, ∥R3(γ)∥2 ≤ 1 + ∥(I −W + γ∇2F (Θdet))
−1∥22 · ∥R2(γ)∥2.

• According to Lemma E.1, ∥(I −W + γ∇2F (Θdet))
−1∥2 ≤

1

γµ
+

1

1− λ2(W )

(
1 +

L

µ

)2
.

Combining these inequalities yields

∥R3(γ)∥2 ≤ 1 +
4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4
.

so

Θsto −Θdet = −
γ

2
(I −W + γW∇2F (Θdet))

−1W∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)

− γ(I −W + γW∇2F (Θdet))
−1W

∫
Rmd

R1(Θ)πγ(dΘ)

= −1

2

(
P∇2F (Θdet)P

)†∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ) +R4(γ) ,

where

R4(γ) = −
γ

2
R3(γ)W∇3F (Θdet)

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ)

− γ(I −W + γW∇2F (Θdet))
−1W

∫
Rmd

R1(Θ)πγ(dΘ) .
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Using the upper-bounds we established previously, as well as A1, Lemma B.1 and Remark B.3:

∥R4(γ)∥2 ≤ γ2K3

(
1 +

4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4) (τ2 + γ 2L2

µ Λζ⋆

)2
µ

+ γ5/2
K4

6

(
1

γµ
+ 1 +

4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4) 26C3/2
(
τ34 + γ3 L

6

µ3 Λ
3ζ3⋆
)

µ3/2
.

The two previous lemmas use the covariance of the noise under the stationary distribution, for which we give an
expansion in terms of the optimum Θ⋆ in the next two lemmas.

Lemma B.6. Under the assumptions of Proposition 4.2, and if all local functions have a bounded fourth deriva-
tive as in Lemma B.5, then it holds that∫

Rmd

C(Θ)πγ(dΘ) = C(Θdet) +O(γ) .

Moreover, if we assume that there exist σ2
⋆, β ≥ 0 such that for any Θ,

∥∇C(Θ)∥ ≤ σ2
⋆ + β∥Θ−Θ⋆∥2, ∥∇2C(Θ)∥ ≤ σ2

⋆ + β∥Θ−Θ⋆∥2 ,

and if γ ≤ min

(
1

ΛL
,

1

10L

)
, then

∥∥∥∫
Rmd

C(Θ)πγ(dΘ)− C(Θdet)
∥∥∥ ≲ γ

4σ2
⋆τ2
µ

.

Proof. We use a Taylor expansion

C(Θ) = C(Θdet) +∇C(Θdet)(Θ−Θdet) +R(Θ) ,

where

∥R(Θ)∥ ≤
(
σ2
⋆ + β

(
∥Θdet −Θ⋆∥2 + ∥Θ−Θ⋆∥2

))
∥Θ−Θdet∥2

=
(
σ2
⋆ + β∥Θdet −Θ⋆∥2

)
∥Θ−Θdet∥2 + β∥Θ−Θ⋆∥2∥Θ−Θdet∥2

≤
(
σ2
⋆ + β∥Θdet −Θ⋆∥2

)
∥Θ−Θdet∥2 + 2β∥Θ−Θdet∥4 + 2β∥Θdet −Θ⋆∥2∥Θ−Θdet∥2

≤
(
σ2
⋆ + 3β∥Θdet −Θ⋆∥2

)
∥Θ−Θdet∥2 + 2β∥Θ−Θdet∥4 .

We then have ∫
Rmd

C(Θ)πγ(dΘ) = C(Θdet) +∇C(Θdet)(Θsto −Θdet) +

∫
Rmd

R(Θ)πγ(dΘ) .

Using A6, Lemma B.5, Lemma B.1 and Lemma B.2:∫
Rmd

C(Θ)πγ(dΘ) = C(Θdet) +O(γ) .

More precisely,∥∥∥∇C(Θdet)(Θsto −Θdet) +

∫
Rmd

R(Θ)πγ(dΘ)
∥∥∥ ≤ ∥∇C(Θdet)∥ · ∥Θsto −Θdet∥+

∫
Rmd

∥R(Θ)∥πγ(dΘ)

≤
(
σ2
⋆ + β∥Θdet −Θ⋆∥2

)
· ∥Θsto −Θdet∥

+
(
σ2
⋆ + 3β∥Θdet −Θ⋆∥2

) ∫
Rmd

∥Θ−Θdet∥2 πγ(dΘ)

+ 2β

∫
Rmd

∥Θ−Θdet∥4 πγ(dΘ) .
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Using Lemma B.5, Lemma B.1 and Lemma B.2, if γ ≤ min

(
1

ΛL
,

1

10L

)
:

∥∥∥∇C(Θdet)(Θsto −Θdet) +

∫
Rmd

R(Θ)πγ(dΘ)
∥∥∥

≤
(
σ2
⋆ + β∥Θdet −Θ⋆∥2

)
· ∥Θsto −Θdet∥+

(
σ2
⋆ + 3β∥Θdet −Θ⋆∥2

) ∫
Rmd

∥Θ−Θdet∥2 πγ(dΘ)

+ 2β

∫
Rmd

∥Θ−Θdet∥4 πγ(dΘ)

≤
(
σ2
⋆ + 3β∥Θdet −Θ⋆∥2

)
·
(
∥Θsto −Θdet∥+

∫
Rmd

∥Θ−Θdet∥2 πγ(dΘ)

)
+ 2β

∫
Rmd

∥Θ−Θdet∥4 πγ(dΘ)

≤ γ
(
σ2
⋆ + 3βγ2

L2

µ2
Λ2ζ2⋆

)
·

(1 + γK3

2µ

) 4
(
τ22 + γ2 4L4

µ2 Λ2ζ2⋆

)
µ

+ γ2K3

(
1 +

4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4) (τ2 + γ 2L2

µ Λζ⋆

)2
µ

+ γ5/2
K4

6

(
1

γµ
+ 1 +

4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4) 26C3/2
(
τ34 + γ3 L

6

µ3 Λ
3ζ3⋆
)

µ3/2

)

+ γ2
500C2β

(
τ44 + γ4 L

8

µ4 Λ
4ζ4⋆
)

µ2
.

Lemma B.7. Under the assumptions of Lemma B.6, it holds that∫
Rmd

C(Θ)πγ(dΘ) = C(Θ⋆) +O(γ) .

Moreover, if we assume, like in Lemma B.6, that the first two derivatives of C have polynomial growth, then for

γ ≤ max

(
1

ΛL
,

1

10L

)
,

∥∥∥∫
Rmd

C(Θ)πγ(dΘ)− C(Θ⋆)
∥∥∥

≤ γL
µ
Λζ⋆ ·

(
σ2
⋆ + γ2

βL2

2µ2
Λ2ζ2⋆

)

+ γ

(
σ2
⋆ + 3βγ2

L2

µ2
Λ2ζ2⋆

)
·

(1 + γK3

2µ

) 4
(
τ22 + γ2 4L4

µ2 Λ2ζ2⋆

)
µ

+ γ2K3

(
1 +

4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4) (τ2 + γ 2L2

µ Λζ⋆

)2
µ

+ γ5/2
(

1

γµ
+ 1 +

4L2

µ2
+ γ2

4L2

(1− λ2(W ))2

(
1 +

L

µ

)4) 26 · 1003/2K4

(
τ34 + γ3 L

6

µ3 Λ
3ζ3⋆
)

6µ3/2

)

+ γ2
500 · 1002β

(
τ44 + γ4 L

8

µ4 Λ
4ζ4⋆
)

µ2
.

Proof. Write∥∥∥∫
Rmd

C(Θ)πγ(dΘ)− C(Θ⋆)
∥∥∥ ≤ ∥∥∥∫

Rmd

C(Θ)πγ(dΘ)− C(Θdet)
∥∥∥+ ∥∥∥C(Θdet)− C(Θ⋆)

∥∥∥ ,
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upper-bound the first term using Lemma B.6, and the second one using Lemma 3.4:∥∥∥C(Θdet)− C(Θ⋆)
∥∥∥ ≤ ∥Θdet −Θ⋆∥ ·

(
σ2
⋆ +

β

2
∥Θdet −Θ⋆∥2

)
≤ γL

µ
Λζ⋆ ·

(
σ2
⋆ + γ2

βL2

2µ2
Λ2ζ2⋆

)
.

The following corollary gives an expansion of the stationary distribution’s variance at the first order in γ, without
any dependence in the network topology at the first order.

Corollary B.8. Suppose A1, A2, A4, A5(4) and A6 hold. Then the following expansion holds as γ → 0:∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ) = γ

(
(P ⊗P)

(
I ⊗∇2F (Θ⋆) +∇2F (Θ⋆)⊗ I

)
(P ⊗P)

)†
C(Θ⋆) +O(γ3/2) .

Proof. This is easily obtained from Lemma B.4 and Lemma B.7 using A1.

Note that A 7→ A† is not continuous, but that A 7→ ((P ⊗ P)A (P ⊗ P))† is continuous at every symmetric
positive definite A.

The previous result is rewritten in a more readable in the following lemma.

Lemma B.9. Under the same assumptions as Lemma B.4, the first-order term of the quadratic error can be
expressed, for any k, ℓ ∈ {1, . . . ,m}, as∫

Rmd

(θk − θdetk )⊗ (θℓ − θdetℓ )πγ(dΘ) =
γ

m

(
I ⊗ Ā+ Ā⊗ I

)−1C(θ⋆) +O(γ3/2) .

Proof. We simply need to simplify
(
P ⊗ (P∇2F (Θ⋆)P) + (P∇2F (Θ⋆)P)⊗P

)†
.

First note that P∇2F (Θ⋆)P = 1
m (11⊤)⊗ Ā, with Ā the average Hessian at θ⋆.

Let Π be the operator such that Π(x1 ⊗ x2 ⊗ x3 ⊗ x4) = x1 ⊗ x3 ⊗ x2 ⊗ x4.

Then:

Π
(
P ⊗ (P∇2F (Θ⋆)P) + (P∇2F (Θ⋆)P)⊗P

)
Π⊤

= Π
( 1

m
(11⊤)⊗ I ⊗ 1

m
(11⊤)⊗ Ā+

1

m
(11⊤)⊗ Ā⊗ 1

m
(11⊤)⊗ I

)
Π⊤

=
1

m
(11⊤)⊗ 1

m
(11⊤)⊗

(
I ⊗ Ā+ Ā⊗ I

)
=

1

m
(1⊗ 1)× 1

m
(1⊗ 1)⊤ ⊗

(
I ⊗ Ā+ Ā⊗ I

)
.

This operator is zero on Span(1⊗ 1)⊥ ⊗ Rmd×md, and acts as I ⊗
(
I ⊗ Ā+ Ā⊗ I

)
on Span(1⊗ 1)⊗ Rmd×md.

Its pseudo-inverse is thus 1
m (1⊗ 1)× 1

m (1⊗ 1)⊤ ⊗
(
I ⊗ Ā+ Ā⊗ I

)−1
, and we deduce that

(
P ⊗ (P∇2F (Θ⋆)P) + (P∇2F (Θ⋆)P)⊗P

)†
= Π⊤

( 1

m
(11⊤)⊗ 1

m
(11⊤)⊗

(
I ⊗ Ā+ Ā⊗ I

)−1
)
Π .

Therefore the result from Lemma B.4 can be rewritten as

Π

∫
Rmd

(Θ−Θdet)
⊗2 πγ(dΘ) = γ

( 1

m
(11⊤)⊗ 1

m
(11⊤)⊗

(
I ⊗ Ā+ Ā⊗ I

)−1
)
×ΠC(Θ⋆) +O(γ3/2) . (28)
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For x =

x1
...
xm

 =

m∑
k=1

ek ⊗ xk, we have Π(x⊗ x) =
m∑

k,ℓ=1

ek ⊗ eℓ ⊗ xk ⊗ xℓ, so (28) becomes

m∑
k,ℓ=1

ek ⊗ eℓ ⊗
(∫

Rmd

(θk − θdetk )⊗ (θℓ − θdetℓ )πγ(dΘ)

)

= γ
( 1

m
(11⊤)⊗ 1

m
(11⊤)⊗

(
I ⊗ Ā+ Ā⊗ I

)−1
)
×

(
m∑
i=1

ei ⊗ ei ⊗ E
[(
ε(i)(θ)

)⊗2
])

+O(γ3/2)

=
γ

m
1⊗ 1⊗

((
I ⊗ Ā+ Ā⊗ I

)−1C(θ⋆)
)
+O(γ3/2)

=
γ

m

m∑
k,ℓ=1

ek ⊗ el ⊗
((

I ⊗ Ā+ Ā⊗ I
)−1C(θ⋆)

)
+O(γ3/2) ,

from which we deduce, for any k, ℓ ∈ {1, . . . ,m},∫
Rmd

(θk − θdetk )⊗ (θℓ − θdetℓ )πγ(dΘ) =
γ

m

(
I ⊗ Ā+ Ā⊗ I

)−1C(θ⋆) +O(γ3/2) .

Proof of Proposition 4.2. Proposition 4.2 is obtained by combining Lemma B.4 and Lemma B.9.

Proof of Proposition 4.5. Similarly, Lemma B.5 and Lemma B.9 yield Proposition 4.5.

C NON-ASYMPTOTIC ANALYSIS

We now give more explicit upper-bounds on the variance of the stationary distribution, and use them to establish
non-asymptotic upper-bounds for the iterates of DSGD.

C.1 Upper bound on Limiting Variance

We first study the variance of the limiting distribution. To this end, we decompose the error in the limit
distribution in a consensus and a disagreement part, and study them separately.

Define

B =
2000

(
τ24 + γ2 L

4

µ2 Λ
2ζ2⋆
)

µ
.

According to Lemma B.2 and Hölder’s inequality,∫
∥Θ−Θdet∥2πγ(dΘ) ≤ Bγ ,

(∫
∥Θ−Θdet∥4πγ(dΘ)

)1/2
≤ Bγ . (29)

Starting from (18), we have

Θ1 −Θdet = W (I − γ∇2F (Θdet))(Θ0 −Θdet)− γW
(
ε1(Θ0) +R(Θ0)

)
, (30)

where, by (19), the remainder satisfies ∥R(Θ)∥ ≤ K3

2
∥Θ−Θdet∥2.

Bound on Consensus. Defining θ̄0, θ̄1, θ̄det the average of all agents parameters for Θ0, Θ1, and Θdet respec-
tively, and projecting (30) on the consensus space, we obtain

θ̄1 − θ̄det = (I − γĀ(Θdet))(θ̄0 − θ̄det)− γ
(
ε̄1(Θ0) + R̄(Θ0)

)
, (31)
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where we also defined Ā(Θdet) ∈ Rd×d, ε̄1(Θ0) ∈ Rd, R̄(Θ0) ∈ Rd as the averaged Hessian, noise and remainder.
Taking the tensor square of (31) and expectation over the noise at step 1, we have

(θ̄1 − θ̄det)⊗2 = (I − γĀ(Θdet))(θ̄0 − θ̄det)⊗2(I − γĀ(Θdet))− γ(I − γĀ(Θdet))(θ̄0 − θ̄det)R̄(Θ0)
⊤

− γR̄(Θ0)(θ̄0 − θ̄det)⊤(I − γĀ(Θdet)) + γ2E[ε̄1(Θ0)
⊗2] . (32)

Denote by ΣPθ (respectively ΣQθ) the covariance matrix of the consensus part (respectively disagreement
part) under the stationary distribution, and Σ̄ε the covariance matrix of the average noise under the stationary
distribution.

Assuming Θ0 ∼ πγ started from the stationary distribution, we can integrate this equality over this distribution
to obtain

ΣPθ = (I − γĀ(Θdet))ΣPθ(I − γĀ(Θdet)) + γ2Σ̄ε

− γ
∫ {

(I − γĀ(Θdet))(θ̄0 − θ̄det)R̄(Θ0)
⊤ + R̄(Θ0)(θ̄0 − θ̄det)⊤(I − γĀ(Θdet))

}
πγ(dΘ0) .

Taking the operator norm and using Hölder’s inequality gives

∥ΣPθ∥ ≤ (1− γµ)2∥ΣPθ∥+ γ2∥Σ̄ε∥+ 2γ
(∫
∥θ̄0 − θ̄det∥2πγ(dΘ0)

)1/2(∫
∥R̄(Θ0)∥2πγ(dΘ0)

)1/2
. (33)

Using Jensen’s inequality:(∫
∥θ̄0 − θ̄det∥2πγ(dΘ0)

)1/2
≤
(∫ 1

m
∥Θ0 −Θdet∥2πγ(dΘ0)

)1/2
≤ 1√

m
B1/2γ1/2 .

Similarly: (∫
∥R̄(Θ0)∥2πγ(dΘ0)

)1/2
≤
(∫ 1

m
∥R(Θ0)∥2πγ(dΘ0)

)1/2
≤ K3

2
√
m

(∫
∥Θ0 −Θdet∥4πγ(dΘ0)

)1/2
≤ K3B

2
√
m
γ .

Hence (∫
∥θ̄0 − θ̄det∥2πγ(dΘ0)

)1/2(∫
∥R̄(Θ0)∥2πγ(dΘ0)

)1/2
≤ K3B

3/2

2m
γ3/2 ,

and

∥ΣPθ∥ ≤ (1− γµ)2∥ΣPθ∥+ γ2∥Σ̄ε∥+ γ5/2
K3B

3/2

m
,

which gives, after reorganizing and bounding the covariance matrix,

∥ΣPθ∥ ≤
γ

µm
∥Σε∥+ γ3/2

K3B
3/2

µm
.

Bound on Disagreement. First, we recall that for any vector u ∈ Rmd, since W is doubly stochastic,

QWu = Wu−PWu = Wu−WPu = WQu . (34)

Starting from (18) and applying Q, we thus have

Q(Θ1 −Θdet) = WQ(Θ0 −Θdet)− γWQ(∇2F (Θdet)(Θ0 −Θdet))− γWQ
(
ε1(Θ0) +R(Θ0)

)
.
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Computing the tensor square and taking the expectation on the noise, we obtain(
Q(Θ1 −Θdet)

)⊗2

= W
(
Q(Θ0 −Θdet)

)⊗2

W

− γ
(
WQ(Θ0 −Θdet)

)(
WQ(∇2F (Θdet)(Θ0 −Θdet)) +WQR(Θ0)

)⊤
− γ
(
WQ(∇2F (Θdet)(Θ0 −Θdet)) +WQR(Θ0)

)(
WQ(Θ0 −Θdet)

)⊤
+ γ2

(
WQ(∇2F (Θdet)(Θ0 −Θdet)) +WQR(Θ0)

)⊗2

+ γ2E[WQε1(Θ0)
⊗2QW ] .

Integrating over the stationary distribution gives

ΣQθ = WΣQθW − γB1 + γ2B2 , (35)

where we introduced

B1 =

∫ (
WQ(Θ0 −Θdet)

)(
WQ(∇2F (Θdet)(Θ0 −Θdet)) +WQR(Θ0)

)⊤
πγ(dΘ0)

+

∫ (
WQ(∇2F (Θdet)(Θ0 −Θdet)) +WQR(Θ0)

)(
WQ(Θ0 −Θdet)

)⊤
πγ(dΘ0) ,

B2 =

∫ (
WQ(∇2F (Θdet)(Θ0 −Θdet)) +WQR(Θ0)

)⊗2

πγ(dΘ0) +

∫
E[WQε1(Θ0)

⊗2QW ] .

Note that these matrices can be upper bounded, in operator norm, as

∥B1∥ ≤ 2λ22

∫ (
L∥Θ0 −Θdet∥+ ∥R(Θ0)∥

)
∥Θ0 −Θdet∥πγ(dΘ0)

= 2λ22

∫ (
L∥Θ0 −Θdet∥2 + ∥R(Θ0)∥∥Θ0 −Θdet∥

)
πγ(dΘ0)

≤ 2λ22

∫ (
L∥Θ0 −Θdet∥2 +

K3

2
∥Θ0 −Θdet∥3

)
πγ(dΘ0)

≤ 2λ22

(
LBγ +

K3

2
B3/2γ3/2

)
= 2λ22LBγ + λ22K3B

3/2γ3/2 ,

and

∥B2∥ ≤
∫ ∥∥∥WQ(∇2F (Θdet)(Θ0 −Θdet))− γWQR(Θ0)

∥∥∥2πγ(dΘ0) + ∥WQΣεQW ∥

≤ 2λ22

∫
L2∥Θ0 −Θdet∥2πγ(dΘ0) + 2λ22

∫
∥R(Θ0)∥2πγ(dΘ0) + λ22∥Σε∥

≤ 2λ22L
2Bγ +

1

2
γ2λ22K

2
3B

2 + λ22∥Σε∥ ,

where we used ∥WQ∥ ≤ λ2.

Remark that (35) is a Sylvester equation, whose solution is

ΣQθ =
∑
k≥0

W k(−γB1 + γ2B2)W
k . (36)

Taking the norm of (36) gives

∥ΣQθ∥ ≤
γ

1− λ22
∥B1 + γB2∥

≤ γ2

1− λ22

(
2λ22LB + λ22K3B

3/2γ1/2 + 2λ22L
2Bγ +

1

2
γ2λ22K

2
3B

2 + λ22∥Σε∥
)

≤ γ2λ22
1− λ22

(
4LB +K3B

3/2γ1/2 +
1

2
γ2K2

3B
2 + ∥Σε∥

)
,

where we used γL ≤ 1 in the last inequality.
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Bound on Variance. It holds that ∥Σθ∥ ≤ ∥ΣQθ∥+ ∥ΣPθ∥+ 2∥ΣQP∥ ≤ 2(∥ΣQθ∥+ ∥ΣPθ∥). Based on the
two bounds above, we then have the following bound on the variance:

∥Σθ∥ ≤ 2
( γ

µm
∥Σε∥+ γ3/2

K3B
3/2

µm
+

γ2λ22
1− λ22

(
4LB +K3B

3/2γ1/2 +
1

2
γ2K2

3B
2 + ∥Σε∥

))
. (37)

C.2 Non-Asymptotic Bounds for the Iterates of DSGD.

If (Θ′
t)t≥0 is another sequence, such that Θ′

0 ∼ πγ , and defined using the same noise sequence as (Θt)t≥0, then

E[∥Θt −Θ⋆∥2] ≤ 3E[∥Θt −Θ′
t∥2] + 3∥Θdet −Θ⋆∥2 + 3

∫
∥Θ−Θdet∥2πγ(dΘ) .

Bounding each term using Proposition 4.1, Lemma 3.4 and the bounds established previously, we obtain

E[∥Θt −Θ⋆∥2] ≤ 3(1− γµ)tE[∥Θ0 −Θ′
0∥2] + 3

γ2L2Λ2

µ2
ζ2⋆

+ 6
( γ

µm
∥Σε∥+ γ3/2

K3B
3/2

µm

)
+ 6
( γ2λ22
1− λ22

(
4LB +K3B

3/2γ1/2 +
1

2
γ2K2

3B
2 + ∥Σε∥

))
.

Proof of Corollary 4.7. The proof is straightforward from Theorem 4.6: the conditions on γ ensure that all terms
in the upper-bound except the first one are of order ε, and the condition on T ensures that the first term is of
order ε.

D RICHARDSON-ROMBERG FOR DECENTRALIZED LEARNING

We now prove the results stated in Section 5 on Richardson-Romberg extrapolation.

Proof of Proposition 5.1. This result is a direct consequence of Proposition 3.6. Indeed, first write

Θγdet = Θ⋆ − γ(I −H)G∇F (Θ⋆) +R(γ)

Θ
γ/2
det = Θ⋆ − γ

2
(I −H)G∇F (Θ⋆) +R(γ/2) ,

where

∥R(γ)∥ ≤ γ2 L
2

2µ2
Λ2
(

K3

µ
√
m
ζ2⋆ + L · ζ⋆

)
.

Hence, using 2Θ
γ/2
det −Θγdet −Θ⋆ = 2R(γ/2)−R(γ), we have

∥ΘRR,γ
det −Θ⋆∥ = ∥2Θγ/2det −Θγdet −Θ⋆∥ ≤ 2∥R(γ/2)∥+ ∥R(γ)∥ ≤ γ2 3L

2

4µ2
Λ2
(

K3

µ
√
m
ζ2⋆ + L · ζ⋆

)
.

Proof of Corollary 5.2. Using Lemma 3.1 and Proposition 5.1,

∥ΘRR,γ
t −Θ⋆∥ ≤ ∥ΘRR,γ

t −ΘRR,γ
det ∥+ ∥Θ

RR,γ
det −Θ⋆∥

≤ 2∥Θγ/2t −Θ
γ/2
det ∥+ ∥Θ

γ
t −Θ

γ/2
det ∥+ ∥Θ

RR,γ
det −Θ⋆∥

≤ 2(1− γµ/2)t∥Θ0 −Θ
γ/2
det ∥+ (1− γµ)t∥Θ0 −Θγdet∥+ γ2

5L2

8µ2
Λ2
( K3

µ
√
m
ζ2⋆ + Lζ⋆

)
≤ 3(1− γµ/2)t∥Θ0 −Θ⋆∥+ 2(1− γµ/2)t∥Θ⋆ −Θ

γ/2
det ∥+ (1− γµ)t∥Θ⋆ −Θγdet∥

+ γ2
5L2

8µ2
Λ2
( K3

µ
√
m
ζ2⋆ + Lζ⋆

)
.
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We then apply Lemma 3.4,

∥ΘRR,γ
t −Θ⋆∥ ≤ 3(1− γµ/2)t∥Θ0 −Θ⋆∥+ 2(1− γµ/2)t γLΛ

µ
ζ⋆ + γ2

5L2

8µ2
Λ2
( K3

µ
√
m
ζ2⋆ + Lζ⋆

)
,

hence the conclusion.

If K3/m
1/2 is small enough, and if γ is as in the statement of the corollary, then the second and third terms of

the above bound are of order ε.

We thus look for T such that 3(1 − γµ/2)T ∥Θ0 − Θ⋆∥ ≲ ε, which yields T ≳
log(ε/∥Θ0 −Θ⋆∥)
log(1− γµ/2)

≳

log(∥Θ0 −Θ⋆∥/ε)
γµ

, which concludes.

Proof of Corollary 5.3. We first write

∥ΘRR,γ
t −Θ⋆∥2 ≤ 4∥Θγ/2t −Θ

γ/2
det ∥

2 + ∥Θγt −Θ⋆∥2 .

Then, we simply need to make sure that the upper-bound given in Theorem 4.6 is of order ε. This can be done
similarly to the proof of Corollary 5.2, using the assumptions on both γ and T .

E USEFUL RESULTS ON MATRICES

Lemma E.1. Let A ⪰ 0 and B ≻ 0. Then, as t approaches 0,

(A+ tB)−1 =
1

t

(
PBP

)†
+O(1) ,

where P is the orthogonal projection onto the kernel of A.

Moreover, ∥∥∥(A+ tB)−1 − 1

t

(
PBP

)†∥∥∥
2
≤ 1

λ+min(A)

(
1 +

λmax(B)

λmin(B)

)2

,

where λ+min(A) is A’s smallest non-zero eigenvalue.

Proof. Let U be an orthogonal matrix such that

A = U

(
0 0
0 D

)
U⊤ , B = U

(
B00 B01

B10 B11

)
U⊤ ,

where D is diagonal and non-singular, B00, B11 ≻ 0, and B10 = B⊤
01.

Then

A+ tB = U

(
tB00 tB01

tB10 D + tB11

)
︸ ︷︷ ︸

:=M

U⊤ .

The Schur complement is defined as

S(t) = D + t
(
B11 −B10B

−1
00 B01

)
.

Then:

M−1 =

(1

t
B−1

00 +B−1
00 B01S(t)

−1B10B
−1
00 −B−1

00 B01S(t)
−1

−S(t)−1B10B
−1
00 S(t)−1

)

=
1

t

(
B−1

00 0
0 0

)
+

(
B−1

00 B01S(t)
−1B10B

−1
00 −B−1

00 B01S(t)
−1

−S(t)−1B10B
−1
00 S(t)−1

)
,
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and we thus have

(A+ tB)−1 =
1

t
U

(
B−1

00 0
0 0

)
U⊤ + U

(
B−1

00 B01S(t)
−1B10B

−1
00 −B−1

00 B01S(t)
−1

−S(t)−1B10B
−1
00 S(t)−1

)
U⊤ .

If we set

P = U

(
I 0
0 0

)
U⊤

the orthogonal projection onto the kernel of A, then

1

t
U

(
B−1

00 0
0 0

)
U⊤ =

1

t

(
PBP

)†
.

Moreover:

•
∥∥∥U (B−1

00 B01S(t)
−1B10B

−1
00 −B−1

00 B01S(t)
−1

−S(t)−1B10B
−1
00 S(t)−1

)
U⊤
∥∥∥
2
≤ ∥S(t)−1∥2

(
1 + ∥B−1

00 ∥2 · ∥B01∥2
)2

• S(t) ⪰ D, so λmin(S(t)) ≥ λmin(D), and ∥S(t)−1∥2 ≤
1

λmin(D)
=

1

λ+min(A)

• ∥B01∥2 ≤ ∥B∥2 = λmax(B)

• λmin(B00) ≥ λmin(B), so ∥B−1
00 ∥2 ≤

1

λmin(B)
.

Putting everything together yields:∥∥∥U (B−1
00 B01S(t)

−1B10B
−1
00 −B−1

00 B01S(t)
−1

−S(t)−1B10B
−1
00 S(t)−1

)
U⊤
∥∥∥
2
≤ 1

λ+min(A)

(
1 +

λmax(B)

λmin(B)

)2

,

hence the conclusion.

Lemma E.2. Let A ≻ 0, B ⪰ 0. Then it holds that

∥(A+B)−1 −A−1∥2 ≤ ∥A−1∥22 · ∥B∥2 .

Proof. We use the identity

M−1 −N−1 = −N−1(M −N)M−1

to obtain

(A+B)−1 −A−1 = −A−1B(A+B)−1 ,

hence

∥(A+B)−1 −A−1∥2 ≤ ∥A−1∥2 · ∥B∥2 · ∥(A+B)−1∥2 .

And A+B ⪰ A, so (A+B)−1 ⪯ A−1, which implies ∥(A+B)−1∥2 ≤ ∥A−1∥2, hence the conclusion.
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