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Abstract

Policy gradient methods are known to be highly
sensitive to the choice of policy parameteriza-
tion. In particular, the widely used softmax pa-
rameterization can induce ill-conditioned opti-
mization landscapes and lead to exponentially
slow convergence. Although this can be miti-
gated by preconditioning, this solution is often
computationally expensive. Instead, we propose
replacing the softmax with an alternative family
of policy parameterizations based on the general-
ized f-softargmax. We further advocate coupling
this parameterization with a regularizer induced
by the same f-divergence, which improves the
optimization landscape and ensures that the re-
sulting regularized objective satisfies a Polyak—
Lojasiewicz inequality. Leveraging this struc-
ture, we establish the first explicit non-asymptotic
last-iterate convergence guarantees for stochas-
tic policy gradient methods for finite MDPs with-
out any form of preconditioning. We also derive
sample-complexity bounds for the unregularized
problem and show that f-PG with Tsallis di-
vergences achieves polynomial sample complex-
ity in contrast to the exponential complexity in-
curred by the standard softmax parameterization.

1. Introduction

Policy gradient methods are a cornerstone of modern re-
inforcement learning (RL) and underpin many of its most
notable successes. Algorithms such as Trust-Region Pol-
icy Optimization (TRPO; Schulman et al., 2015) and Proxi-
mal Policy Optimization (PPO; Schulman et al., 2017) have
demonstrated strong empirical performance across a wide
range of domains (Berner et al., 2019; Akkaya et al., 2019).
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(a) Softmax /
Entropy Regularization

(b) 0.1-Tsallis SoftArgmax /
0.1- Tsallis Regularization

Figure 1. Regularized value landscapes (with temperature A =
1) for a one-state, two-action MDP: softmax with entropy (left)
versus a-Tsallis SoftArgmax with a-Tsallis regularization (right,
a = 0.1). The value of the classical coupling Entropy—Softmax is
much flatter than for our proposed coupling Tsallis—Tsallis. Using
the latter removes flat areas that are far from the solution, allowing
policy gradient methods to escape the gravitational pull.

Despite these successes, it has become increasingly clear
that the performance and convergence behavior of policy
gradient methods are highly sensitive to seemingly low-
level design choices, among which the choice of policy pa-
rameterization plays a central role (Hsu et al., 2020).

In discrete control scenarios, the default choice is the soft-
max parameterization, typically coupled with entropy reg-
ularization. While ubiquitous, several recent results have
revealed fundamental limitations of softmax-based policy
gradient methods (Mei et al., 2020a; Li et al., 2023). In
particular, in the absence of regularization, the softmax pa-
rameterization can induce extremely flat regions in the opti-
mization landscape, leading to an unavoidable exponential
lower bound on the rate of convergence (Li et al., 2023).
Although entropy regularization is sometimes introduced
in an attempt to mitigate this issue, no polynomial conver-
gence guarantees are currently known in this setting. Even
with entropy regularization, the landscape remains flat (see
Figure la for an illustration). These observations moti-
vate treating the policy parameterization itself as a design
choice: rather than varying the regularizer within softmax,
we ask whether moving beyond softmax can fundamentally
improve the conditioning of policy gradient methods.

In this paper, we follow the line of work of (Mei et al.,
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Table 1. Comparison of the performance of scalable'”) policy gradient methods on the unregularized objective.

Configuration Stochastic Last iterate Explicit Rates'® Global convergence
Parameterization. ~ Regularization.

Xuetal. (2020)  Any Parametrisation X v X 4 l(;él)y X
Mei et al. (2020b) softmax X X v X v
Mei et al. (2020a) EscortTransform X X v X v
Zhang et al. (2021) softmax Log-Barrier v X 4 [(é])y v
Liu et al. (2025) Hadamard X X v X v
Ours (Corollary 4.6) softmax Entropy v v v éfg v
Ours (Corollary 4.7)  f,-softargmax® a-Tsallis v/ v v £§1)y v

(1) We refer by scalability to policy gradient methods that do not use any form of preconditionning; (2) refers to the parameterization
induced by using the a-Tsallis divergence generator (see Table 2); (3) Explicit rates means an explicit dependency on all problem
parameters and not on intractable quantities; (4) v/poly indicates an explicit convergence rate with explicit polynomial dependency on all
problem parameters; (5) v/exp indicates an explicit convergence rate with exponential dependence on at least one parameter.

2020a; Liu et al., 2025) and propose a new flexible fam-
ily of alternative parameterizations induced by divergence
generators (denoted f in the following), which we refer
to as f-softargmax parameterizations. We regularize the
objective with the corresponding f-divergence, and we re-
fer to this as a coupled parameterization—regularization pair
(i.e., the same generator f induces both the parameteriza-
tion and the regularizer). This viewpoint generalizes the
classical softmax—entropy pairing, in which the policy is
both induced and regularized by Shannon entropy. Similar
constructions have recently shown theoretical and practi-
cal benefits for supervised learning (Blondel et al., 2020;
Roulet et al., 2025), but remain largely unexplored in re-
inforcement learning. This takes policy gradient methods
beyond the softmax and its coupled entropy regularization,
yielding a better conditioned optimization landscape (see
Figure 1b). In particular, we show that when these parame-
terizations are coupled with the regularizer induced by the
corresponding f-divergence, policy gradient methods en-
joy improved convergence rates. Remarkably, for the Tsal-
lis divergence, this leads to convergence rates exponentially
faster compared to the softmax—entropy pairing.

Formally, we study the f-regularized value function under
the f-softargmax parameterization. We show that it sat-
isfies a non-uniform Lojasiewicz inequality and a mono-
tonicity property. This monotonicity allows us to restrict
the optimization to regions that are easy to project onto
and in which the Lojasiewicz coefficient is uniformly lower
bounded, resulting in the uniform Polyak-Lojasiewicz in-
equality over the region of interest. Building on these
observations, we establish global last-iterate convergence
guarantees for stochastic policy gradient methods in the
tabular setting, with fully explicit constants. To the best of
our knowledge, these are the first guarantees of this type for
policy gradient methods, even with entropy regularization

and softmax parameterization, that do not rely on precon-
ditioning or exponentially large batch sizes. For the KL-
induced parameterization-regularization pair (softmax—
entropy), the resulting uniform Polyak—t.ojasiewicz con-
stant is exponentially small in the problem parameters, re-
covering known exponential convergence rates (Ding et al.,
2025). In contrast, for Tsallis divergence generators, this
constant scales only polynomially, reflecting a substan-
tially better-conditioned optimization landscape. Addition-
ally, our analysis shows that moving beyond the entropy-
softmax pairing yields a better trade-off between regular-
ization bias and sample complexity. In particular, Tsallis-
type couplings yield polynomial last-iterate convergence
guarantees even for the unregularized objective, improv-
ing upon the worst-case guarantees known for the standard
softmax (see Table 1).

Overall, our contributions are threefold:

* We introduce f-softargmax policy parameterizations and
study the regularity of the associated f-regularized value
function as a function of the policy parameters. We show
that it is smooth, satisfies a non-uniform Lojasiewicz in-
equality, and, by exploiting a monotonicity property, ad-
mits a uniform bound on a Polyak-Lojasiewicz constant
on a region of interest that is easy to project onto.

* We prove global last-iterate convergence guarantees for
stochastic policy gradient in the tabular setting, with fully
explicit sample complexity bounds that apply to both reg-
ularized and unregularized objectives.

* We demonstrate that alternative couplings beyond
entropy—softmax lead to improved sample complexity for
an unregularized problem both theoretically and empiri-
cally. In particular, the Tsallis coupling yields polynomial
dependencies on problem parameters, resulting in an ex-
ponential improvement over softmax, and provides addi-
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tional flexibility for practical adaptation.

The paper is organized as follows. Section 2 introduces
the necessary background. Section 3 presents the f-
softargmax parameterization and the properties of the f-
regularized value under this parameterization. Conver-
gence rates for policy gradient are established in Section 4,
and numerical experiments are reported in Section 5.

Related Work. (Policy gradient methods.) Global conver-
gence guarantees are known to hold for unregularized pol-
icy gradient methods with deterministic gradients, achiev-
ing sublinear rates with constant step-sizes (Mei et al.,
2020b; Liu et al., 2024). However, the convergence rates
of softmax-based policy gradient methods is exponential
in the problem parameters (Mei et al., 2020a; Li et al.,
2023). Two strategies were proposed to mitigate this issue:
first, preconditioning, most notably through natural policy
gradient methods (Kakade, 2001), which can alleviate ill-
conditioning, but scales poorly to larger problems due to
the nature of the updates. Second, log-barrier regulariza-
tion (Zhang et al., 2021), which yields polynomial rates but
has no last iterate convergence guarantees and is unstable in
practice. In contrast, our approach avoids preconditioning
altogether and therefore retains the scalability of standard
policy gradient methods, while providing explicit polyno-
mial convergence guarantees for the last iterate.

(Alternative Parameterizations.) Alternatives to softmax
have been proposed and studied in optimization (Martins
& Astudillo, 2016; Peters et al., 2019; Roulet et al., 2025).
In RL, the study of alternative parameterizations is still in
its early stages. The escort transform of Mei et al. (2020a)
avoids exponential slowdowns in deterministic settings, but
its guarantees rely on increasing step-sizes and do not ex-
tend to stochastic gradients. The Hadamard parameteriza-
tion (Liu et al., 2025) yields local linear convergence in
deterministic regimes, but without explicit constants. In
this work, we propose a more flexible family of parame-
terizations that can adapt to various problems and provide
explicit guarantees in the stochastic setting.

2. Background

Reinforcement Learning. Consider a discounted Markov
decision process M = (S, A,v,P,r, p) with finite state
and action spaces S and A, discount factor v € (0, 1), tran-
sition kernel P: § x A — P(S), bounded reward function
r: S x A — [0, 1], and initial distribution p. The value of
apolicy m: S — P(A) is defined by

vr(s) = ET 20720 (Se, Av)], (1

where S() =S, At ~ 7T('|St), and St+1 ~ P(|St, At) For
p € P(S), we define v (p) := Y, p(s)vx(s). For any ,

we define a corresponding discounted occupancy measure
dy(s) = 5 ET [0 7' 1s(S0)]

Parameterizations on the simplex. Following Roulet
et al. (2025), we study a family of parameterizations of the
simplex based on divergence generators. For a given gen-
erator f: (0,00) — R strictly convex with f(1) = 0, and
reference distribution g with full support, we define

fsoft q) = ,x) —Df :
softmax(z, q) Vg;)a(ﬁ){@ ) o)}

f-softargmax(z, q) := argmax { (v, z) — D’ wig)} .
vEP(A)

where DY (pllg) is the f-divergence between p and q (see
Csiszér, 1967, or Appendix A). Since D (p||q) is strictly
convex in its first argument on the simplex, the output of the
f-softargmax operator is well defined and unique, as it cor-
responds to the arg max of a strictly concave function over
a compact set. This construction recovers the classical soft-
max as a special case and yields a rich family of alternative
parameterizations (see Table 2). Computing f-softargmax
reduces to solving a one-dimensional root-finding problem,
which can be done efficiently by dichotomy; see Roulet
et al. (2025) and Lemma B.1 for details.

f-Regularized Value Functions. Given a reference policy
Tref, temperature A > 0, and a divergence generator f, the
f-regularized value function of 7 is defined by

(o)

vl (8):=ET| 329 (r(Sp, A) =ADY (m (S| mer (-154)) |
=0

A key result (Geist et al., 2019) is that the optimal regu-

larized value v/ (s) := max, v (s), together with optimal
policy 7{ admits a closed-form Bellman characterization:

Fe) — )
ol(s) = max {(v.0/(s.) = A DI Wlmar(1))}. @
wd (1) =arg max{ {1, ¢f(s.)) ~A D (Wlmer (13D}, 3)
vEP(A)

where ¢ (s,a) :=r(s,a) + yPvi(s,a).

3.Coupling Parameterization & Regularization

We introduce a new class of policy parameterizations for
reinforcement learning, which we refer to as f-softargmax
policies. Let 7 denote a full-support reference policy.
For 6 € RISIIAI we define the f-softargmax policy by

7r£(|s) := f-softargmax(6(s, -), met(+|s)), Vs € S. (4)

This parameterization can be directly used within unreg-
ularized policy gradient methods (see Appendix G for fur-
ther discussion). However, in practice, unregularized meth-
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Table 2. Example of classical divergence generators f included in our framework and their associated f-softargmax operators.

Name f(u)

f-softargmax(z, vyer ) [a] V)

KL
Tsallis (0 < o < 1)
Jensen-Shannon

ulogu — (u—1)
(u* —au+a—1)/a(a—1)
ulog(u) — (u+ 1) log(*$t)

Vret () exp(z(a))/ (pe 4 Vret (D) exp(x(D)))
Vret (@) (1 + (@ — 1) (z(a) — p&))Y/(@=1

)
Vet (@) exp(2(2(a) — pa)) /(2 — exp(2(z(a) — p12)))

(1) Here puy and p,, are normalization factors that ensures that the weights sum to 1.

ods tend to over-exploit and converge prematurely to sub-
optimal policies. This suggests that the choice of parame-
terization should be guided by the geometry of a suitably
regularized objective, rather than considered in isolation.

To understand which regularization is naturally associated
with the f-softargmax family, we examine the structure of
the f-regularized problem (3). The optimal policy of this
problem admits the following representation:

Wf(|3) = f—softargmax(qf(s,-)/)\, 7Tref('|8)> .

In particular, if we choose logits 6 (s,-) = ¢f(s,-)/\ +
b(s), where b: S — R is an arbitrary state-dependent base-
line, then the f-softargmax mapping exactly recovers the
optimal f-regularized policy, i.e., wg* = Ty.

This shows that the f-softargmax parameterization is not
arbitrary: it is precisely matched to the geometry of the
f-regularized problem. Under this parameterization, learn-
ing the policy is equivalent to learning the regularized op-
timal @-function, and the associated f-divergence regular-
izer arises naturally from the variational characterization of
the optimal policy.

To further formalize the benefits of such coupling, we now
establish the smoothness, as well as a Polyak-Lojasiewicz
inequality, of the f-regularized value with coupled param-

eterization vy = v’ s. We derive these properties under
To
the following two assumptions on f and 7 ef.

Assumption P(7,.¢). There exists a number ot > 0 such
that min(sm wrcf(a|s) > Tyef.
Assumption A ¢ (m.e). The generator function f satisfies:

(i) f is bounded and strictly convex on [0;1/myes], f(1) =

0, and is thrice differentiable on (0,1/ 7ot );

(ii) lim, o+ f'(u) =—00, and lim, o | f'(u)/ f" (u)| < oco;

(iii) there exists wy € [l,00), and ky € (0,00),
such that for any uw € [0;1/mwf], we have
L (uf (w)) < wp, and | f" ()] (0] < g

(iv) there exists 1y € (0, 1] such that f" decreases on [0; ¢]
and for any u € [vg; 1/ meet), [ (ef) > " ().

These conditions are met by a broad class of commonly
used divergence generators, like the KL, Tsallis with o <
1, and Jensen-Shannon (see Appendix F).

Remark 3.1 Tsallis divergences with o > 1 violate con-

dition (ii): since f'(0) is finite, the induced policies are
sparse, leading to non-smooth parameterizations. We leave
the extension to this setting for future work.

Under P(m.e) and Aj(mwe), We can define the weights
Wg(a|s) and the sum Wg(s), defined as

W)

— 1 ﬂ'rcf(als) 5
(als) = F75 Tt tals)/mrtaio) )

with W) (s) :== 32

Tref(als) 6
a€A fr(nf(als)/mer(als)) ©)

which will play a central role in our analysis. In
the KL divergence case, we recover simple expressions
Wg (als) = 7r£ (al|s) and Wg (s) = 1. Using the notations
in (5), we can express the gradient of the regularized value.

Lemma 3.2. Assume that, for some m.t > 0, f and mpef
satisfy A f(mrer) and P(7yer). For any s € S, we have

v d?(s)
e :WZ; (s)7=

2 ) H(wj(]s)) |ah(s,) — A0(s, )] .

where for any vector u € RIA, H(u) := diag(u) — uu",
, s

¢ =r+ ’}/P’Ug, and dﬁ(s) = d,° (s).

Next, we introduce three quantities that that arise naturally

in the expression of the Hessian of v]; (p).

5 e (als) L el ] g,

YT mesera 2 77 0@ mres(als))
ds = Df ref " ’ 8
! (s,u)ggai{??(.z‘l) (V||7T ef( |S)) ®)
o . Trot(als)
(f = min DacA @) @) >0 - O

(s,v)ESXP(A)

As the previous quantities are bounded under A ¢ (7r.e¢) and
P (7ot ), We can establish the smoothness of vg (p).

Theorem 3.3. Assume A (7iet) and P(me) for some
et > 0. For any 6 € RISIAL ||V2v£(p)||2 < Ly with

Widwrk A (wWidsdws(krdr+ys)fws+2m s
Ly ::0< jrwpsstA-(Widstwy(spdptys)twy ij))

(1-7)3

We refer to Appendix B.4 for a proof and a complete ex-
pression of L. We now introduce the classical exploration
assumption (Mei et al., 2020a;b; Agarwal et al., 2021).
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Assumption A . The coefficient prin 1= minges p(s) of
the initial distribution p satisfies pmin > 0.

Next, we derive a Non-Uniform Lojasiewicz inequality.

Theorem 3.4. Assume that, for some Tres > 0, Af(Tref)
and P(7yer) hold. Assume in addition that the initial distri-
bution p satisfies A ,. Then, it holds that

IVev5(p)l3 > (B) (Wl (p) —vh(p))

with i (0) :== (1 —v)p2,.(Cp/ws)? min, 4 w£(a|s)2.

We prove this theorem in Appendix C. To highlight the
main steps of the proof, we give a sketch of the proof in
the bandits setting, where the state space is a singleton.

Sketch of the proof in the bandits case. The proof consists
of two steps: (1) we bound the sub-optimality gap by the
distance between the logit and the rescaled reward; (2) then
link it to the gradient of the function.

Step 1: By (2), the optimal regularized value is
equal to v] = )\f-SOftl’I’l&X(l’/)\,ﬂ'ref). Next, since
f-softmax (6, meer) = <7r0 ,0) — Df(ﬂ'gnﬂ'ref), and vg =
<7rg ,r) —AD/ (wg ||7rvet ), the suboptimality gap rewrite as

v — vl = Nsoftmax (L, mer) — (75, 1) +A D (7] || o)
= /\[f—softmax(x,ﬂref) —f-softmax (0, myet) — (71'5, T 9)]
Combining 7r0 V f-softmax (6, myf), and that for a € R,
f-softmax (0 4al| 4|, Tref) = f-softmax (6, et )+ yields
vl vf;:)\ [f—softmax(&,ﬂ'ref) —f—softmax(&—i—Kglw JTref )
— (V f-softmax (8 + K} 1) 4, Teet), 1/X — 0 — K} 114)]

where we have defined Kg = (r/A—0,14))/|A|. Defin-
ing Cé[ = r/A—G—Kglw and using a second-order Taylor
expansion of the function f-softmax(-) between, we obtain

o] —v) = 3(¢])T V2 Esoftmax; ()¢, (10)

for some ¢ on the segment joining 6 + K(;flw and /.
Next, by Lemma B.5, it holds that HV2 f-softmax(§)
2wy, which implies v] — v5 < Awy||¢] 2.

Step 2: Using Lemma 3.2, we have va =
Wg H (Wg ) [r — A]. Next, applying Lemma 23 of Mei
et al. (2020b) (see Lemma 1.4) gives

I, <

IVogl13 > Wi minwy ]3> ¢pminwj (1615 -
where by Lemma B.6, we have Wg > (¢. Finally, combin-
ing the two previous bounds proves the result (]

For softmax parameterization coupled with entropy reg-
ularization, we retrieve a property outlined by (Mei

et al., 2020b). However, their proof is highly spe-
cific to the entropy-softmax pairing case and can-
not be extended to general f-divergences, because it
relies in an essential way on the logarithm’s spe-
cial properties.  Indeed, their proof require rewrit-
ing the soft sub-optimality gap vX“(p) — vi“(p) as
2 Y es dO(s) DM (rh(s)) |75 ([s)) which is not
possible for a general f. Our proof is more natural, as it
simply relies on Taylor expansion to obtain the inequality
(10), rather than specific properties of the KL divergence.

From Non-Uniform Lojasiewicz to Polyak-f.ojasiewicz.
To obtain a Polyak-Lojasiewicz bound, we need to bound
the coefficient 1 (#) uniformly. To this end, we restrict
the optimization to a smaller subspace, eliminating policies
for which the regularization is too large. Given a policy 7
and 0 < 7 < mef/2, we define the following projection-
like operator U, which for every (s,a) € S x A gives

Tret(@]8)T, if m(a|s) <met(als)T/2,
Ur(m)(als)=q (als) = bx(s), ifa=ap™(s),
m(als), otherwise,

where we define b, (s)= ZbeA" )Wrcf(b| s)T —m(bls),
a;nax(s) _argmaxaeA{Tr( | )/’]‘(‘ref( | )} where ties in

the arg max are resolved arbitrary, and
A7(s) :={a € A,m(a|s)/met(als) < 7/2} .

This operator prevents policies from becoming “too deter-
ministic”: if the probability of any action gets too close to
zero, it is increased above a threshold that depends on 7
and m..¢. For a proper choice of 7, applying this operator
on a policy returns a policy with a higher regularized value.

Theorem 3.5. Assume that, for some m,ot > 0, f and mp.ef
satisfy A f(myer) and P(Tyer ), and that p satisfies A ,. Let

m=min([f']7 (- LA GD 5

Then, for any policy m and for ©@ = Uy, (), it holds that
v{?(p) > vfr(p) and that T(a|s) > TrerTa-

164+8yAd
SR ()

Since U, operates in the space of policies, we lift it to the
parameter space by defining an operator 7, such that for
6 € RISIIA we have W;’,a = Z/{.,-’/Tg (see Appendix D for
an explicit construction). Finally, we show that with the
choice of threshold from Theorem 3.5, we can give a uni-
form lower bound of /i on the set of restricted logits. This
shows how the non-uniform tojasiewicz inequality is up-
graded to a Polyak—L.ojasiewicz condition: it suffices to re-
strict the search to parameters that encode non-degenerate
policies, since such policies are provably suboptimal.

Corollary 3.6. Assume that, for some mes > 0, f and
Tref Satisfy A ¢ (Trer) and P(myet) and that p satisfies A .. If
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Algorithm 1 f-SoftArgmax Policy Gradient

1: Initialization: Learning rate > 0, initial parameter
0y, divergence generator f, batch size B.

2: fort=0toT —1do
30 Collect Zy := (S g1, AV 0oy 1 )i using ),
4:  Compute the gradient géﬁ (6;) using (13)
5. Update 0,41 = Ty, (0; + g}, (6))
6: Return O
A < L min (i, ——, L where T
TR T T ST *

is defined in Theorem 3.5. Under this condition, it holds
that infgega pg(77,60) > Hp where

—16—8yAd; |2
By = AL = ’Y)p?niHC?MQ(f*)”()\(lT)zpm{n) /%20 )

where f* is a convex conjugate of f.

4. Convergence Analysis of f-PG

In this section, we aim to optimize the f-regularized value
function under f-softargmax parameterization.

= (p)} . (1D

T

max{Jf

0co
The f-PG algorithm. We introduce f-PG (Algorithm 1),
an f-SoftArgmax policy gradient method with coupled
regularization. At each iteration of f-PG, the agent
samples a batch of independent truncated trajectories of
length H from v(m;-) defined for a s1ngle truncated tra-
jectory z = (sh,ah)h:O1 € (S x A by v(m;2) =
p(s0)m(aols0)[T5 o P(sulsh—1,an—1)m(an|sn). Then,
the agent performs the update

=Tr (0 +n-gf, (6:)) , fort>0, (12)

9t+1

where 17 > 0 is a learning rate, 7, : RISIA — RISIIAI
1s the projection-like operator defined in Section 3, and
gl 7, (Ht) is a REINFORCE-like estimator (Williams, 1992)
of Vve (p) that uses a batch of B independent trajec-
tories Zt ~ [v(6;)]®B. For a batch of trajectories
2= (88 1 a8 1)y this estimator is defined

B—-1H-1 h F(ablob
dlog ! (al|sh)
B(0):=4 T X { 3 P (e(s} af)

—~XDf@w<¢$nnwmstz»)<—Ath£@z>}7<1a
where Fg(s) is a vector of size |S||.A| defined by

[Fg(s)}(s’
5(7r£,s,b) =

1= Lo () Wi (s) wj (bls)8(f, ,b) , (14)

7l (b)¢ ma (als
JED) — 5, e aw(als) FZEEEL).

Remark 4.1 (Connection with (Lazy) Mirror Descent.) We
stress that f —PG is fundamentally different from mirror de-
scent. With (1) =3 s DY (n(-|3)||mret (-]5)), the itera-
tions of mirror descent are

V(1) = VO(Te) + nvwv{r(pﬂﬂzm ) (15)
Tt4+1 = argminﬂ{‘l)(w) - <V¢)(7~Tt+1),7r — %t+1>} .

where © € P(A)IS is a policy. Denoting 6, = V®(7,),
one obtains updates that resemble (12) (without T, ), with
one key difference: the gradient in (15) is taken with re-
spect to the policy ™ whereas in (12) it is computed w.r.t the
“dual” parameter 0 (in the mirror descent terminology).
Moreover, the update (lf5) can be expressed as, by the chain
rule, 0,11 = 0 + 1| T |9 0 ~1VyJ7(0;), which have an
additional preconditioning term given by the inverse of the
policy Jacobian. See Appendix H for more details.

Next, we bound the bias and variance of the gradient esti-
mator (a proof is provided in Appendix E.1).

Lemma 4.2. Assume that, for some mes > 0, f satisfy
Ay (myer). For any parameter 6 € RISIAL we have

240\ <85 Eg[ g’ (6) - ehOIE] < G |
w(6))2"

0} = iy [} + A RdE 4 220 -y

le”(6) —

where Z ~ , and where

By == UL o [2 4 20dg + ML — 7)yy]

Convergence analysis. We now present our main result for
this section, which gives a convergence rate for f-PG with
explicit constants for the regularized problem. This result
is based on the regularity properties of the regularized value
function, which we developed in Section 3.

Theorem 4.3. Assume that, for some Tyt > 0, f and mp.ef
satisfy A (mvet) and P(myet), and that p satisfies A,,. Fix
n < 1/(2Ly), and X and Ty as in Corollary 3.6. Then, for
any t > 0, the iterates of f—PG satisfy

Bl < (1- %) do+ B+ 5
By

where Ay = vl (p) — ’Ugt (p), and the expressions of 0]20 and

ﬂ]% are given respectively in Corollary 3.6 and Lemma 4.2.

We provide a proof of this result in Appendix E.2. A crucial
feature of this theorem is that it is explicit, as all the terms
that appear can be expressed using problem-dependent con-
stants. This allows us to derive the following sample com-
plexity result for optimizing the regularized value.

Corollary 4.4. Let ¢ > 0. Under assumptions of The-
orem 4.3, the final iterate of f-PG satisfies E[v{(p) -
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v’éT (p)] < ewith

2 v —of
T<maX(Lf o3 )log( +(p) go(p))’

w0 eBu2
~ by’ eBpf €

HZ (1—7)2~log(1/ﬁf), andn < min(L?l,eBﬁf.U;Q).

Importantly, Corollary 4.4 shows that f—PG achieves con-
vergence rates comparable to stochastic gradient ascent in
the strongly convex regime: O(xlog(1l/e)) in the low-
variance setting, where £ > 0 denotes a condition num-
ber, and O((1/€)log(1/€)) in general. Notably, this is the
first result to establish such guarantees even for the KL-
regularized policy gradient with softmax parameterization.

Convergence for unregularized objective. A natural
question is then how to compare different choices of regu-
larizers, since each method optimizes a distinct regularized
objective. By appropriately tuning the temperature \, we
recover the final sample complexity bound for the unregu-
larized problem, which is given in the corollary below. A
precise statement and proof are provided in Corollary E.10.

Corollary 4.5. Define cy = min(l/df,14yf,1). Lelt
—_ — . —1 —_ b Tref —
0<e< (=) Fopumin(f' ()| |/ (D] 1] )
and set X = (1—~)e/4 - cy. Under assumptions
of Theorem 4.3, the final iterate of f—-PG satisfies

E[vi(p) —vor (p)] < € with

* —1 74
I )™ (6<v£<p>v£0<p>>)
~ BBl € ’

H < (1—7)_2-log(1/ﬁf), andn SaANbwitha = (1 —

7)? and b = (f*)" (ryom) 2 (1 = 7)° Bofin et
where f* is a convex conjugate of f.

This corollary shows that the convergence rate to the unreg-
ularised optimum is primarily controlled by the asymptotic
behaviour of the second derivative of the convex conjugate
(f*)". As the target precision ¢ — 0, divergences for
which (f*)" grows faster yield better conditioning, which
in turn results in faster convergence.

Sample complexity for specific choices of f. We now
provide a more complete interpretation of these results by
stating sample complexity bounds for specific choices of f.

Corollary 4.6 (Complexity for Softmax-Entropy). Let f
be the Kullback-Leibler divergence generator. Let € > 0.
Under the choice of n, A\, H, 7, and T of Corollary 4.5,
the final iterate of f—PG achieves Elv,(p) — vor(p)] < €

in TBH < —-Lo8(me)l’ (Jlostrar)

~ 64(177)12p§nin7‘-ref4 (1_7)3Pmin

) samples.

This corollary shows that the number of samples required
by the softmax policy gradient method is exponential in
1/(1 — ~). This is in line with recent work on vanilla soft-
max policy gradient, which demonstrated that the number
of steps is at least exponential in 1/(1 —+) (Li et al., 2023).

Corollary 4.7 (Complexity for «-Tsallis SoftArgmax
with «-Tsallis regularization). Let f be the «-
Csiszdr—Cressie-Read divergence generator for o € (0, 1)
(see Table 2 for its expression). Let ¢ > 0. Under the
choice of n,\, H,7x, and T of Corollary 4.5, the last
iterate of f-PG achieves E[v,(p) — vor(p)] < €ina
number of samples

rpi < 108@me) Crieallytris
- 64@6(1 - 7)12/);511111@44_7(1_0()

We give detailed versions and prove these corollaries in Ap-
pendix F. These corollaries show that Tsallis SoftArgmax
parameterization with coupled regularisation allows for
faster learning, reducing the dependency on (1 —+)~! from
exponential in Corollary 4.6 to polynomial in Corollary 4.7.
Next, we approximate the choice of « that achieves the
fastest convergence (according to our bounds).

Corollary 4.8. Assume the conditions of Corollary 4.7
hold. The value of o that minimizes the sample complex-
ity in Corollary 4.7 is given by a*(€) = 11/(2log(1/€))+
o (1/1log(1/€)). Moreover, for e sufficiently small, choosing
a = a*(e) yields a sample complexity e ?poly(1/(1 —
)5 1/ pmin, 1/ Tret) up to logarithmic factors.

We prove this corollary in Appendix F. These results show
that the best choice of « is not &« = 0 nor o = 1, but de-
pends on the desired precision level. This corroborates re-
sults from the bandit literature (Zimmert & Seldin, 2021),
and gives strong evidence that Tsallis-SoftArgmax with
coupled regularization has the potential to accelerate RL al-
gorithms. It also highlights the strength of our framework:
one can choose, among multiple parameterizations, the one
that is best suited for the problem at hand.

5. Experiments

In this section, we demonstrate the generalizability of our
framework by showing that our class of parameterizations,
with its coupled regularization, can be readily integrated
into modern on-policy reinforcement learning algorithms.
For this purpose, we introduce and evaluate a-Tsallis
PPO, a simple yet principled extension of Proximal Policy
Optimization (PPO; Schulman et al. 2017)'. Our approach

is obtained by replacing both the policy parameterization

! Additional experiments on the exact f-PG algorithm and on
the methods listed in Table 1 are provided in Appendix J.
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Figure 2. Learning curves for Noisy CartPole (top row) and DeepSea (bottom row) under different choices of the Tsallis parame-
ter a. For Noisy CartPole, we report the standard unnoised CartPole environment (a) and reward—noisy variants with increasing
noise levels (b—d). For DeepSea, we consider grid sizes L € {20, 30,40, 50} (e-h). Each curve corresponds to the best temperature
and step-size for a given «, and shaded regions indicate + one standard error over 25 seeds. On Noisy CartPole, values a < 1
consistently improve performance over the PPO baseline in the standard and low-noise settings, with the gap increasing as the reward
noise grows. On DeepSea, the improvement over the PPO baseline becomes more pronounced with increasing L, where o« = 0.7

achieves the highest returns and the fastest learning.

and the entropy regularization in PPO with their Tsallis
counterparts (see Appendix J for full experimental details).
We compare the performance of «-Tsallis PPO against
the standard PPO baseline (Schulman et al., 2017) on two
families of environments that we describe below.

Noisy CartPole (Osband et al., 2020). This environment
is a variant of the classic CartPole control task in which
additive noise is injected into the reward signal. The under-
lying dynamics is unchanged: at each time step, the agent
applies a left or right force to a cart in order to keep an in-
verted pendulum balanced, receiving a base reward of +1
for each step the pole remains upright, and the episode ter-
minates when stability is lost or after a time limit. How-
ever, the reward returned by the environment is perturbed
as7ty =1+ o0&, & ~ N(0,1), where ¢ > 0 controls
the noise level. This preserves the dynamics and optimal
policy, but increases the variance of observed returns.

DeepSea (Osband et al., 2019). DeepSea is an RL en-
vironment designed to study deep exploration under sparse
rewards. The environment is a directed grid of size L x L.
The agent starts in the top-left corner (0,0) and, at each
step, moves downward while choosing between two actions
that shift agent’s position either left or right. Thus, each
episode lasts exactly L steps and corresponds to selecting a
binary action sequence of length L, which defines a unique
path through the grid. Only a single trajectory, the one

that selects the hidden correct (right) action at every depth
reaches the rewarding terminal state at (L—1, L—1). How-
ever, selecting the right action is not free: every time the
agent moves right, it incurs a small movement cost 0.01/L.

Problem-adaptive couplings yield better performance.
Figure 2 illustrates that no single choice of a is uni-
formly optimal, and that different tasks favor different cou-
plings of parameterization and regularization. On Noisy
CartPole, the standard setting (Figure 2a) and the mildly
noisy variant (Figure 2b) show a small but systematic ad-
vantage for o < 1 over the PPO baseline, which becomes
more pronounced as the reward noise increases (Figures 2¢
and 2d). By contrast, on DeepSea, where performance de-
pends on discovering a single sparse-reward trajectory, the
hardest instances (Figures 2g and 2h) favor an intermediate
value «=0.7. These observations suggest that highly noisy
environments and deep exploration problems may benefit
from different regions of the Tsallis family, supporting the
need for a tunable parameterization—regularization pair.

6. Conclusion

We proposed a new class of policy parameterizations based
on operators induced by f-divergences. Equipped with
a matching f-divergence regularizer, this framework gen-
eralizes the classical softmax—entropy pairing and allows
flexible alternative parameterizations. Using Tsallis diver-
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gence instead of Shannon entropy, we showed that the re-
sulting algorithm yields polynomial, rather than exponen-
tial, convergence guarantees for the unregularized RL prob-
lem. Empirically, this choice leads to improved perfor-
mance in exploration-heavy and noisy environments. An
important direction for future work is to extend these guar-
antees for adversarial MDPs, where Tsallis regularization
has already proven effective in the bandit setting (Zimmert
& Seldin, 2021).
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A. Notations

Symbols Meaning Definition
S State space Section 2
A Action space Section 2
ol Discount factor Section 2
P Transition kernel Section 2
r Reward function Section 2
m Policy Section 2
Tref Reference policy used in the regularization problem Section 2
f Divergence generator Section 2
A Temperature of the regularization Section 2
p Initial state distribution Section 2
s Upper bound on | (z) /" (z)?| A (mser)
wy Upper bound on 1/(xf" (z)?) Ag(Tret)
dy Upper bound on a set of divergences (7)
v Upper bound on a quantity that depends on f” and f’ 7
¢y Lower bound on a quantity that depends on f”’ )
U Value function of a policy 7 (1)
vl Regularized Value function of a policy m (45)
P Transition kernel induced by policy m Section 2
q Regularized Q-function of a policy m (50)
dy discounted state visitation of a policy m (628)
0 Parameter of the policy (element of RISIAL Section 3
7rg The soft- f-argmax policy associated with 6 4
w) A matrix of size RS** such that for any s € S, w}(:|s) € P(A) 5)
fo(als) shorthand notation for f' (7] (a|s)/mret(als)) (38)
o (a]s) shorthand notation for f” (7} (a|s) /et (als)) (39)
' (als) short hand notation for (7] (a|s)/mret(als)) (40)
Wi (s) A function of f§/(-|s) (41)
Y (s) A function of f5(-|s) and f5'(+|s) 1)
T Number of iterations performed by f-PG Algorithm 1
gl (0) Stochastic estimator of the gradient at 0 (13)
H Truncation horizon in f-PG Algorithm 1
gl (0) Stochastic estimator of the gradient at 0 (13)
By Bias of the stochastic estimator at 6 Lemma 4.2
of Variance of the stochastic estimator at 6 Lemma 4.2
Ly Local smoothness of the objective at 0 Theorem 3.3
P(A) Set of probability measures over A Section 2
D’ (pllq) f-divergence between two probability measures p and g (16)

f-Divergence. Let f: (0,00) — R be a strictly convex generator with f(1) = 0. Its adjoint (or reverse generator) is
fi(u) == w f(1/u), w > 0, which is convex, strictly convex if f is, and satisfies f;(1) = 0. Boundary conventions are
f(0) == limy o f(u) € (—o0,00] and f;(0) := limy o f(u) = limpes f(E)/t € (—00, 0. For p,q € P(A) over finite
A, the f—divergence is

D/(plg) == Y a@fp@)/a@)+ f(0)- > pla), (16)

a€A:q(a)>0 ac€A:q(a)=0

with conventions: g(a) f(0) if g(a) > 0,p(a) = 0, and 0 if p(a) = g(a) = 0 (Rényi, 1961; Csiszdr, 1967; Liese & Vajda,
2006). f—divergences satisfy DY (p||q) € [0, oc], are jointly convex (Csiszar, 1967), vanish iff p = ¢, and are not symmetric
(D' (pllg) = D’ (pllq))-

Distribution of the state-action sequence. The state—action sequence (S, A;):>0 defines a stochastic process on the
canonical space (S x A)N. For any initial state 5o € S, we denote by IP7, the law of this process. That is, for any n € N

12
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and any subset B C (S x A)™,

P:-D(B) = Z Z ]13((80,0,0),...,(Sn_l,an_1)) ﬁw(ai | Si)P(SH_l | si,ai),
i=0

(ag,...,an—1)EA™ (81,...,8p—1)EST1

with the convention s is the given initial state. We denote by Ef  the corresponding expectation operator. In particular,
the state sequence (s;);>0 defines a Markov reward process (Section 2.1.6 in (Puterman, 1994)) with transition kernel

(5 ]s)= ZPs|sa (a]s) .

acA

Norms. For z € R?, we define the norms

d d 1/2
X = ma. ZT; x :Z xX; X = Z .’E‘2
lolle = o bl ol =3 el - el <H| )

For a d x d matrix M, we denote by || M ||, and || M || respectively the max row sum, and the spectral norm:

d

[M|loo = Sup{llMxll /Nzllo} = Sup > IMy,
e{1,.. }J 1

1Ml = Sl;lg{”MxHQ/HfUHz} : (17

Recall that, for any = € RY, | Mz||0 < [|M||so|l®]|oo and || Mz||2 < || M ||2]|2|2-

Functional and matrix forms. For notational convenience, we also view P as a (|S| - |A]) x |S| matrix with entries
P(s.a),sr = P(s' | s,a). Similarly, v/ is a vector of size |S| and ¢/ a vector of size |S| x |.A|. Finally, we identify the
parameter § € RS> with its matrix representation § € RIS/l indexed by (s,a) € S x .A. This slight abuse of notation
allows us to conveniently switch between functional and matrix views.

B. Smoothness of the objective

In this section, we establish the smoothness of the regularized value function v’g = vf , (p) with respect to the parameter

6. As a first step, we show that the policy 7rg is smooth under suitable assumptions on the divergence generator f and
compute its first and second derivatives. To do so, we start by studying the properties of the soft- f-argmax operator and
then apply the obtained results to derive properties of the policy wg .

B.1. Properties of the soft- f-argmax

In this Section, we compute the derivative of v (-) := f-softargmax(z, v4ef) and x-softmax(-) := f-softmax(z, Vyet),
where
f-softmax(x, Vref) := max {(u, x) — Df(V”l/ref)} . (18)
vEP(A)

The function x-softmax(-) is the Fenchel-Legendre transform of DY (||1;¢), and the results in this section are therefore
standard results from convex analysis, statements of which can be found in various forms in (Hiriart-Urruty & Lemaréchal,
2004; Mensch & Blondel, 2018; Geist et al., 2019; Roulet et al., 2025).

In this section, we fix a reference probability distribution vy.f € P(A) such that for any a € A, we have vyef(a) > Vper for
some ming e 4 Vret (@) > trer > 0. For a given o € RIMI, we define

vl (+) := f-softargmax(z, vyer) = arg max{(u, x) — Df(V”Vref)} . (19)
veP(A)

The following result is a simplified version of (Roulet et al., 2025, Proposition 1). For the sake of completeness, we provide
a full proof.

13
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Lemma B.1. Assume that f is strictly convex on [0, 1/ v, differentiable on (0,1/v,e), with lim, o+ f'(u) = —oo, for
some Vs > 0. Let Vet be a policy such that minge 4 Vret (@) > Vrys. Forany v € R and a € A, we have 0 < ug (a).

Moreover, for all x € R|A|, there exists a unique (i, € M(x), where

1, (#) = (maxe(a) = f'(1fvig), max () = ['(1), 20)
such that
vi(a) = vret (a)[f] 7 (w(a) = ta). 1)
Moreover, 1, € R is the unique root of the equation
F(z,p) = Z Vret (@) [f'] H(z(a) —p) —1=0 forpc I, (z). (22)
acA

Proof. Under the stated assumption, the map f” is strictly increasing on (0, 1/v4f], hence injective; therefore it is invertible
onto its image. Moreover,

Dom ([f171) = f/((0,1/vrei]) = (=00, F'(1/viet)], (23)
which is an interval and the function [f’]~? is strictly increasing.
Fix € A, and (a,b) € A x A. Recall from (19) the definition of the soft- f-argmax ,
vl = argmax{(y, x) — D'f(V”l/ref)}
veP(A)

This is a strictly concave optimization problem over the probability simplex P (.A) so it admits a unique maximizer. We now
characterize the maximizer via the KKT conditions. Introduce multipliers 1 € R for the equality constraint ) | __ , v(c) =
1, and for every ¢ € A, A(c) € RT for the non-negativity constraints v(c) > 0. The Lagrangian reads

L(v, i AN beea) = 3 () () = DI (ner) + (1= 3 w(e)) = 3o M) vle) -

ceA ceA ceA

By the differentiability of f, differentiating the Lagrangian with respect to v(a) gives

oL , [ via)
= - — = Ma) . 24
oy =@~ f (me(a) 4= Aa) 24)

At the optimum (v, 1., {\z(¢)}cea), the KKT conditions yield:
vl(e) Ae(c) = 0, Ve e A, (25)

f
r [ va(o)

— — fhy — A =0 4 . 26
o) = £ () - a0 =0, vee A 26)
Under the stated assumptions, lim,_,o+ f’(x) = —oco. Hence, if vf(c) = 0 for some c, the stationarity condition (26)

cannot hold with finite multipliers. Therefore v/ (c) > 0 for all ¢ € A, which by (25) implies A, (c) = 0. Thus, for each
¢ € A the stationarity condition reduces to
vi(e
)= £ (Z0) i @

Vref(c)

Note also that (27) also implies that for all @ € A, z:(a) — p,, € Dom(f’), which implies, using (23) that maxgec 4 z(a) —
f'(1/vrer) < p. Together with (27), this shows (21). Note that /i, is a root of (22), since using (21),

D vrer(@) [ (@(a) —po) = D vi(a) = 1.

acA acA

Because [f’] 7 is strictly increasing on (—00, f'(1/v4ef)], for each z € R, the function yu — F(z, 1) (see (22)) is strictly
decreasing on (—o0, f'(1/vr)]- Strict monotonicity gives the uniqueness of 1. Note finally that if 4 > max,e4 z(a) —
f'(1), then z(a) — pu < f'(1), and since [f’] 7" is strictly increasing, [f']~*(z(a) — ) < 1, showing that F(z, 1) < 0,
which concludes the proof. O

14
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Remark B.2 Let f : (0,7) — R be a strictly convex and differentiable on (0,7), Dom(f’) = (0,7), and ' is strictly
increasing and continuous on (0,7). Let o := lim,_,o f'(z) € [—00,400) and B = lim,_, f'(z) € (—o0,+0o0].
Then f'((0,7)) = (o, B), ie., f': (0,7) — (c, B) is a strictly increasing bijection (hence admits a continuous inverse
[f']171: (o, B) — (0,7)). Define the convex conjugate of f,

f ()= sup {zy— f(zx)} . (28)

z€(0,7)

The two following properties hold,

(i) Foreveryy € (a, 3), the supremum is attained at a unique point x = (f')~1(y).

(ii) Dom(f*) C [a, 8] (with the convention that an infinite endpoint is excluded). Specifically, Dom(f*) N (a, B) =

(0, B), and f*(y) = +o0 fory & [, ). At an endpoint y = o (resp. y = B), iffnite, £*(y) = limo(yz — £())
(resp. limgrr (yx — f(x))), so f*(«) (resp. f*(B)) is finite iff the corresponding one—sided limit is finite.

On the open interval (o, B), the function f* is differentiable and

YW =T, ye(p),

We retrieve the statement in Proposition 1 of (Roulet et al., 2025) by replacing [f']~1 by (f*)'. In most examples, there is
no need to resort to the convex conjugate to compute the inverse.

Lemma B.3. Assume, in addition to Lemma B.1, that f is two-times continuously differentiable on (0, Vrp. Then, the
function x — Ly is continuously differentiable on RIAl, and for all a € A,

0 0 0
mﬂx = _mF(xaﬂx)/%F(xalMc) (29)

Proof. The function (x, ) — F(x,u) is two-times continuously differentiable on the open set U := {(x,u) : €
RMI 1 e L, (7)} C RMI x R. Let o € RII. Since [f’] ! is strictly increasing,

8 1
g T i) = 2 vetl) ey~ 7O

acA .uTo))

Hence, we may apply the implicit function theorem, which shows that there exists an open neighborhood V,,, and a unique
function x +— p, on Vy,, such that for all x € V,,, F'(z, uy) = 0 and (29) holds. O

We now introduce some compact notations that will be used throughout the sequel. For any a € A, define the first three
derivatives of f evaluated at the probability ratio v/ (a) /vyet(a):

fia) = f’(”-{(“)) L fia) = f”(”f(“)) . fMa) = f”’(”-f(“)> | (30)

Vref(a) Vref(a) Vref(a)

In addition, we introduce the quantities

=y Vrff . 31)

a€A I

Importantly, as f is strictly convex, its second derivative is strictly positive, making the preceding quantity well-defined.
For any a € A, we also define the following normalized weights

L Vref(a)
W/ fi(a)

15
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Lemma B.4. Assume A ;(vy,r). Then the soft- f-argmax 1{{ is twice continuously differentiable with respect to x. Moreover,
for any x € R and (a,b) € A2, we have
1 ovi(a)
W/ 9x(b)

In addition, for any (a,b,c) € A3, the second derivative satisfies

L.M—f a fm(). f wl(a) wi = ()
W Babong @ e Vale) FlOva(@) v bl o5

. f/// (a) ' " (a)
Ly(a) wl(a)w! 1Cawgaw£b»&72
+ 1p(a) wy(a) ()f”(a) +1c(a) wy(a) ()f;’(a)
i 51 B
f///( )
+wla) vl o
%«:4 f"( )?

Proof. Fix z € R and (a,b, c) € A%. Define

= Z Vref(a)[f/]_l(x(a) — ;U/z) —1 .

acA

First derivative. Importantly, using Lemma B.1 we have that
F(z;p,) =0 .

Differentiating the previous identity with respect to x(b), yields

5‘F (z; ,ur 1 _ Opg
= 2 ) ST ey~ ) <1b(“) ax(b))’

where we used that the derivative of [f']' is 1/f"([f']”"). Next, using from Lemma B.l that vf(a) =
Vret (@) [f'] 71 (@(a) — piz) yields

ot = X gy () 55 ) =0

where f!(a) is defined in (30). This implies

Opz f

where w/ (b) is defined in (32). Now that we have computed the derivative of the normalization factor 1., we can compute
the derivative of the policy. Starting from Lemma B.1, we have that

vi(a) = vet(a)[f]7 (2(a) = pz) -

Differentiating the previous identity with respect to x(b), yields
BV:}L]’C(CL) _ Vref(a’) 1 (a) _ a;U/:E o Vref(a)
ox(b) — fila) [V 0x(0)] — fi(a)

where in the last identity, we used the expression of the derivative of y, given in (33). Finally, using the definition of W{
given in (31) gives

[15(a) = wi(®)] ,

81/9{((1) . Vref(a) Vref(a) Vref(b) 1
oa(0) ~ ey T Fia) 1) W oY

16
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Second derivative From (34), we aim to differentiate once more with respect to x(c). First, note that it holds that

0fi(a) _ fi'(a) Ovi(a) fi'(a)  vee(e)fi"(a) 1

= =1, — C— 35
0200~ vete) () Pz T ) o W o
awf Vrcf f//( ) Vrcf( )f/// Vrcf Vrcf f/// ( )
// = 1" // " ’ (36)
d; &l fE ()’ W£ Z; ) 11 (e)
Now computing the second derivative of v gives
wf(a) = ~1y(a) Vret(a) 0f; (a) + Vret (@) thef(b) 1 0f7(a)
ae)oae) V)2 o) T F@?f®) Wl oalo)
L Vrer(@vier(B) - 1 OF(B) | vrer(@)vrer(b) 1 oW}
f@)fr®)? Wi dx(e)  fL(a)f2(®b) (W2 dx(c)
Plugging in (35), and (36) in the preceding inequality yields
81/9(1) " "1
( - _1 Veet (@) |:1 [z (a) _ vret () f7 (@) .1:|
ax®or ~ M har MY T e @ W
N Vrer(a)Trer(b) 1 [1 (@ 2 (@) wer(c) £y (a) '1}
fi@)?fi) Wi fia)  filla) fi(c) W
n Vet (@) et (D) . i |:1 ® )f/I/ (b) I/rcf(c)f//l (b) ’ 1]
fila) 1) Wi ) fO)f () W
vret(@tret(b) 1| vrer(€)fy"(¢) > Vret (¢)Vret (d) £ (d)
fia)fy®)  (Wi)? fi(e)® wg; = @ fr (e
which concludes the proof. O
The following lemma links the gradients f-softmax and f-softargmax operators.
Lemma B.5. Assume A ¢ (vyy). For any x € RIA, it holds that
2
0 f-softmax(x, Vyer) _ Fsoftargmax(z, vee)  and ’ 0% f-softmax (z, Vyer )] < 2W£ '
Oz 0x? 9
Proof. Forany x € Aand v € P(A), define
hf (z,v) = (v, ) — DI (V|| tret) - (37)

Fix b € A and note that

onf(z,v)
o) =v(b) .

It holds that f-softmax(z) = max,ep(a) h' (z,v). As h' is continuous in its two variables, P(A) is a compact set, and
for every z € R4, the function A/ (x, -) admits a unique optimizer in P(.A), then by Danskin’s theorem (Lemma 1.5)

df-softmax(x, vref) O (z,v*(z))
= v*(z) , where v*(z) = argmax hf (z,v) .
0 o ) @ = )

Finally, using that

v*(x) = f-softargmax(x, vyef) ,

17
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establishes the first identity of the lemma. Using the fact that for any matrix A € R*9 we have || Al
d d . .
D im1 2_j—1 lai |, implies

H 0? f-softmax(x, Vyer )]

<Y

acAbeA

< 373" W [1(a) wh(a) — wi(a) wh(b)]

0z
acAbeA

where in the last equality, we used Lemma B.4. Finally, applying the triangle inequality establishes the second claim of
the lemma. O
B.2. Specification to the f-divergence generators of Table 2

We now specify the particular forms that these quantities take under three choices of the function f: the KL divergence
generator(f (u) = ulogu), the a-Csiszdr—Cressie-Read divergence generator for 0 < « < 1, and the Hellinger divergence
generator

KL case (f(u) = ulogu). Since f'(u) = logu + 1, f”(u) = 1/u, and [f’]~!(y) = exp(y — 1), the soft-f operators
specialize as follows (with base measure v,or € P(A)):

Vref( ) exp(z(a))

VEL(G’) = l/ref(a“)[fl]_l ( ) Mz ) ac Aa
¥ )= 2 pea Vrei (b) exp(x (D))
where the normalizer is
Pz = -1+ log(z Vref eXp (b))> :
be A
The associated softmax function is the log-partition:
kL-softmax (z, Vyef) log(z Vret(a) exp(z(a )))
acA
For the curvature quantities in (31)—(32), since
fu(vg‘%(a)) _ (VﬁL(a))—l _ Vrei(a)
Vref(a) Vref(a) VzK-L(a) ’
we obtain
Vref
WKL Z f// = Z VgL(a) =1
acA acA
and the corresponding normalized weights are
1 vet(a)
KL KL
= = , e A
W?c (a) WI;L fa/;/(a/) I/z (a) a
o — -1
Tsallis-c case (0 < o < 1). Let f(u) = %, so that
ala—1)
! ua—l -1 " a—2 -1 ! 1
flw)=——  f=uv? [fI7@)=[1+ -1y

The soft- f operators specialize (with base measure v € P(A)) to

V() = veer (a)[f'] " (@(a) = p2) = vrer(a) [1+ (@ — 1) (2(a) — )]V, a €A,

where (1, is the unique normalizer satisfying the constraint

5 ver(a) [1+ (0~ 1)(a(a) — )] 77 =1,

acA
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with the domain condition 1 + (o — 1) (z(a) — p,) > O forall a € A.

The associated softmax is

8

1
ts-softmax(x, Vyef) = fte — a Z Vret(a 1 + (a— 1)( (a) — uﬁ)} a=1,
aE.A

For the curvature quantities in (31)—(32), set

Since [ (uz(a)) = uy(a)*~2, we have

WTS Z Vr?,f Z Vret (@ Z Vret (@ 1 + (a— 1)( (a) — Mw)] (2—o¢)/(04_1)7

acA ”3 acA acA

and the corresponding normalized weights are, for a € A,

WTS(a) _ i Vref(a) _ Vret (@) Uz (a) 2o _ Vref (@) [1 + (a — 1)(55(@) - :uz)] (Ere)/tat) .
i Wi fi(a)  Xeearret(@uale)® S pe(e) [1+ (= 1) (a(c) — pa)] ©7 07

Jensen-Shannon. Let f(u) = 3 (ulog(u) — (u + 1)log(“EL)). In this case, we have

, 1 2u " B 1 e B exp(2u)
P =gio () 110 = gy o 0 = 5T
The JS-softargmax operator specialize (with base measure vy € P(A)) to
IS () n- _ exp(2(z(a) — pa))
I/z (a’) - Vref(a’>[f] 1(1}(0,) - uz> - Vref(a)2 — exp(2(x( ) Mz)) a € .A,

where (. is the unique normalizer satisfying the constraint

S (o) SR )

2 Y exp(2(a(a) — pa)

B.3. Derivatives of the policy

Next, we exploit the expression of the derivatives of the soft- f-argmax derived in Lemma B.4 to compute the first and
second derivatives of the policy. We begin by extending the notations defined in (30), (31), and (32) to encompass a
dependence on the state. For any pair (s,a) € S x A, define the first three derivatives of f evaluated at the likelihood ratio

ﬂ-g(a‘s)/ﬂ-ref(ab)l

folals) = fé<s,.)(a)=f’<m> 7 (38)
o (als) = féks,.)(a>=f”<7m> : (39)
o' (als) = fg(s.(a )=f”’<m> : (40)
In addition, for every s € S we introduce the quantities
Wi(s) = Wi, = Z;} S ad Yi6) = 3 7}? Fj(als)] - @
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For every (s,a) € S x A, we define the normalized weights

1 met(als)

et 42
Wi (s) 1§ (als) @

wj(als) =
The following lemma provides bounds on several key quantities that will appear in the appendix.

Lemma B.6. Assume that, for some et > 0, f and Tyt satisfy A j(rer) and P(myet), respectively. For any parameter
0 € RISIAL it holds that

W s(als)

] H = ’ HYf H < ’ Df T : <d ) = < .

H 4 00 = o 0o =Ys gg{ ( ( |S)||7T ef( |S)) =5 (S,a)Gag'(X.A ﬁg(a|s) =wr

Proof. The proof immediately follows from the definition of the different quantities and A ¢ (7yef). O

Using Lemma B.4, we get the following expression for the derivatives of the policy.

Corollary B.7. Assume that, for some mwef > 0, f and myer satisfy A y(mrer) and P(myet), respectively. Then the policy ﬂ'g
is twice continuously differentiable with respect to 0. Additionally, for all & € RISIAl and s € S, there exists a unique
1o (s) € R such that for any a € A, we have

3 (als) = met(als)[f]71 (0(s,a) — po(s))) - (43)

Forany s € S, the 0 — py(s) is continuously differentiable. For any s' # s, 0/00(s’, - )ug(s) = 0 and

pe(s)
89(8,) _Wg(b) .

Moreover; for any 6 € RISIAL s € S, and (a,b) € Ax A, we have

In addition, for any (a,b,c) € A3, the second derivative satisfies

L omjals) o fals) g wi (als) wh b)s) 2501
W/(s) 90(s,0)00(s,c) Wl gy - alals) + 1eOIwials) v () 7 (b]s)”

+lb(a)wg(a|s)wg(6|s)m+lc(a)w£(a|5)wg(b|s)m
o (als) 7 (als)
—wltals) - wl(bls) - wilcls) - é"(a|s) ”’(bl ) NI(C‘ )
ol o) o) [ S5 + G+ i
+wylals) - wi (bls) - wiels) - > wi(dls) <((|i|>)
deA

Lemma B.8. Assume that, for some Tyt > 0, f and mef satisfy A ¢(vet) and P(yet ), respectively. Then, it holds that

> <2Wi(s), D

(a,b)eA? (a,b,c)€A3

9*mf(als)

om(als)
00(s,b)00(s, c)

< F(s) .
90(s, b) < 8ry Wi (s)

Proof. Using the expression of the derivative of the policy provided in Corollary B.7, we have by the triangle inequality

D

be A

871'9
09(s, b

= 3" Wi(s) wh(als) ‘1,)(@) - wg(b|s)] — 2W/ (s) w(als)(1 — wi(als)) -
beA
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where we used that

> [1(a) = whols)| =210 = wi(als)) - (44)
be A

Hence, we have

o) (als)

900 ) | <2 Vo (o) -

(a,b)eA2

Fix a € A. By using the expression of the second derivative of the policy provided in Corollary B.7 combined with the
triangle inequality and (44), we get

>

(b,c)€.A2

327Tg(a|5)

W —4W£(S)wa( | )+4Wf Zf/// b|$) |

1 2
(als) 2

Next combining A ¢ (7. )and (44), we obtain

>

(b,c)eA2?

92 (als)

0 bjo00 g | < S Wa(9) walals)wy -

Finally, summing over the actions concludes the proof. O

B.4. Smoothness of Objective

Firstly, we recall that the regularized value satisfies the following fixed-point equation (Geist et al., 2019):

L(s) =Y mlals)r(s,a) = A DI (w(-|s)Imer(Cls) +v Y w(als)P(s|s,a) vl(s') - 45)

acA (a,s")EAXS

In order to prove the smoothness of the objective, we will prove that the all the second-order directional derivatives are
bounded. Denote 6, = 6 + au where o € R and u € RIS/l By Equation (45), for any s € S it holds that

véa (s) = e;—M(a)rga , (46)
where M () is a matrix of RS> defined by
M(a) = (1d=+Pg,) ",

and where r{;a, and Py are defined in Section 2. Taking the derivative of (46) with respect to « yields

(‘31)]; (s) T APy orl
el = el M © M(a)r) + el M(a)52
aa ’yes ( ) a ( )re +e ( ) aa
Taking the derivative of the preceding equation with respect to o gives
82v) (s) - 9Py 9Py 9P
(3 —_ (23 @ f T 90(
da? _27 esM( ) da M( ) da M( )r€a+’yesM( ) 92a ( ) O
f 2.f
OPq ory 0%ry
2vel M 2 b eI M = 47
+ 270l M(0) =50 M(a) 5% + o] M(a) 55" 47)

In order to control the second-order directional derivative of the regularised value function, we establish first several
properties of the quantities that appear in the preceding equality.
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Lemma B.9. Assume that, for some myet > 0, f and myer satisfy A ;(mrer) and P(myet), respectively. We have

P .
G| | = zmastwio
Similarly, we have
%P
|G| | = st i

Proof. Bounding the first-order directional derivative. The derivative with respect to « is

f
9P } Oy, (als) /
o = o P(s'|s,a) .
|: O a=0ds,s’ % [ dax a=0
Fix s € S. Because Wga (a|s) depends only on 6(s, -), by the chain rule
o) (als) orf(als) omj (als)
— =) [{Gpuls, )| < || uls; )l
C; da |, (126;4 06(s, ") (2;4 00(s, ") ) 2

where in the last inequality we used Cauchy-Schwarz inequality and the fact that the I.; norm dominates the Lo norm.
Now using Lemma B.8, we get that

87rg(a|s)

99(s, ")

D

acA

| lu(s, Yy < 2 ull, W)(s)
1

Bounding the second-order directional derivative. Similarly, taking the second derivative with respect to « yields

8271'{;& (als)

a—0:|s,s’ - Z [ a

acA

%Py,
0%«

a=0

] P(s'|s,a) .

Fix s € S. It holds that

>

acA

0%} (als)
0%«

92wl (als)
<Wu(sv '),U(S, )>‘ < Z

acA

9%} (als)
d%0(s, -)

-5

acA

2
| lu(s, )l
a=0 2

where in the last inequality, we used the Cauchy-Schwarz inequality and the definition of the matrix operator norm. Addi-
tionally, using that for any matrix A € R4*?, we have

d d
1Al <37 laigl

i=1 j=1

combined with Lemma B.8, we get that

>

ac€A

0%} (als)

o < 8]Ju(s, )3 5y max Wi(s)

a=0
O

Lemma B.10. Assume that, for some et > 0, f and Tyef satisfy A §(mres )and P(myet ), respectively. Then, the regularized
reward satisfies

I lloo < 1+ >\Iggng(Wg(~|8)||7Tref(-|8)) :
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Additionally, we have that

8r(’; .
B | | = 2max{Wie) +aYi@ -
and that
82r£ , ) 2
BEPS - S?€a§{4(2/~:f+/\)Wa(s)+8)\an9(s)}||u||2 _

Proof. The bound on || rg |l is immediate.

Bounding the first derivative. It holds that

Computing the derivative of rg (s) with respect to (s, b) yields

3rga
Oa

85()

= max
seS

a=0

ar(s) 6ﬂg(a|s)r ) orl(als) ,, [ m}(als)
99(s, b) _aeA 99(s, b) (s,0) =X 99(s, b) f Tret(a]8)

Plugging in the expression of the derivative of the policy of Corollary B.7 in the preceding identity yields

Org(s) ﬂref(b\s)r 5 7rref(b|
96(s,0) "<b\s> (5:0) - f”(bl

ﬂ'lef |s 7Tref (bls) r(s,a)
— fo(bls) :
= 2 a0 Wi

re re: b !
Z i f i f ) fr(als) - (48)

LLEA 0 | )

Taking the absolute value, applying the triangle inequality, and using that the rewards are bounded by 1 gives

D

be A

ol (s)
96(s, b)

<2WI(s) +20Y)(s) .

Bounding the second derivative. It holds that

where in the last inequality, we used the Cauchy-Schwarz inequality and the definition of the matrix operator norm.. We

2 f
5‘r9a

Oa?

&r) (s)

2
[ully

a=0 00

now compute the second derivative of rg (s). Starting from (48), we get
9%y (s) et (b)) y' (bls) — mer(cls) fg" (bls) 1
= e 1.(b) 22 - = r(s,b
00051005, Fielse | Al ~ 7y bls) a7 tels) Wi | "
( o (bls)

3 Teet (b1) fo (Bls) | (b)f” bls)  met(cls)fg’ (bls) 1
5 (bls)? SV ls)  f (bls) £ (cls) T W(s)
_ c 7Tref(b|3) 7Tref(b )ﬂ'ref(c| ) 1
4 [1”( ) fé’(bIS) 70ls) 7 (cls) wg@]
(

7Tref 7Tref (bls) r(s,a) " o' (als) mer(cls)fg’ (als) 1
" 2 H P Wi) lle( V5 als) 7 Gals) 5 els) wg@)]

§ (a
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o (bls) _ mrer(cls)f" (bs) 1 1

1.(b)“L - —

7Tref 7Tref b| ) ( 5 )
2 ) T0ls) 77 ls) £ (dls) Wis)

aea o ( '(b]s)? (s

mef als)mer(bls) r(s.a) [ merlels)fy(cls) | 1 mer(cls)mier(dls) £y (d]s)
2 rtals)  01s) <s>2[ BT W A gy ey f (o) ]

—)\Z Tref Zz Tref b| ) fé(b| ) [ 7Tref(c|5) ///(c| )+ 1 Z 7Tref(C‘;S)Trref(dl ) 9 <d|5)‘|

acA 9

i fi(als) Sy (bls) Wi(s)? fi (cls)? Wils) s 17 (dls)® £ (cls)
_ 71—ref 7Tref b| ) ( |S) a y/ (a|8) _ 7Tref(C|S) l”( | ) . 1

A2 Tl @) WiG) l T als) T Ty ) 7 (ds) W)
. 7rref 7Tref b| ) (b|8) /(b|8) _ WTEf(C| ) H/( ‘ ) 1

A2 T T B WiGs) lc(b) T(bls) 1 (bls) £ (cls) wg<s>]

'/Trcf 1 c '/Trcf(b|8) . 7Trcf(b|8)7rrcf(6|8) ) 1
AL Tl wiG) [L’( OO A CDYACD wg@]

Taking the absolute value, applying the triangle inequality, using that under Ay (m.r), for all z € R4, we have
|f"(z)/ f"(x)? < k¢, and using that the rewards are bounded by 1 gives

ZZ reo( ) SHfo(S)+8)\Kfo(S)+4AWf(S)
90(s,b)06(s, ) o o 0
beAceA
which concludes the proof. O

Lemma B.11. Assume that, for some Tt > 0, f and mees satisfy Ay (M) and P(ryet) respectively. Then, for any

- 92v f
392

u

—~

where fori € {1,2,3}, L(;,)f(H), are defined as
L0 0) = anp + 0 W+ s S|
L20) = sy ||Wi||_ (ﬁf{l + Amax D (nf (sl mees ()} + [WE|| -+ A[[ HM)

2
L0(6) =892 [ W || (1 Amax D (] (1)l et (15))

Proof. By construction, we get

rdupls) || 0%v, (5)
262 902 | _,
Using (47), we get that
9*v}_(s) P P 2P
Z 0.7 < (2~42eT M (0) b i MOy i 4 Moy
| <l %] s+ el o) 5| o
(A) (B)
0Py 8r£ T 2r£
+ (2ve] M(0) == (0) + e, M(0) <
Ja |, oo |, o |,
(©) (D)

‘We now bound each of these terms separately
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Bounding (A). First note that, for any vector = € RS and a € R, we have

1
1M (@)zlloc < 7= llzlloc (49)
This yields
Py Py 272 ||oP, 2
A) <297 ||MO0)—52= | MO)—%=| MO)y)| < —— %= Moo
( )— v ( ) da - ( ) da _— ( )r9 - — (177)3 da _— OO”rHH

By using again (49), Lemma B.9, and Lemma B.10 we get
_ 877 max, {W (s)} [[ull;
B (1—=7)°

Bounding (B). Using (49), Lemma B.9, and Lemma B.10 we get

9? Po.,
0%«

(A)

(1+ Amax D/ (x] (13) e (15)) -

v
(=)

< g masWH ()}l {1+ Amax D (] () e C15)}

Bounding (C). Similarly, using (49), Lemma B.9, and Lemma B.10 we get

(B)

IN

A
o0

a=0

(©) < oy ma( Wi ()b max {Wh(s) + AY](5) ul;

Bounding (D). Using (49), Lemma B.9, and Lemma B.10 we get

2.,.f
0 .
0%«

1
(D)Sﬁ

1 . 9
< g max {402y + ) WH(s) + 83 Y] (5) } Il

a=0||
The proof is completed by collecting these upper bounds. O

Theorem B.12. Assume that, for some s > 0, f and myes satisfy Ay (mres) and P(myes) respectively. Then for any
0,0 € RISIAL it holds that

v
Vi)~ ()~ (280 g )

< Lo -al .

where
8wy (ywy + (1 —7)ky) L 27%widy + 2y(1 — y)wy [kpdyp +y sl + (1 —7)? [wr + 267y5]

b =7 T

Proof. Fix any vector u € RISl and § € RISII4 Using Lemma B.11, it holds that

< (Z u_!‘if) ll?

T 8%vp(s)
062

u

where for i € {1,2,3}, Lf\iw)f(H), are defined as
L{(0) = 4(265 + \) ngHm + 8k HYgHOO :
L20) =87 | Wi <ﬁf{1 + Amax DY (] (s)|mer ()} + [WH |+ A HYgHOO) :
L(0) = 897 [W|| " (14 Amax DY (] Cls)mee (C15))
Using Lemma B.6 combined with Lemma I.1 concludes the proof. O
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C. Non-Uniform Lojasiewicz inequality

Firstly, define respectively qg and d;’ as the regularized Q-function and discounted state visitation associated with the
policy ﬂg, ie.

qah(s.a) =r(s,a) +7 Y P(s'|s,a)v)(s) . (50)
s'eS
d9 27 th (5D

The goal of this section is to prove that the global objective satisfies a non-uniform Lojasiewicz inequality, i.e we aim to
show the following theorem

Theorem C.1. Assume that, for some Tes > 0, f and myer satisfy A §(mrer) and P(myet) respectively. Assume in addition
that the initial distribution p satisfy A ,. Then, it holds that

2
avé(ﬂ) f f
| 0 |, > py(0) (v*(p) - ve(p)) ;
where
AL =ranSi
wr(6) ::—2f min w£(a|s)2 .

wy (s,a)ESxA

One of the main challenges in establishing such an inequality lies in connecting global information (the suboptimality gap)
to local information (the gradient norm). Recall from Section 2 that if

0(s,a) = ql(s,a)/\, Yac A,

then 7T£ = . This observation highlights that, under this parameterization and regularization, the key quantity is the

closeness between ¢ and g, / A. Formally, we will show that both the suboptimality gap and the gradient norm can be upper
and lower bounded, respectively, by a quantity proportional to ||(y(s)||2, where we define

Gl (s) = aj(s,) /X — 0(s,) — K[ (s) 1], (52)
folah(s,) /N —0(s,), 1)
Kj(s):= " (53)

Note that Cg is the projection of qg (s,-)/A —0(s, ) onto the subspace orthogonal to 1| 4.

The proof proceeds in three steps:
1. Derive an explicit expression for the gradient of the objective and establish a lower bound in terms of H(g II-
2. Upper bound the suboptimality gap by a quantity directly related to ||Cg II.
3. Combine these two bounds to identify the corresponding non-uniform PL coefficient.

We now detail each step in turn.

C.1. Lower Bounding the norm of the gradient

Before deriving a lower bound on the norm of the gradient, we start by deriving an expression for the latter.

Lemma C.2. Assume that, for some mwes > 0, f and myer satisfy A f(myer) and P(myer) respectively. For any s € S and
b e A, we have

1 vf(p) _ dj(s)
Wg(s) 39(i,b) =15 Wg(b|s) Qf;(S,b) M(s,b) — %WG [ s,a) — )\H(S’G)H
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Proof. Fix s € S and b € A. Additionally fix any § € S. Using (45), we have

vi(3) =" 7 (al3)r(3,a) = ADI (7] (18) et (15) +7 D Y wf(al5)P (35, a)v)(5")

a€A acAsS'eS

Deriving the preceding recursion with respect to (s, b) yields

vl (3 L (als 7l (a3
Ovy(s) _ 9y (al3) r(s,a) — \f (9(|)> + Z P(3'[3,a)v)(5")

00(s,b) = 00(s,b) Tret(a8) et
Z(3)
vl (3"
o1z FUF 0
LRSI AUDLCIENOF i
acA3'eS
Using the definition of the regularized Q-function and writing the preceding recursion in a vector form yields
v () vy ()
=Z(- Po— 2~ .
900s,6) ~ 2O Poggis )

which implies

T h() _ 9v(p)
P 90(s,b) ~ 90(s,b)

= T (Id = 7Py) " 2() -

Next, using the definition of the discounted state visitation (51) and the regularized Q-function (50) implies

avj(p) 1 , Om(als) / N EACIED
ae(as,b)_ﬁ dﬁ(s)aEA ag(&b) ap(s'5a) = A wif(a|s)

s'eS

f a|s 7Tf a S/ .
Using that ) 4 ng((&ll)‘)) = 0 and that for s # s, we have 863((8}17)) = 0 yields

v ) (als 7l (als
889(98(,%)) - ﬁd;}(s) 8(999((572)) [q)ef(&a) = Af <9(|))> - )\Ma(s)]

erlals

where (16 (s) is defined in Corollary B.7 and satisfies for any a € A

7Tf als
0(s,a) — f (Wrif((cjls))> = pa(s) -

Thus, we obtain

vglp) _ 1 4oy~ Omalals)
20(s,b)  1—~ P = 00(s,b)

|4)(s.0) = 26(s,0)]

(54)

Finally, plugging in the expression of the derivative of the policy derived in Corollary B.7 in the previous equality concludes

the proof.

Using the previous lemma, we prove the following lower bound for the norm of the gradient.

O

Lemma C.3. Assume that, for some et > 0, f and Tye satisfy A (met) and P(Tyes) respectively. Assume in addition

that the initial distribution p satisfy A ,. We have

. . 2
2 > A2 (svalgng{Wg(GIS)Q}ggg{wg(S)z}526; ICo(s)Il5 -
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Proof. 1t holds that

v} (p)
26(s,-) |,

f 2
Iy (p)
00

2 se

Fix s € S. Using Lemma C.2, we observe that

L 9vj(p) _ dp(s) s
W/(s)00(s,-) 1 va(W"

(1)) [ah(s, ) = 20(s,)

where for any vector u € RIYI, we define H(u) := diag(u) — uu'. Thus, we get that

W} (s) ggé(’p.)) L = dp(s) HH(wg(.|s)) [q£(37.) _ )\9(5,-)} H2
=AY (s ’H wy (1) {qf(s, VA —0(s,-) — Két(S)l\Ad H2 (using that H (u)1)4 = 0 and (53))

> )\dg( )mlﬂ wg( als) ||¢o(s)|l,  (where (p(s) is defined in (52) and using Lemma 1.4) .
€
Finally, using dg(s) > (1 —)p(s) and A, concludes the proof. O

C.2. Bounding the Suboptimality Gap

The first step is to connect the suboptimality gap to information localized at . This is achieved via the performance
difference lemma for the regularized value function yields (see Lemma 1.3)

vi(p) —vi(p) = Ady” () [ > wl(als)a)(s,a)/X — DY (wf (-]s) et (-]s)) — v (s) /A |- (55)

seS 1_7 acA

(A(s))

Fix s € S. Using the definition of the regularized value functions and Q-functions combined with Equation (45), we have

vils) = (mj (1), ag(s.-)) = ADI (] (1) mrer (-]5)) -

This implies A(s) = A1(s) — Aa(s) — As(s) where
Av(s) = (=] (1s), @} (s, )/A) — DY (L (1)l (5))
As(s) = (m} (-15),0(s,)) = DI (7] (1s)l|meet (-]3)) (56)
As(s) = (m (1s).qf (s, ) /A = B(s. ) -
Using (4) and (18), A1(s) < f-softmax(q (s,)/ A, mret(+|s)) and Aa(s) = f-softmax(0(s, -), mrer(+|$)). Thus, we have
A(s)< fsoftmax(qg( /A et (+]8)) — f-softmax(6(s, -), mrer (+|s)) — As(s)
= f—softmax(qg( /A, et (+]8)) — f-softmax(0(s, ) + g(s)lw) (57)
—{mj (-ls) ah(s, )X = 0(s,-) = K§(s)Lja))

where in the last equality we used that, for any = € Rl and o € R,
f-softmax(x + al| 4|, Tret (+|5)) = f-softmax(z, Trer(-|s)) + o .
The structure of (A (s)) closely resembles that of a first-order Taylor expansion as by Lemma B.5, we have that

0 f-softmax(0(s, -), met(+|5))

= f-softargmax(6(s, -), mret(+]8)) = 775(\3) . (58)
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Lemma C.4. Assume A ;(myef). It holds that
! f A fral?
ol(p) = vh(p) < sup {IWall. } D ||] )]

T 1 =7 gerisiial =
Proof. In this proof, we denote by gs () = f-softmax(z, mef(+|s)). Combining (55) and (57) yields

vl (p) —vp(p) < fzd? (s)B(s) , (59)

where we have defined

Next, by Lemma B.5, it holds that

dgs(x)
ox

=] (]s) -
x=0(s,")+Ko(s)1|4

Standard one-dimensional Taylor theorem with Lagrange remainder shows that there exists yy € RI“l which belongs to the
segment between 6(s, ) + Ky(s)1 4 and qg(s7 -)/ A such that

_ }<5295 (2)
T 2Y 92

B(s) G (s), ¢ (s)

=y

Using the bound on the spectral norm of the Hessian of g5 derived in Lemma B.5, we obtain

1 0?95 ()

( 0?g,(x)
2" Ox2

B(s) 92

- H [, <wie|de], -

Finally, bounding the discounted state visitation measure in (59) by 1 and plugging in the preceding bound on B(s)
concludes the proof. U

The proof of Theorem C.1 follows immediately from Lemma C.3, Lemma C.4, Lemma B.6, and (9).

D. Monotone Improvement Operators

A key challenge in analyzing stochastic policy gradient methods is that the Fojasiewicz inequality depends on 6 and
degenerates whenever the probability of an action becomes small. The goal of this section is therefore to show the existence
of an operator IMpP/ with two crucial properties: (i) for any policy, applying this operator produces a new policy with higher
objective value, and (ii) every policy generated by this operator assigns at least a fixed minimum probability to every action.
The main idea is to build the improvement operator such that it slightly augments the smallest probability weights, such
that for any state action pair (s,a) € S x A the probability ratio 7(a|s)/m.ct(a|s) stays above a certain threshold. We
will show below that this procedure improves the global objective while keeping the probabilities uniformly bounded away
from 0 when the threshold is properly chosen. Let mef > 0 be such that A ¢(mer) and P(m.) hold. For any policy ,
state s € S, T < myef/2, we respectively define A7 (s), and al,, . (s) as

max

A7 (s) i={a € Amlals)/merlals) < 7/2} - ahax(s) = argmax{n(als)/mer(als)}

where the arg max is chosen at random in the case of ties. Note that the definition of 7 ensures that a”, (s) does not
belong to the set AT (s) as

maxM >1.
a€A Ter(als) —
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Finally, we define the improvement operator as follows:
Uy : P(A)S — P(A),
(A) (A) )
T — U (m),

where for every (s,a) € S X A,

Tret (@]$)T, if(als) < met(als)T/2,
U, (r)(als) = {mlals) = D (met(bls)T —w(b]s)), ifa=al,.(s),
bEAT (s)
m(als), otherwise.

The operator U, builds U, (7)(a|s) by (statewise) raising each a € AT(s) to me¢(a|s)T, substracting the total added mass
from the single action a7, (s), and leaving other actions unchanged. If A7 (s) = ), forall s € S, then IMP/ (1) = 7. Note
that mass conservation is immediate from the definition and the fact that 7 < m,¢/2. Non-negativity of U, (7)(al .. (s)|s)

follows because the removed mass is

> Ametlals)T —w(als)} <7 Y merlals) <7

acA7(s) acA”(s)

Since m(al . (8)]8) > Tref(al 1 (8)]8) = Trer, and 7 < mper/2, we get that Uy () (al . (s)|s) > 7/2. This in particular

max

shows that U, () is a policy. As by Ay () we have lim,_,o+ f'(x) = —oo, we consider [f']7! : (—oo, f/(1/mrer)] —

R the inverse of f’ and define
1 1
/ p— p—
f (2) ’) ) 27(-“9f> . (61)

16 + 8yAd
= min (17170 (-t ) [ (4
The following lemma establishes the crucial improvement property when 7 = 7.

(1 - 7)2pmin

Lemma D.1. Assume that, for some et > 0, f and myer satisfy A §(myer) and P(myet) respectively. Assume in addition
that the initial distribution p satisfies A ,. For any policy 7, it holds that

vy (p) =05 (0) -
Additionally, for any policy w, we have that

U, (T)(a]s) > TrefT -

Proof. Set an arbitrary policy 7. For avoiding heavy notations, we will, through this proof, denote by AT = AT . We
consider the case where there is s € S such that AT(s) # 0 (alternatively U,, () = m, which makes the previous
inequality immediately valid). Define @ = U, (). The following applies

) = ohlo) = S5 (6) 3 |#ale)tor0) —mtals)f (200 )]

2 2 Tret(als)
P CCRLARDY Folarts.0) — Mrarlale)f (25 )

&)
+> d(s) Y (7(als) — w(als))r(s,a)

s€S acA
(I
n Agsdg(s);mef(als) {f (%) -7 (%ﬂ
(1)

We now lower-bound each of the three terms separately.
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Bounding (I). Using Lemma I.2, we have

1) >~ 4] - dz], max

>

7(als)r(s,a) — Amet(als) f (Wﬂ '

e Tret(a]$)
Y - -
> T sup [ (1s) ~ 7(1s)ly sup [1+ AD (7 Js) e -}5))]
Y seS seS
2
> — v Ty max Z Tret(als) sup sup [1+)\Df(1/||7rmf(~|s))} ,

1—v 7 ses aeAn(s) veP(A) seS

where in the last inequality we used that (because we increase the probability of the actions in AT (s) by 7, and remove
the total added mass from the probability of 7(aZ, . (s))

sup ||7(-|s) — w(-|s)|l; < 2max E Tret(als) p Ta -
sE s€S
a€AT(s)

Bounding (IT). Using the triangle inequality yields

() 2 s (1) =)l 2 2| 32 malol®) 72

Bounding (III). All the state-action pairs on which the original 7 allocates the same probability then the policy 7 are
equal to 0 in (IIT) allowing us to simplify this term

(IID) = A Y " dj(s) > mer(als) [f (m) - <7Tref )]
)

SES acA
2 3 mete) |1 (2 005) - (el
+ AT L(AT(s) # B ()Tt (s (5)]5) [f (M) _y (M)}

sES
Since f is convex, for all u,v € [0;1/myet], f(u) — f(v) > f'(v)(u — v), we have

(IIT) > A Z dy (s) Z (m(als) — @(als))f'(Ta) (since 7(als)/mret(a]s) = Tx)

sES a€AT(s)

FAL 1AZ(E) £ 07 o))~ FlaRl)o)] 1 (Y

sES Wref(agax(sﬂs)
Next, using that
ﬁ-(a$dx(s)‘8) Tr(a?—nax(sﬂs) —Tx ﬂ—(a’&ax(s)‘s) _M/2 1
Tt (@ (5)]5) = Trer(@oe(5)5) —  Teer(@fun()s) 22
s) — m(al . (s)]s) > 0 yields
(IIT) > A "d7(s) Y (n(als) —7(als))f'(ra)  (since 7(als)/me(als) = 7»)

sES a€AT(s)

FAT1(AT(s) # 07 (5) [r(afe(3)]5) — F(aTuun(5)]5)] (“m”)) ,

sES ﬂ-fef(aglax(sﬂs)

combined with the monotonicity of f” and the fact that 7w(aZ, . (s)
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Additionally, since

0 < m(afax(8)]8) = F(ahax(s)ls) < Y (nlals) = 7(als)) <7 D mer(als)

a€AT(s) a€Az(s)
implies

(1) > 2SS a5 @UATE) £ 0) | X mrlals) | 1 ()

sES a€ AT (s)

FAD AISHAT) #0) | D mer(als) | S (1/2)

SES a€AT(s)
)\ T T
> =2 AT A0 | D0 merlals) | S (7)
SES a€AT(s)

where in the last inequality, we used that f/(7,) < —4|f’(1/2)|. Hence, by using A,, we can lower bound this term as
follows

A
>-2(1— i ! )
(ITI) 2 — (1 — ) min{p(s)} max > mer(als) p maf (1)
a€AT(s)
Collecting these lower bounds and using that

16 + 8yAdy
)\(1 - rY)mein

concludes the proof. O

fi(m) < -

Finally, we define the operator that maps each policy to one corresponding parameter
M/ 11— RISIA

by

MY (x)(s,a) = f(”(‘”s))> —f’(”(“'”‘g)) Y(s,a) € S x A. (62)

’/Tref(a | S Wref(a\A||s)
Finally, we define the improvement operator on the logitspace as
T =M/ ol, .

The following lemma shows that M/ ¥ successfully recovers a parameter that gives the policy and that 7, improves the value
of the objective when \ = 7.

Lemma D.2. Assume that, for some et > 0, f and myes satisfy A (7o) and P(myet ) respectively. Assume in addition
that the initial distribution p satisfies A ,. For any policy , it holds that

f _
T () = T

Additionally, for any 6 € RISIAl and (s,a) € S x A, we have that

I f f
’UTT/\(H) > Vy Wﬁ)\(@) > TrefTh -

Proof. The proof follows immediately from a combination of equality (43) in Corollary B.7, (62), and Lemma D.1. O
y
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E. Convergence analysis of Stochastic Policy Gradient

In this section, we aim to derive under A ¢(7.f) and A, non-asymptotic convergence rates for f—PG. First, we establish a
bound on the bias and variance of the REINFORCE estimator defined in (13).

E.1. Bounding the bias and variance of the stochastic estimator

First, recall the expression of the stochastic estimator of the gradient

1) — 1 e 810g7rg(ag\8g) 5
0= L3 Ty dosmbladsn)
b=0 h=0 ¢=0 63)
B—1H—-1h-1 ¥ B—1H-1
1 Ologmy (asls 1
S DR8I ) 1 (f Cfsplimen () ~ A+ D2 S 4" Ff(sn)
B 00 B
b=0 h=0 ¢=0 b=0 h=0

where z = (s8 1, ab 1)t € (S A)TP, and we recall that for any s € S, Fg(s) is a vector of size |S| x |A]
defined in (14) as

/ i b 7.(fas
[F£<s>]<s,,b>=1s<s>wg<s>wg<b|s>[ (W; 1 ) PO ( il )] |

and where Wg s YJ; , and Wg are defined in (41) and (42). Finally, define the expected gradient estimator as

g/ (0) ==Kz p(oyes [gé(&)] ; (64)

Before bounding the bias and the variance, we give an explicit expression of the derivative of the log probability that appears
in the expression of our stochastic gradient estimator. We also provide a bound on the derivative of the log probabilities
and on the matrix Fg (s) for any state s € S.

Lemma E.1. Assume that, for some et > 0, f satisfy A (et ). For any 0 € RISIAL (s, a,b) € §? x A2, we have

dlogm)(als) Wi(s) f f f
05~ ) ey (@) walals) = wials) we)
Additionally, we have that
dlog 7] (als) 2W(s)w)(als) ; Fonof
<
H a0 =T s [Fi], = 2wl vie)

Proof. The proof follows from the log-derivative trick and the expression of the derivative of the policy provided in Corol-
lary B.7. O

Next, we establish a REINFORCE-type formula for the gradient of the objective.
Lemma E.2. Assume that, for some .t > 0, f satisfy A (et ). It holds that

avh(p) dlog ! (AdS)
90(s.5) — E ;;W 2e(Sh, Ay
|33 BRI 1t 1, 150)
t=0 ¢=0 ’
—AE ivtl (St)wf(s)wf(b|s) f M _ZWf(aLS)f/ M
t=0 ’ ’ ’ Tret (b]5) b=y} b Tret(@]$)
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Proof. Fix a parameter # € RIS/ a horizon T, and a divergence generator f. For any truncated trajectory z =

(s6,a1)=5 € (S x A)T, we define its probability as
T-1

(9 z) = p(so) 7T9 (ao|s0) H P st\st,l,at,l)wg(aﬂst) ,
=1

and the regularized return

Rf T-1 ( )\ﬂref(at|8t) ﬂg(at|5t) ) (65)
St, at)
o =0 K o wg(at|st) Tref (at|st)
The finite-horizon objective is
O = D vi(0:2)R)r(2) -
z€(SxA)T
Fix (s,b) € S x A. Differentiating this finite-horizon objective gives
f
0J4(6) Oy (6:2) o . ORor(2)
= — 0; . 66
) = 2 dhsp) D@t X v (66)
z€(SxA)T 2€(SxA)T
(A) (B)

We now treat these two terms separately.

Term (A). Using the log-derivative trick and the fact that the only terms that depend on 6 in 1/%(9; z) are the ones that
depend on the policy itself, we obtain

81/%(9;2) o — alogwg(at|st)
s, %) ; 90(s,0) (©7)
Plugging expressions (65) and (67) in (A) then gives
T-1T-1 ¥
dlog ] (ag|se) . Tret(at|st) , [ 75 (at]st)
(A) = — ey r(se,ar) — A / .
ze(SZXA)T ; % 96(s,b) ( 78 (arls) © \Tret (at|st) )

Now observe that for ¢ > ¢, the sum of the log-gradient derivatives over z € (S x A)T is 0. Therefore (A) reduces to

INEEDY Tzlztjalogﬂa (alse) ( (50,a0) _)\T"ref(at|5t)f( my (ad]st) )) 9
_ze(Sx.A) t=0 ¢= 96(s,0) ) v Wg(atlst) Tret (@t]5t) '

Term (B). Taking the derivative of (65), we have

aRaT )\Z (8779 (at|st) Wref(af|5t)f 7T9f(at|8t) B 87rg(at|st) 1 f Wg(at|st) )
89 S b 69 S b) 71—9 (at|8t) Fref(atlst) 89(3,1)) ﬂ_gf(at|3t) Wref(at‘st) ’

Summing over z € (S x A)T and using the log-derivative trick gives

T-1 f f f

Olog )y (ag|st) | mret(at|st) 75 (ae]st) 75 (at|st)
) o 0 i e (2B (69)
gA) ; 80(5’ b) 775 (at \St) ﬂ'ref(at|5t) Wref(at \St)
Plugging the expressions (68) and (69) in (66) gives
aIL0) <« < dlog 7] (A¢|Se) N Teet (Ad]S) . [ 73 (A4S)
A) —
90(s,b) Bzeijo) ;ZZ 96(s, b) (i, Ae) Awg(At|St) ! Trvet (At] St)
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= 0logm) (Ad]Se) (meer(AdlSy) , (7] (AdlS) (T (AS)
“Ezwé@lz” o050\l (as) | \m@gsy | = F@isy

t=0

The previous term can be rewritten as

8JL0O) = = Alog 7 (AdlSe) ,
90(s.5) ~ Sz | 2 2 gg(egy ) A
t=0 ¢=0
1t—1

alOgﬂ'Q(AASZ) tﬂ—ref(At|St) ﬂ-g(At|Sf)
—)E,_, v f
Zrvf (6) l; — 90(s,b) 73 (Ad)Sp) © \ ret (A¢|St)
T-1

B ,Ologm) (ArlSy) <w£ (A4]5,) )]

t 0

[N

2} (0) 7 96(s, b) Trvet (Ae] St)

t=

Applying the tower property by taking the conditional expectation with respect to G, := o (S, Ao, - .., S;) on the second
expectation and using Lemma E.1 in the third expectation, gives

aJIhO) = = dlog T (AdlS))
90(s,0) —EZN%(O) 2;—89(3,1)) ~Vr(Se, At)

W t Df(ﬂ'g("st) ||7Tref('|st))]

M

t
Az f0) [

~+
(e}

£=0

!
-

iy oy WS wj (blS:) NEACHED
- )‘Ez~u§(9) [ 71 (&)W |:1b(At) - Wg(At‘St)} f <7Ter(At|St)

=0

~

Applying the tower property again by taking the conditional expectation with respect to G; in the third expectation gives
aTHe) —  Qlog 7] (AelSe) ,
Si, A
0(s,0) _ Tzt ZZ 90(s, b) V(5 A

—1t-1
log 7 (Ae|Se
ZNI/T 9) [Z 9—|) 7' DI (m <|St)H7rref 1S¢))

‘ 00(s,b)
S AQED ™ (alS))
Y 1,(S)W! oisy) | Ta o) ) S [ 7 (alSe)
ZNl/ (0) [27 St)w (St) WG( |St) [ <7Tref(b|5t) gwe(a‘st)f Wref(alst)
Taking T' — +oo and applying the dominated convergence theorem concludes the proof. O

The following lemma establishes a bound on the variance and bias of the stochastic estimator.

Lemma E.3. Assume that, for some s > 0, f satisfy Aj(meer). There exists a constant 3y > 0 such that, for any
parameter 0 € RISIAL we have

vy (p)

g (0) - —5

< B,
2

where 3 is an upper bound on the bias defined as

2vH(H +1)
(1=9)?

where wy is defined in A ¢ (et) and dy, and 'y ¢ are defined in (7).

By = wr [24+2XMdy + A1 = v)yy]
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Proof. Using the expression of the gradient truncated at [ from (63) and (64), of the true gradient from Lemma E.2, and
the triangle inequality, we have

v} (p) S 1 | 9log ] (AulSy)
f 2] t 0
g0~ —g | = SO AES — g (56 4)
2 t=H {=0 2
oco t—1 f
= | dlo Ay|S
+ 35 a | MDf(’ﬂ'g('|5t)||7rref('|st))
00
t=H (=0 2
+A) A ESY [Fg(st)]
t=H 2

vl (p) = < 2 W (Se) wl(AdlSe)
f 0 LT 0 0
g’ (0) - < 7'Ep [r(Se, A
9 |, ;1; 7] (Al Se)
2SN A [2WI(S) wl (AlS) ©
+ZZWE#’[ D L D (rf (1Sl meer (150) | +A D0 B [2Wh (S0 Yh ()] -
t=H (=0 T (Ar]Se) t=H

We define the following filtration, for ¢ > 0,
gt = U(So,A(),...,St) 5

Next, applying the tower property of the conditional expectation by conditioning on G;, bounding the reward and the
divergence respectively by 1, and maxses Sup,ep(a) D’ (v et (+|$))}, and using that Wg(-\s) € P(A) forany s € S
yields

_vl(p)

o) t
g (0) - =5~ <2X > WﬁH
t=H (=0 <
oo t—1 00
+2AZZ¢HW§H sup Df(u||7rref(~|s))}+2)\2'ytHW{;H HY(J;H
= o (5,0)ESXP(A) t=—H o0 o
Finally, using that
t < t H
Sats L Syt S g L
= = (1—=7) =, (1—=7)
combined with Lemma B.6 completes the proof. O

Lemma E.4. Assume that, for some .t > 0, f satisfy A (et ). For any 6 € RISIAL ir holds that

o [0 - s500)]] < %

where we have defined

O'J% = 7(1 i [w? + )\QWQw?d} + )\2(1 - ’y)%}?yﬂ ,

and where wy, dy, and y ¢ are defined in A y (o) and (7).

Proof. Firstly, define for £ = (sp, ah)th_ol €(SxAH

H-1 h
Ologm, (ag|se
Z"—thr(Sh,ah)

h=0 ¢
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H—-1h-1 H-1

—A Z Z 310g7T9 (ae|se) hDf(Wg('|Sh)||7Tref('|3h)) — Z A/th(Sh) 7

h=0 (=0 h=0

Importantly, for a given Z ~ [v(6)]®5, denoting by Z = (Zy, ..., Zp_1), it holds that

B-1
1
gl(0) = 5 2 uz(0) , and g/ (0) = Exu (o) [ux(0)] .
b=0
Using that the variables (Zy, ..., Zp_1) are independent and identically distributed, we get
, 2
Ez~[v(0)5 [Hgf(e) - gé(e)HQ] Ez~[v(0)e5 Z uz, (0 (9)
2

= 2By [[ux0) ~ & O] < 5Esmio) [lu=@13] . 0

where in the last inequality, we used that the second moment of a random variable dominates its variance. Next, using
Jensen’s inequality combined with the convexity of the square function, we have

H-1 h 2

Z Z alog’ﬂ'e A@‘S[) r(Sh Ah)

h=0 ¢=0

Exv(o) [lluf( )i } < 3Es

2

1 dlog il ( Az|se) ’
+3A2Es~u<a> Z > g " DI (19n) I meer (15))

h=0 ¢=0 2
+ 3N Exy(s) "FLS)| |

Applying the triangle inequality and the fact that the reward and the divergence are positive yields

H h
Exuio) |lus(®)]3] < 3Ezvuio) (Z >
=0 ¢=0

2
610gﬂ'9 A[|S[) I’(Sh Ah)>

2

8log7r0 Az‘Sg)

He1h 2
+ 3\ Bz (o) (Z S DY (x] <~|Sh>||mcf<~|sh>>>
h=0 ¢{=

2

+ 3XEzu(0) (Z o HFg(Sh)H2> :
h=0

Combining Lemma E.1 and the fact that the reward is bounded between 0 and 1 gives

H-1 h ¥ 2
W (Se) wy (Ag|S
B [lux(@)1] < 3Benniey | 30 30 242 2 WS W (A5
h=0 ¢=0 3 (Al Se)

[ /H—1h—1 P 2
Wi (Se) wy (Ae|S
+3)\2]E‘z~y(9) (Z ZQ,yhm h/2 9( ) Wy (AeSe) sup Df(V||7Tref('|S))>

h=0 (=0 ) (AdlSe) (5,1)ESXP(A)

[ /-1 2
+ 3 g0 (Z27h/2'7h/2"W5H00HY5HOO> ’
h=0
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Next, applying the Cauchy-Schwarz inequality gives

H-1 h 1 h Wf(S4)2wf(A,|S,)2
Exuio) [Jus(0) ]3] < 3Exruio) KZ > 4" ) (h_ Y s
W

h=0 6=0 0 £=0
H-1h-1 H-1h-1 f 2
)2 a (Ae|Se) 5
—|—3)\2IE¢N,,(9) l( 4’yh> < A sup DY (v|| et (-]5))

H—-1 H—-1
+ 3K §4h § th2Yf2
Tv(0) Y Y 2P 21

h=0 h=0

We define the following filtration, for ¢ > 0,
Gt = (S0, Ao, ..., St) ,

Next, applying the tower property of the conditional expectation by conditioning on G;, and using that W‘g (-|s) € P(A)

for any s € S yields
/ i)\ ()
Eeuio) [Jlus)12] < 12| Wj| o gng{ﬂg(as)} (Z_:v <h+1>>
+12)? HWfH max {ngs)} sup { ( [|7eet (] } (Z ’Yhh>
o (s,a)ESXA Wg(a|s) (s,V)ESXP(A)

f 2 f 2 (A h :

2

waz i [vi] (X
h=0

Next using
H-1 1 H—-1 1
t t
VS, yt< ) Y+ < —5
sy B gl e sy
and plugging in the obtained bound in (70), combined with Lemma B.6 concludes the proof. O

E.2. Sample complexity of Stochastic f-PG

We now derive convergence rates for f-PG. First, we define the following quantity, which will be the Polyak-Lojasiewicz
constant of our function over the optimization space, where policies are guaranteed not to be too ill-conditioned, i.e., all
their entries are larger than the 7, defined in (61),

N1 — 2 2
W= LMMQ min " (2)7? . (71)
f Wi IG[T)\,%]

As we will prove in this subsection, this quantity represents a lower bound of the non-uniform fLojasiewicz coefficient
along the trajectory. In the following lemma, we give a simpler lower bound of p f provided that A is not too large.

Lemma E.5. Assume that, for some met > 0, f and myer satisfy Ay (mres) and P(miet) respectively. Assume in addition
that the initial distribution p satisfies A, and that X satisfies

)\ < 4 . 4 1 4
= min ’ ’

(1 = 7)2Pmin )l [P D] (5meer) |
In this case, it holds that

ML= M)PhindE oy [ 16 + 8vAd; >
Hy= w? Mref A1 = )2 pmin
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Additionally if A < 1/dy, then it holds that

AL =) phinCF N 24 2
By 2 =l (1) (—“2) :
Wy ( _7) Pmin

Proof. First note that the first condition on X implies that 7 < ¢, with ¢ defined in A f(mcf), and thus

min_ ()72 = f"(m) "2

z€[TA,

Tref

Additionally, the second and third conditions on A\ guarantee that the minimum of 7 in (61) is attained in the first term,
that is

o [ 16489y
=17 ( >\(1—’Y)2f0min)

Finally, we recall that the convex conjugate of f defined in (28) satisfies, for any y € (—oo, f'(=1-)),

1
f* " y — .
V0= i)
Thus, we obtain that f” (7)) ~2 = (f*)”(;(i(:imf which concludes the proof. O

In the following, we define the filtration adapted to the iterates of f—PG as
Fi :za(Zt:tE {0,...,T71}> .

The following theorem gives convergence rates of f-PG.

Theorem E.6. Assume that, for some s > 0, f and myep satisfy A p(myer) and P(myep) respectively. Assume in addition
that the initial distribution p satisfies A,. Fixn < 1/2Ly, a given temperature )\, and consider the iterates (0;)72 of the
algorithm f—-PG. It holds almost surely that

i > .
225 pp(0:) = pg (72)
Additionally, for any t > 0 we have that
6no2 652
vi(p) —E [vﬁt (p)} < (U= /)" (W) = v, () + 5~ + L.
By by
Proof. Recall that for any ¢ € [T, we have that
0r = Tr, (0;)

Hence, by Lemma D.2, for any ¢ € [T] it holds that
g > TATref -

Combining the previous inequality with the expression of the coefficient py provided in Theorem C.1 proves the first
statement of the lemma. Next, using Theorem B.12 gives

2 2
n°L
vh1(0) 2 0h, () + 200V0], (). 8L, 60)) — L |18, 00

Next, taking the conditional expectation with respect to F; and adding and subtracting vat (p) in the dot product gives

B [of,,, (07| = o, )+ 20 [V, 0+ 2009t 00700 - Vet o) -T2 e 0

(K1)

JT'
t] (73)

(K2)

We now bound each of these terms separately.

39



Improving Convergence Guarantees of Policy Gradients by f-SoftArgmax Parameterization with Coupled Regularization

Bounding K;. Using the Cauchy-Schwarz inequality, yields
2090}, (), 87 (00) = Vvh, () = =20 |V, (o) ||&7 00) = 90, (o)
——2-771/2HVvéCt(p)Hz-nl/Qﬁf :
where in the last inequality we used Lemma E.3. Next, using Young’s inequality gives
(T}, (o), &' (60) ~ V0 (0)) > —n [V, (o). 8} (74)

Bounding K». Using the convexity of the square function with Jensen’s inequality gives

E {Hgg(&)

2 2
QME]=ﬂEUkéﬁ%)—ngA%)+ngdﬂ)—‘hﬁxm-FVvaﬁﬁm

7]

H 30f

<383 +3|| Vol (o (75)

where we used Lemma E.3 and Lemma E.4. Plugging in the bounds (74) on K; and (75) on Ky in (73) gives

3n2L 3n2L 3n°Lyo;
B vt || 2oy [Pl 0 = (r+ ) - P ot 0]

Taking the expectation with respect to all the stochasticity, multiplying both sides by —1, and adding vf (p) gives

vi(p) —E [v‘gm(p)} <vl(p) —E [v’ét(p)} —77(1 - %) HV Vg, (P H

2
77 3n°Ly ) 3n°Lyof
+ (’7 bit =g
Next using Theorem C.1 combined with (72) yields

vl(p) —E [v5t+1(p)} < (1 - nﬁf(l 3772Lf)) (vf(p) -E [vgt (p)D

3772LfUJ2c

2B ’
where we used 3nL;/2 < 1. Finally, using that < 1/2L to bound 1 — 3nL/2 and unrolling the recursion concludes
the proof. O

+ 2187 +

Next, we provide the sample complexity of f—PG for solving the f-regularized objective.

Corollary E.7. Assume that, for some m,es > 0, f and Tyer satisfy A §(mrer) and P(mye) respectively. Assume in addition
that the initial distribution p satisfies A ,. Fix any € > 0 and X > 0. Setting

4 1 216w?
H> + log | ——2L— [44+4X%2d% + \2(1 —9)%y%] |, (76)
(1-7?2 1-79 (euf(lv)“[ d d
and
1 €Bu
1 < min — (7
2L;" 1802
and
4 180% 3(vl(p) — v, (p))
T > —max | 2Ly, - log v , (78)
1y €Bﬁf €

guarantees that
ol(p) = E [v],(n)] < .
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Proof. Asm < 1/2Ly, then by using Theorem E.6, it holds that

0_2 2
ol(p) ~E [o], (9] < (1 - /) (01(0) — ohy () + ok 2

Buy 1y
(u) —— =~
(V) (W)

Next, we aim to show that under our conditions on 7', H, and 7, each of these terms is smaller than €/3.

Bounding V. We start with the term V, which gives a condition on the step-size. In particular, setting

EBHf
2 b)
180f-

n<
guarantees that V < ¢/3, which, together with n < 1/(2L), gives the condition (77).
Bounding U. In order to ensure that U is smaller then €/3, we need T to satisfy

mty 7\ 3 (vlp) — vf, ()

)

which, combined with the inequality log(1 4+ z) < x for > —1, ensures that U is smaller than ¢/3, and the condition
(78) follows from (77).

Bounding W. Using Lemma E.3 and Jensen’s inequality, it holds that

2H 2
we S 0

p ) wi [124120%d} + 33*(1 — 9)%F]
By

Next, we remark that for any a > 0, we have ay*" (H + 1)? < ¢/3 for

1 4
iz o (o (%))
1—7v 1—7v €

Taking a = ,ui . ﬁw? [12 + 12)\2d% +3A2(1 — ’y)zyﬂ gives W < ¢/3, provided that (76) holds. O
By L o

E.3. Guarantees on the non-regularized problem

A key criterion for evaluating the quality of a reinforcement learning algorithm is its sample efficiency in solving the origi-
nal, unregularized objective. To this end, we recall a result from (Geist et al., 2019), which establishes a connection between
regularized and unregularized value functions, and further characterizes the performance of the optimal f-regularized pol-
icy when evaluated in the original unregularized MDP.
Lemma E.8 (Proposition 3 and Theorem 2 of (Geist et al., 2019)). For any policy , and state s € S it holds that
Ad
) _ < f
‘v,r(s) vw(s)| ST

Additionally, denote by wf the optimal regularized policy. For any state s € S, It holds that

Ad
vl(s) —v.s < ﬁ .

The following theorem gives the convergence rate for the non-regularised problem.
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Theorem E.9. Assume that, for some myes > 0, f and Tyt satisfy A y(myer) and P(myer) respectively. Assume in addition
that the initial distribution p satisfies A,. Fixn < 1/2Ly, a given temperature X, and consider the iterates (0)52 of the
algorithm f-PG. For any t > 0 we have that

6nos 667 2xd
EWAM—vm@HSﬂ—uﬂﬂfwﬂm—v&@D+££j+u:+1_§.

Proof. The proof holds from Theorem E.6 and Lemma E.8. O

Finally, we give the sample complexity of f—PG to solve the unregularised problem.

Corollary E.10. Assume that, for some mwet > 0, f and myef satisfy A §(myer) and P(meer) respectively. Assume in addition
that the initial distribution p satisfies A ,. Consider any constant cy > 0 such that

<uin (1)
¢f <min | —,—,

! dy ys
Fixany (1 —~v)™! > € > 0 such that

1 4 1 4 1-—
e<6min< ) , andset)\:&cf. 79)

(1 =) pmmin LAl [F G Gves)] 4
Define
— 2 6 v’: — ol
d(G) _ (f*)// (e(zf(l_?f;pmj) ’ 6(6) _ log ( ( (p) - 6o (p))> . (80)

Additionally, define the three following constants which depend only on f as

16w?2 345602
) _ 9 @) g, _ 3) _ f
- , = = ywr+ (1 —7v)kg) , CF = (81)
1 o 7 F (wy =+ ( )Ef) ¥ Cer
Setting
4 297w3CY{
H> 1
ST I <6d(6)(1 = )% Piin et
and
1— 3 2d 1— 6B 2 . 2
ngmm<<($,e<o< VB )
Cf Cf
and
_ 16C74(e) o o “
= A1 2R\ (1= 7)2 ()1 — 1) B mer® ) ®

guarantees that
va(p) ~E [vg,(p)] < ¢ .
Proof. First, note that the conditions (79) on € and A guarantee that

A< 4 min 1 ! 1
N (1 _7)2pmin |f/(Lf)‘, |f/(%) 7 fl(%Mﬂ 7
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Thus, using Lemma E.5, and the fact that e < (1 —v)~!, we have that

AL =) pinCF . —24 2
122 > ) fﬂrcfz(f )H 2 . .
f OJf /\(1 - ’Y) Pmin

Plugging in the expression of A from (79) yields the following simplified expression

2 2 2 2
_96 4 1* i re
i ) I ae) . 84)
ecr(1 =) pmin

o r(1 =7)*PrinG
)
Cy

M= 2
f 4wf

M2(f*)// (

where d(€) and C}l) are defined respectively in (80) and (81). Additionally, combining Lemma E.3, Lemma E.4 and
Theorem B.12 and the expression of A yields

24 6" H 18wy (wy + (1 —v)Ky)
2 3 f\wr f
04 < —wi, By ——5wy, Ly= ;
e A e A (-

where we used that under A (m,f), we have w; > 1. Using Theorem E.9 and the fact that A < (1 — v)e/4dy, we have
that

(85)

v.(p) = E [vg,(p)] < (1 = /4" (v](p) = vh, (p) + B T e
B Y
(u”) M~~~
V) (W)

Next, we aim to show that under our conditions on T', H, and 7, each of these terms is smaller than €/6.

Bounding V’. We start with the term V” which gives a condition on the step-size. Using (84) and (85), it holds that

3
W} 576 | P

=11 A4 =77 _ )6 2= —\6R2. 27
L € I

where C}S) is defined in (81). In particular, setting

guarantees that V”’ < ¢/6, which together with the condition 7 < 1/(2L¢), gives the condition (82).
Bounding U’. In order to ensure that U’ is smaller then ¢/6, we need T to satisfy

1 €
! Tog(T =, /1) 6 (vl —vl,(0))

— v,
which combined with the inequality log(1 + z) < x for z > —1, ensures that V' < ¢/6 and the condition (83) follows
from (82).

Bounding W’. Using (85), it holds that

6 36y*(H +1)?° ,

W’ < Wi o

= PRV
by (1=2)
Next, using that for any a > 0, we have ay? (H + 1)? < ¢/6 for
1 4
H> —max| ——,log ba ,
11— 1—7 €
shows that under our condition on H, we have W’> < €/6. O
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F. Application to common f-divergences

In this section, we apply the results of the preceding section to two commonly used f-divergences, which are Kullback-
Leibler and a-Tsallis.

F.1. Kullback-Leibler

Lemma F.1. Assume that, for some myes > 0, Tyer satisfy P(myes). The function f defined by f(u) = wlog(u) satisfies
Af(@), with

wr=1, k=1, 1p=1.

Additionally, under the condition that

4
A< , 86
T (1= 9)?pmin(log(2/met) + 1) (80)
we have
8 3+ 4] log(myet)|
=1 dr <1 ref)| <1421 et)| , Lf= 4\ —
s ) £ < |log(met)] Y + 2| log(ryer) | f (1—~)? + (1—)3
2vH(H +1) 12
Br ="y 2+ dMloglma)l] , oF < =g 14X (24 5llog(men))]

32 + 1679 log(ﬂrcf)|) /9

> A(1 = 7)Pain et exp | —
Hf = ( ’7)pm1nM eXp( /\(1 *"Y)mein

Proof. Firstly, note that we have
fu) =ulog(u) , f'(u)=log(u)+1, [f'u)y=u"", [f"(u)=-u?.

Satisfying A ;(m.f). Observe that (¢) and (4¢) are immediately valid from the expression above of the derivatives of f.
Moreover, we have

showing that (7i:) of A y(mef), is satisfied with wy = k¢ = 1. Finally, as f” is a strictly decreasing function on R then
(tv) is valid with ¢ = 1.

Bounding the constants. Next, we bound sequentially each of the constants that appear in the statement of the lemma.
For any s € S and v € P(A), we have that

) DIOEE

a€cA fl/(ﬂ'mf(a|s)) acA

Thus using (9), we have that (¢ = 1. It holds that

v(a)

dy = max Tref (A ]S Y ERTEY
/ (s,u)eSxP(A)aze; r(al )f(mef(a\s))
v(a
= max v(a)lo
(s,u)GSx’P(.A); (a) g('ﬂ'ref(a|5))
< I - 1 re )
8 2V o) =)o
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which gives dy < —log(7myes). Next, we have

Vi = max Z Mret (0]5)
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(s0)ESxP(A) S < v(a) )

o via) >’
—C1T) / <7Tref(a|3)
= max via
(S,V)EP(A)Z ( )

(v
acA 1 g<77ref<a5)> Jrl‘
=1 —log(mes) + max — Z v(a)log(v(a))

veP(A) aen

< 1+ 2[log(mref)|

where in the last inequality, we used that the entropy of a distribution on .4 is bounded by log(|.4|) and the fact that
Tret < 1/|Al. Next, using Theorem B.12 and the bounds above, we have

L - 8y (wy + (L= 7)ry) 4/\27 widy +29(1 = Ywy [kpdy +ys]+ (1= 7)° [wy + 265/]
=) (1—7)?
8 3 + 4| log(Trer) |

= (1—7)3+4/\ (1—7)3

Using Lemma E.3 gives

29" (H +1) yH(H +1)
- —_— — < N @ 7
B¢ T2 (24 2Xds + A1 —7)yy] (1 ) [2+ A+ 4| log(Trer)|]
Using Lemma E.4 gives
2 12 3 2,2 332 2 2 2 2 12 2 2

Next, note that (86), guarantees that we have

A< 4 min 1 ! 4
~ (1 =7)%pmin P EDl PG F (G 7wer)|

Thus, using Lemma E.S, we have

A =NPpinl; 16 + 8yAd; 32 + 16| log(myer)|
p,=———5—" met ()" (—) > A1 — ) p2 i et €xp (— — ) 9,
=f wf‘ = ) A1 = 7)?pmin ( —= AL = )2 pmin /

where in the last equality, we used that the convex conjugate of f(u) = ulog(u) is f*(y) = exp(y — 1) and that
exp(—2) > 1/9. 0

In the next two corollaries, we apply Corollary E.7 and Corollary E.10 to get more explicitly the sample complexity of
f—PG with entropy regularization.

Corollary F.2. Assume that, for some 1/4 > e > 0, Tyof satisfy P(myer). Assume in addition that the initial distribution
p satisfies A ,. Fixany (1 —~)~* > € >0, A > 0 and B such that

4 216| log (7, 48| log(,
)\Smin( _ ,1) . B< | Of(Le;”Z ex < | Og($)‘ >
(1 = 79)?pmin (log(2/myef) + 1) A1 = ) Tret Piin A(L = 7)2pmin
Setting
1 29160 log(pes )2 52| log(mrye
H> . og(;fif) | log(ryer)| 7 &7
1- Y EA(l - 7)5pminM2 A(1 - V)Bpmin

45



Improving Convergence Guarantees of Policy Gradients by f-SoftArgmax Parameterization with Coupled Regularization

and

< B0 =) Pl Teer” (_ 48| log(mret) | )

15552/ log (et )|? AL = 7)2pwmin

and

559872|log(met)|* 96| log(ret) |
= N2eB(— 1) phmet’ \AL — ) 2omin )

guarantees that
ol(p) = E [v],(n)] <,

where f is the Kullback-Leibler divergence generator. Thus, the sample complexity of f—PG to learn an e-solution of the
entropy regularized problem is

log(mef)|? log(mre
S | log (et | ox | log(mrer) |
A3€B (1 — )0 p i Tovet A1 =7)?pmin

Proof. To prove this corollary, we show that the assumptions of Corollary E.7 hold. First, A s(m.f) holds as a con-
sequence of Lemma F.1. Then, we show that the condition (76) in Corollary E.7 holds, that is H < ﬁ +

216w5 .
ﬁ log <euf(1—{y)4 [4 + 4)\2d? +A2(1— 7)2},?} > . To this end, we remark that

4 1 216%%
1 4 4 212 2 1_ 2_2
(1_7)2+1_Pyog<%(1_v)4[ +4X%dF 4+ A (1 =) yf]>

4 1 216
< 1 4+ N log (ref)?
S + T og <€Mf(1—’7)4 [4+ X*(5 + 6log(myef) )])

4 1 1944 [4 4 X2(5 + 6log(meet)?)] 32 + 169\ log (et |
< + log — + —
(1 - 7)2 1- Y 6)‘(1 - 7)5Pr2nin77ref2 )\(1 - ’7)3pmin

1 29160 log(mrper)? 52| log(mryet)|
g P 5 S — < H,
1—n eA(1—7) PrminTref A1 =7)3pmin

IN

where we used the lower bound on 14 p provided in Lemma F.1 in the second inequality, as well as A < 1 and 7.f < 1/4 in
the last two inequalities. Furthermore, Lemma F.1 with A\ < 1 gives

36| log(mres) |

S ———3 (88)
STk
96| log (et )|?
2 Mref
0 S ————— (89)
= -
A1 —7)p2 Trret? 48| log(myet) |
> minm_1t%1 _ —aCr 90
Ly = 9 (30 ) o
Using these three bounds on smoothness, variance and Polyak-t.ojasiewicz coefficients, we obtain
5 48] 1 (WLH
(o eBu, =y €BA(L = 7)° 2 Tret” eXP(*ﬁﬁ)
2Ly’ 180? - 72| log(myet)|’ 15552/ log (et ) |
eBA(1 — 7)%p2 ; Trer? 48| log(mrret)| o)
= — X s
15552| IOg(M)F )‘(1 - '7)2Pmin

46



Improving Convergence Guarantees of Policy Gradients by f-SoftArgmax Parameterization with Coupled Regularization

where in the last identity, we used the fact that ¢ < (1 —)~! and that

216/ log (mret )| 48| log (rret )|
B 6>\(1 - 7)2M2p12nin )\(1 - 7)2pmin

This shows that our condition on 7 guarantees that the one set in Corollary E.7 is satisfied. Finally using (91) and (90), we
have

4
— max

1802 15552 log (et ) |2 48] log(rye
21/]0, f < 4 ‘ Og(if” ex <|Og( 7Tf)>
Hy

eBu, ) = p; eBAL =7 phmer®  \A(L = 7)pmin
559872] log (e . 961 log (et )|
~ AeB(1- ’Y)GaninM‘l P A1 = 7)?Pmin

which concludes the proof. O

Corollary F.3. Assume that, for some myer € (0,1/4], Tper satisfy P(yet). Assume in addition that the initial distribution
p satisfies A, and fix [ to be the Kullback-Leibler divergence generator, i.e. f(u) = ulog(u). Fix any e € (0, (1 —~)™1],
such that

16 (1—7)e

€< , and set \ = ————— . 92)
(1 - 7)3pnlin(10g(2/M) + 1) 12 10g(|@‘)
Additionally set any B such that
1 576 log(mrret)|
B < — 93
= 1) e T (6(1 =) Pmin ©5)
Setting
I re 586/ I re
"> log | og(%)l | log(mrer) | 7
1—vy €1 =7)°phinmret? ) €(1 = 7)*Pmin
and
2(1 —v)5Bp2 . mper? —576] 1 e
n<© (L =) " BpminTret” | ogl(u)l , 04)
93312 log(ret)| €(1 — )2 pmin
and
644972544 log (Tret ) |2 1152/ log (e 6(vL(p) — v
T | 4og(u)| o | log(ret)| log (v (p) — g, (p)) ’ ©5)
(1 = 7)® PinTret * B €(1 = 7)3pmin €

guarantees that

vi(p) —Efve, (p)] <€ .

Thus, the sample complexity of f—PG, where f is the Kullback-Leibler divergence generator, to learn an e-solution of the
non-regularized problem is

ran Lot (lloera0) )

64<1 - 7)12PinnM4 6(1 - '7)3pmin

Proof. This result follows from Corollary E.10, whose assumptions we check now. First, note that (92) implies that

€< 16 min 4 1 4
(1 = 7)?pmin 1Dl | F O] | F (37wer) |
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Additionally, we can rewrite the constants from Corollary E.10 using Lemma F.1, which gives

-—576|1og<wuﬁ>|) o

- 96
6(1 - 'Y)SPmin ©0)

CfY < 48| log(mer)l, €7 <48, O} = 10368 log(mer)], d(e) > exp (

where C’](cl), CJ(?), C}g), and d(¢) are defined in (81) and (80). Next, the condition on H in Corollary E.10 holds since

41 207w3CY{
O
(T—2 "1 B\ ()T — )50 e
4 1 128304| log(7ryef)| 576 log(7rer)|
< >+ log 7 3 o
(1=7)2 1-v €(1 —7)%p7 i Tret €(1 = 7)*pmin

<H

f— 3

L | log (et | 586|log(7rret )|
1—v €(1 =)0 P2 i Tret? €(1 = 7)*pmin

where in the second to last inequality, we used that 7. < 1/4 and that log(128304) < 6. Using (96), we have

. ((1 — )P d(e)(1 — v>6Bpfmmef2)
min —_—

- ((L=)* (1 —7)°Bpp et —576] log (e )|
2> min , “LE oxp [ ———orel/l
48 93312| log(7myer)| €(1 — ) pmin

2(1 — )0 Bp2 . oo —576| log (e
(1 —7)°BpjinTret N ( Iog(ﬂf)l) 7 ©o7)

- 93312| IOg(M” 6(1 - ’Y)BPmin

where in the last inequality, we used the condition on B introduced in (93). Hence our condition on the step-size ensures
that the one assumed in Corollary E.10 is satisfied. Next, using (96) and (97) yields

1605 ¢(e) o) o
ed( )T — )2 rrer® o\ (T =) @d(e)(T — 1) B2 et
16057 0(e) 93312|log(myef)| 576 1og (yet )|
~ed(e)(1 —7)2p2nmret?  €2(1 — )0 BpZ Tres? (1 = 7)?prmin

6912|log(met)[0(e)  93312[log(myet)| 1152/ log(mret )|

el =) PR inTret?  €2(1 = )8 B2, et (1 =) pmin
6497254 log(mee)* (1152]log(me) \ , (60 () = v], ()

T el - 'Y)SPiLninMAlB €(1 = 7)3pmin o8 € 7

which proves that under our condition on 7" the one assumed by Corollary E.10 is satisfied. O

F.2. o-Tsallis

Lemma F.4. Assume that, for some rer € (0,1/4)], et satisfy P(myet). For any o € (05 1), the function f., defined by

u* —aoau+a—1

fa(u) =

ala—1) ’
satisfies A ;(Tyef), with
wp =M™, Ky =2me® T, =1
Additionally, under the condition that
4 1-—
A< : - 98)

T (1 =7)%pmin (mer/2)27t =1 ’
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we have
4| 1Og('/Tref)| 167Trefa71 Tyef 2o 2‘ log(ﬂref”
C =1 ’ d S - Y S 4 IOg Tref ’ Ly= — 180)\ ’
! 1 o2 s = dog(met)| Ly =75 pETgR—
W(H +1) | log (et | o L2me™ 162 ,
= |1+ 6A—F < 1 1 -
& (1—7)2 A TR el R 08 (Trer|”)

2a

16 + 327 log(ﬂref)|/Oc2>4_

< _ 2-20 2 2 _
Hf = )‘(1 ’Y)M PminTref €XPg )\(1 _ ’Y)QPmin

Proof. Fix any a € (0,1) and set f = f,,. Firstly, note that we have

u* —au+a—1 w1 —1

oloa—1) A R R

fu) =

Satisfying A ;(m.t). Observe that (i) and (¢7) are immediately valid from the expression above of the derivatives of f.
Moreover, we have

[ (u)]
f”(u)2
showing that (7ii) of A f(Tyef), is satisfied with wy = mer®™ !, and k¢ = 2mer® ', Finally,as f” is a strictly decreasing

function on R, then (iv) is valid with ¢y = 1. Next, we bound sequentially each of the constants that appear in the
statement of the lemma.

= | —2ut™

1/ (ufg(w) = u'=*

Bounding (y. Forany s € S and v € P(A), using Jensen’s inequality we have that

7Tref (a’) e (a’) o _
Z (a Zﬂ'rcf (Tfref(as)> (Z 7Trcf |S)> =1 )

acA fﬂ(ﬂ'ref(a\s)) acA acA ﬂ-ref(a

Thus using (9), we have that (¢ = 1.

Bounding ds. For any state s € S and v € P(A), it holds that

Df (v Trref (+ Tre [( v(a) ) -« v(a) —(1—-«a ]
(Vimeee(ls)) = 2;4 als) | (205 ) —etis—(1-a)
Next, for y €]0; — } define the function p,,: [a; 1] — R which satisfies

py(B) =y’ = By—(1-8), p,(B)=logy)y’ —y+1.
It holds that

o _ay—(1— —p,(1
v ooy =0 =a) _p(@ =) G 8) <y 14 yllog(y) Ly + | og@)ly <t -
a—1 a—1 Bela,1]

v(a) v(a) v(a)
D V||Tre < — Tre + lo 1y a)/mrer(als
( H f L‘g‘l f |: 7Tref(a’|s) 7Tlref(a|'9)| g(ﬁref(a‘s)” ( )/ ef( ‘ )21
v(a) ( v(a) )a
+ |lo 1y a)/met(als
| g(mef( s ))I e (@)/met(als)<1
1 1
= 5 2 V@8 (@) L) /malrzt ~ 5 2 V(@) 108(Tret (al8)Lufa)/mur(als)21
aceA aceA
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1 v(a) v(a) \* 2
= ] 1 a1 +
+  max| og(mef(a|8))l <7Tref(a|s) v(@)/me(als)<1 =0

where in the last equality, we used that if > 1, then log(z) > 0. Next using that log(r(a)) < 0 yields

1

D (vt (15)) <~ 3 v@) log(mer(als) + - mavs [log(a)la” +

Qe

1 1 2
< — 1 re; - 1 * E]
< al og(Tryef )| + 5 xrg[gﬁ}l og(z)|z* + "

where in the last inequality, we used that the entropy of a probability measure on A is bounded by | log (et )|. Next using
that max,ejo.1] | log(z)|z* < e/ combined with max(1,log(|A])) < |log(mer)| gives

3| log (e 4| log(me
[log(mer)| | 1 _ 4llog(mer)|
«

D (v et (]5)) <

o? o?

Thus, it holds that

 Hlog(mer)|

o

Bounding y;. For any policy v € P(A) and s € S, we have
71'ref(&|5) ’ (a‘) _ 1
Z v(a) f Tret(als) T 1= a Z

aca t ”(m)
Next, define the function g, for y €]0; — ] which satisfies

(a)Z [
|

wref(a g)l—e

<m(<)|>> -

9y(B) =971, gl (B) =log(y)y® " .
It holds that

ya—l_l
l1-«

< sup |g;,(B)] < [log(y)| Ly<1 + |log(y)y™ ' 1y>1

a—1 B€la,1]

(@) —g;,(l)\

Hence, applying the previous inequality with y = v(a)/me(als) gives

> mef(u(cl) f/<7Tr:f((Z)|s))’

acA f//(rrref(a\s))
S v(a)>® l

& mualals)

()|

< (EA <7Trye(f(z6)l)>1a v(a)|log <7T:f((z)|5)>‘ v(a)/mret(als)<1 T (126;4 ) |log (me(:(”'))) ‘
< gu(a) log <%> ’ + 2| log(mres)|

where in the last inequality, we used for the first term that for any v € R, ul,<; < 1 that the entropy of a probability
distribution on A is bounded by log(|.4|), the fact that m.es < 1/|.4]. Using the same argument again to bound the first
term gives

v < 4]log(mper)| -
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Bounding L;. Next, using Theorem B.12 and the bound on the constants previously computed, we have

_ 8wy (ywy + (1= 7)ky) 2y%widy +29(1 — Ywy [kpdy +yg] + (1 = 7)? [wy + 265yy]

L + 4
! (I=79)° (1—7)3
16 re a-l re Za=2 1 re
o L0t g Tt | log (et | 7
(-7 Q21 =)

where in the last inequality, we used that 7m..s < 1/4.

Bounding 3¢. Using Lemma E.3 gives

2vH(H +1)
(1=9)?

ayH(H +1)

Pr = (1—7)?

wr 242Xy + A1 =7)ys] <

1 re:
1oLtz
«

Bounding oy. Using Lemma E.4 gives

12 [
(1=

127303 [ 16A2

wh + N 2wid + 221 - 7)%wiy?] < o log(ﬁrefIQ)}

Bounding [ Next, note that as f/, is an increasing function then f/, (mes/2) < f,(1/2) < fl(v5) = f4(1) = 0. Thus,
we have | f/,(¢5)| < | f5(1/2)] < |fl(Tret/2)|. This proves that (98), guarantees that

A< 1 min 1 , L , 1
= (1 =7)?Pmin POl [ ]| (Gmeer)|

Thus, using Lemma E.S, we have

2
§ = >‘(1 - 7)px2ninC]2‘7T fz(f*)// (_ 16 + 87)‘df ) (99)
=f wj% - A1 = 7)2pmin

Next, recall from proposition 8 of (Roulet et al., 2025) that

i (1+ (a—1)z) =T —1 1
= fi < .

foz (I’) a ? orr =~ 1—«

Thus, we have
, _1
(f)(z) = (1+ (a = Dz) o1 =exp, () ,
where we have originally defined exp,, in Section 2. Finally, it holds that
(£2)"(x) = exp, (x)*~* .
Thus,
4—2a
16 + 329A| log(ret) |/
. 2-2a 2 2 . Tref
Hf > >‘(1 V)M PrminTref €XPq < )\(1 _ ’Y)QPmin )
O

In the next two corollaries, we apply Corollary E.7 and Corollary E.10 to get more explicitly the sample complexity of
f—PG with entropy regularization.
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Corollary F.5. Assume that, for some 1/4 > myes > 0, Tyer satisfy P(myer). Assume in addition that the initial distribution
p satisfies A ,. Fixany (1 —~)™t >€>0, a € (0,1), A > 0, and B such that

4 1— 1 48| log(7rrer)| max (A, o zo—d
v (i ) S o (T et )
Setting
H> i ~log (%&Tﬁi:;s';;fﬁ:jf max(a?, /\)2) 4 m max(0?, \) (100)

and

eBA(L = 7)° 0 et g Tret” 48] log(Trer )| A

= 3672 log(myer)? max(a?, A)? Pa (_)\a?(l’y)%min max(), & )> ’

and

14688 log(Tyef)? max(a?, )2 exp ( 48| log(7yef) |
4 a

4a—8
——— 2= max(\,a? ) ,
)\az(l - 7)2pmin ( )

~ A2eB(1 - 7)60&4M7_70‘an1nM
guarantees that
vl(p)~E[vf (0)] ¢,

where f = f, is the a-Csiszdr—Cressie—Read divergence generator. Thus, the sample complexity of f—PG to learn an
e-solution of the a-Tsallis regularized problem is

TBH =~

| log(mer)|* max(a =% A7%) ( | log (Txer)|
1 o

4a—8
- =" max()\,a? ) )
/\0‘2(1 - ’7)2pmin ( )

€B(1 - ’Y)gﬂref777apomin7rref

Proof. To prove this corollary, we will show that under the conditions of this corollary, the assumptions of Theorem E.6
holds. Firstly, note that by using Lemma F.4, the assumption A ¢ (¢ )holds. Secondly, using Lemma F.4 note that

4 1 216w>
+ log ( f7)4 [444X%dF + A*(1 - Wﬁ])
4 1 21670 22 2 [10g(Trrer )|
< 1 == 443222 ===
—<1v>2+1v0g<wf<1v>4[ i ol
4 1 8647myer ' [1 4 32X%| log(myer)|? /0]
+ log — 5 -
1 6)‘(1 - V)SpminMZ

16 + 329A| log (meer) |\ ' 2
log | exp, | — 2e2(1 — 7)2pomm ’

11—~

where in the last inequality, we used the lower bound on p y provided in Lemma F.4. Next using the definition of exp,, (see
Section 2) and the fact that A < 1, we have

4 1 216w%
1 4+ 4X02d2% + 22 (1 — ~4)3y2
I—77 1—7 Og(ﬁulf(l—v)“[ AN+ 31 =)y

4 1 281527,6¢ 2 4| log(mret ) |
< 1 _ret _Tel 2 )\ 2
S T Og( exat (1 = )% pf i Trrer® max(a’, )

L4201 log<1+(1_a)<48|1‘)g(7rref)|max(a2,A)>>

l—« 1—’}/ )\a2(1_’y)2pmin
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196] log (et |
Ao (1 = 7)3 pmin

<

max(a?, )\) ,

1 (281527rref4a—4| log (et )|?
og — .

2 2
max(a”, \) ) +
-y 6)‘@4(1 - ,7)5p1?ninﬂ-r9f

where in the last inequality, we used that for z > 0, we have log(1 + x) < z. This shows that our condition on H
guarantees that the one set in Theorem E.9 is satisfied. Next, using again Lemma F.4 observe that

Tret 22| 10g (et o 2047,er°" 3 log(mrer)?

Ly =196=— 2\ < 20?2 101

¥ o201 =) max(a”,A) , 0F < al(I =) max(a’, A) (101)
—2a 48 1Og Tref -2

py = A1 = Nvet” > PoninTret” €XDq, (—M max(A,a2)> : (102)

Hence, we have that

B
T
2L; 1802
201 — A3 min(e—2 \—1
> min o (1 =)’ min(a™=, A7)
392702 2| 10g(Tret )|

BM1 — 5.4 . 5—5a 2 . 2 48|1 . 4—2a
eBA(L —7)° 0 Tyet ™ proyin Tret (- | log (et max(\, 0?) (103)
3672 1og(mer)? max(a?, X)? Aa?(1 = )2 pmin
B)1 — 5.4 . 5—b5a 2 . 2 48|10 . 42«
— € ( 7) O Tref PminTref ol - | g(M” max()\,az) , (104)
3672log(mrer)? max(a?, X)? Aa2(1 — )2 pmin

where in the last identity, we used the fact that e < (1 —~)~! and that

48| 1og(yet) |
B< — __ lPe\lrel)
B M2px2nin “Pa ( A?(1 = ¥)? puin

This shows that our condition on 7 guarantees that the one set in Theorem E.9 is satisfied. Finally using (104) and (102),

200—4
max(A, aQ)) .

we have
4 1802
— max <2Lf, 5 / )
Ky ebp,
4 3672log(mef)? max(a?, \)? 48| log(mref )| S\
< = — o | ————=—"—max(\,a?)
I eBA(1 — )2 e > 5% P2t i Tret A2 (1 = )2 pmin
14688 log (7yef)? max(a?, A)2 48 log(Tryer)| (o) o8
__ormeTrel o o ,
= N2eB(1 — )5 mer” o pt mert L\ Aa2(1 = 7)2pmin XA
which concludes the proof. O

Corollary F.6. Assume that, for some myer € (0,1/4], Trer satisfy P(yet). Assume in addition that the initial distribution
p satisfies A, and fix f to be the a-Csiszdr—Cressie—Read divergence generator, i.e.

u* —ou+a—1

) = ful) = S
Fix any € € (0,(1 —~)™1], such that
1 1-— 1-— 2
€< 6 : a andset = L=V (105)
(1 =9)pmin (mre/2)71 =1 16] 10g(@)|
Additionally set any B such that
2a—4
1 o [ 38]log(mer)| o6
T (1= mer® Y\ €a®(1=7)%pmin
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Setting
1 1900870 42| log (et | 1540] log(myef )|
H> log e Zreb)]
1—vy ea®(1 — )0 pp; et €a?(1 = 7)*pmin
and
€20?(1 — 7)° B, Tres® 384| log (meer)| )
n < exp, | ——pm el , (107)
138240~ | log (et )| (1 =) pmin
and
7 Ta—T7 2 40—8 f f
12y | log(meer)|” - ( 384flog(mrer)| log [ 8¥(p) = v5,(p)) (108)
o €3a4(1 - 7)8pfninM4B “ 6&2(1 - V)Spmin & € ’

guarantees that

vi(p) = Elve,(p)] <€ .

Thus, the sample complexity of f —PG, where f is thea-Csiszdr—Cressie—Read divergence generator, to learn an e-solution
of the non-regularized problem is

TBH =~

et ™7 | log (et | 384 log(mer)| \**
b (1= 2pfmert "\ e02(1=7)%pmin '

Proof. To prove this corollary, we will show that under the conditions of this corollary, the assumptions of Theorem E.9
holds. Firstly, note that (105) implies that

16 . 4 1 4 (1 7)6
‘ - P A= —"2
) (1=7)Prmin 1 ('f/(bf)’ |J/(%) 7 f’(§7rref)|> 7 4 o

with ¢; = a?/4|log(myer)|- Additionally, observe using Lemma F.4 that we have

647012 log (et )|

o2

138247,6¢%% 2| log(Tryet )|

(1)
Cf S Oé2

, C}(ﬁ) S 96M20¢—2, C}(c‘s) S

384/ log(myer)| )7
ca®(1 = 7)3 pmin ’

b

d(e) = exp, < (109)

where C](cl), C’((fQ), C’}?’), and d(¢) are defined in (81) and (80). Next, observe that

4 1 297w2CY
+ log s 5
(I-7)?2 1-v ed(€)(1 — ) ppin Tret?
oA (19008mt log(men) |\ 1 384|log(meer)| 7"
<o [ — 20108 Tref )|
o (1 - 7)2 1- Y 8 60[2(1 - 7)6p?ninM2 1- Y s Pa 60‘2(1 - 7)3pmin
4 1 <190087Tref4°‘2| log(mef)> 1536 log (myer )|

< + 0 ,
(1 - 7)2 1- Y 60[2(1 - 7)6p?ninM2 6042(1 - 7)4pmin

where in the last inequality, we used that log(1 4+ u) < a for u > —1. This shows that our condition on H implies the one
assumed in Theorem E.9. Using (109), we have
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> min ( (1-7)3  €a®(1 = 7)°BppnTret” < 384 log (et | >4_2a>
il (03

90zer? 2 138247er> | 108(Trer)| >\ €02(1 = 7)? prmin

€20?(1 —7)0 B2, Trer? 384 log(mrer)| \ "7
T 13824mee > P log(mrer)| T\ €@®(1 = 7)?pmin ’

(110)

where in the last inequality, we used the condition on B introduced in (106). Hence our condition on the step-size ensures
that the one assumed in Theorem E.9 is satisfied. Next, using (109) and (110) yields

160}%(6) c}” c§.3>
AT — 2 mer® o\ (L= )" @d(e)(L — 1) B2 Mot
1605 ¢(e) | 1382476¢% 5| log(ryer )| 384] log(mer)| 2!
T oed(e)(1 =) P2 nTret®  €2a?(1 = 7)0Bplimer>  “\ €a?(1 —7)3pmin

10247062 2| log (mper) [€(€) 13824715 7| log (et )| 384| log(mer)| \**7°
€a?(1 — )2 p2 . Tret? €2a2(1 —v)5Bp2, mer2 U €a2(1 —7)3pmin

1270 ™" | log (mreg) _ _384log(mer)| V77, (6(v2(0) — 3, (0)
- 6304(1 - 7)8aninM4B Pa €a?(1 — )3 pmin ¢ € 7

which proves that under our condition on 7" the one assumed by Theorem E.9 is satisfied. O

Corollary F.7. Assume the same condition of Corollary F6. For any (1 —v)™! > € > 0 and a € (0,1), denote
respectively by T' (¢, «), B(e, «), and H (e, «), the thresholds set in Corollary F6 on T, B, and H, to learn an e-solution
of the unregularized problem. Addtionnaly, denote by o* (¢) the minimizer of T' (e, o) B(e, o) H (€, «). It holds that

. 111 1
=3 ogijg T <log<1/e>> |

Additionally, for e < e~ 1, it holds that

~ Trof )| vl(p) — vl
T(e,a*<e>>B<e,a*(e))H(aa*(e))0< i 10g<< ) 00“”))

€2(1 = )% proig Mret €

Proof. We first provide an equivalent of the « that optimises the sample complexity provided in Corollary F.6 and then
bound the sample complexity obtained by using this a.

Finding the best . Firstly, note that using Corollary F.6, we have

S(e, o) :=log (T'(e, ) B(e, ) H (e, )
1277Tref7a_7‘ log(ﬂ-ref)|2
o (e

4
63 0[4(1 - ’7)8prninﬂ-r9f4

| do —18 log (1 g ( 384] log(rer)| ))

a— €a®(1 — )3 pmin

Tip) — of
e <10g <6<v*<p> v (p»))

1 1900870t 2| log (et )| 1540] log (et )|
+log log 3167 2 3 Yo
1—v ea®(1 = )0 ppyinTret €a®(1 —7)* pmin

Firstly, observe that for any function k(¢) which does converge to a different value from 0, we have

. S(eg,1/1og(1/e))
Sk
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which establishes that a*(¢) — 0. This allows, to rewrite S(e, ) as

8—14
S(e’a):10g<6410[6)+1—(?10g< 1 >+w(a 6) 5

ea?

where ¢ («, €) is defined as

1277Tref7a_7| log(ﬂ-ref) |2
= 1 — —_—
Wae) =log ( (1 = 7)®Piyin Tt )

om0 (G t,) e ()

T(p) — of
o <1og <6<v*<p> : 90<p>>>>

ea? 190087042 | log(Tef)| 1540] log(mrret)|
+ log log TCRERT 5 + —
1 €Q (1 - ’Y) pmlnM (1 - ’Y) le’lin

Importantly, observe that 1)(«, €) is dominated by log(1/€) when («, €) — 0 and that

o = (aloglca))

Computing the derivative of this function with respect to « yields

8S(e7a) -6 1 1 1 1y 8 1 0Y(e, @)

= s () e () R (e e o
—22 1 1
— +41 ] . 112
= rtn(0) () e

As
9S(e, ) _0 .
9a  Jazar(o

Then this implies that

X 11 1
=3 gije T <log<1/e>>

Next, we provide a bound on the sample complexity given by this a*(e).

Computing the sample complexity. Firstly, note that for « < 1/2 and € < 1, we have
T(e,)B(e, ) H (e, @)
12 met™ | log(mer) P (384 log(mer)] ' 6(v1(6) = 0], (p))
= eraS(1—v)'2p0 et “ U ea2(1 = 7)3pmin & €

121 7130 77| log (yer) | 384| log(meer)| \ C /0 (6(vl(p) — v, (p))
1+ (1—-a)—F—g— log
(ge7 (1 - 'Y) Pmin

- 5
e*ab(1 —7)'2p] i, Trver?

Trer 7| log (e |? log(myer)] ) &7/ log 6(vl(p) — v} (p) (113)
= etaS(1 =) 12pp et \ €a?(1 = 7)3 pmin € .

Next, note that for e < e~ !, we have o = W(l/s) < 1/2. Thus, using that 1/(1 — a) < 1 + 2« yield

(8—4a)/(1—a)
1 8 —4a 1 1 1
(m2) = exp < a -log <wz2>) < exp ((8 + 8a) - log <ea2>) < T

Plugging in the previous bound in (113) concludes the proof. O
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G. Discussion on unregularized Policy Gradient with f-SoftArgmax Parameterization

In this section, we show that it is possible to derive Non-Uniform L.ojasiewicz inequalities on the unregularized objective
vg(p) := v_s(p) under f-SoftArgmax Parameterization in the bandit setting. We expect the analysis to extend to the RL
6

setting using similar arguments to those of (Mei et al., 2020b;a; Liu et al., 2025).
Theorem G.1. Consider the bandit case, i.e. |S| = 1. Assume that, for some et > 0, f and Tt satisfy A ¢(rer) and

P(myet) respectively. We also assume that the function 1/ f" is convex and that the initial distribution p satisfies A ,. Then,
it holds that

frx\2 v
I7op(o)2 > Tel) L f( v.4(p) — v0(p) ) |

G vx(p) = Vmee () Ux(p) = Vmpe (P)
where v, (p) = ﬁe%za()s v (p).

Proof. Subsequently, we drop the dependency on the state for more clarity. Using Lemma C.2 (with v = 0 and |S| = 1),
for any a € A, we have

Gty = @) (@)~ Sl o)

Denote by a* any optimal action, and r* = r(a*). We have

2 2
IVva(p)lly = wh(a)?- <r<a>2w£<b>r<b>> > w)(a*)? (ngwxr*r(b))) :
a b

Using that A(a) = r* — r(a) > 0, and also

Wf a) — i . 7Tref(a) f - 7Tref(a)
ST e @ @) b;f"(wz‘ (0)/mret (b))
yields
Wl (B)AD) = —— - 5™ AB) s (b) - ! .
; PO = 1,2; O] T ) mear®)
Let’s introduce a distribution y(a) = A(a)mret(a)/ (D pes A(b)Tret (b)), then we have
w = ! "7 (e) /et (€
> WH0AD) = e B [/ (7 (@) mes(e))]

beA

Next, we use that a map x — 1/f”(x) is convex, and thus was have

PIRITNELAC)
Eewy |1/ (] () /met(0)]| 2 1/ (Beny [ 1] () met()]) = 1/ (z o)
ce re
Overall, we have
f 1 1

SRR S—

i<  (Sea BOmarte) 17 ( Sea30mi)
Finally, using that Wg < (y concludes the proof. O

Similarly, to (Mei et al., 2020b; Liu et al., 2024; 2025), this Lojasiewicz inequality depends on the probability of the
optimal action, which is very restrictive. Although extending the analysis of (Mei et al., 2020b; Liu et al., 2024; 2025) in
the deterministic setting is possible, addressing the stochastic setting for this type of Lojasiewicz inequality appears very
challenging. This justifies adding a regularizer to the objective to ensure better PL inequalities, and on which the minimal
coefficient can be lower bounded on the trajectory by leveraging a proper projection operator.

57



Improving Convergence Guarantees of Policy Gradients by f-SoftArgmax Parameterization with Coupled Regularization

H. Links with Mirror Descent

To avoid overwhelming readers with technical details, we keep the discussion in this paragraph at a high level. There is a
clear connection between the coupled parameterization we consider and mirror descent (MD) algorithms. The discussion
below is informal, meant to highlight the key ideas. We stress that the proposed method is fundamentally different from
mirror descent. Let us define a mapping ®(7) = > s DY (7(-|s)||mret (-] 5)). For the functions f that we consider, ® is
Legendre on the positive orthant and separable across states (Bubeck et al., 2015). In this case, the f-regularized value
function v/ (p) can be optimized directly in the policy space via the Lazy Mirror Descent algorithm (or dual averaging; see
Nesterov (2009); Xiao (2009); Juditsky et al. (2023)) with ® as mirror map. Denoting by 7 the policy at step ¢ and 7; by
the unnormalized policy at step ¢, the lazy MD updates reads:

vq)(%t—b—l) = V@(%t) + T]Vﬂ-’l}{r(p”ﬂ—:ﬂ—t , Tty1 = arg Hr}ln B(}(’/T”%t_;'_l) . (114)
TE

where TT = P(A)!S! is a policy space and By (r||7’) = ®(7r) — ®(7') — (V®(n'), ™ — 7’) is the corresponding Breg-
man divergence. Since & is separable over states, the Bregman projection can be written state-wise as m1(+|s) =
f-softargmax(V®(741)(s, ), Tret (+|))-

By denoting §; = V®(7;), one obtains updates that resemble those of (12) (after the removal of 7"), with one important
difference: the gradient in (114) is taken with respect to the policy m whereas in (12) it is computed w.r.t the dual”
parameter € (in the MD terminology). Even more important, the update (114) can be expressed as, by the chain rule

f
om,

-1
9t+1 = et +n |:W|9:9ti| ngf(Gt) y

which have an additional preconditioning term given by the inverse of the policy Jacobian.

A crucial feature of (12) is that it performs a gradient ascent in the ’dual” space directly. This algorithm can be extended in
the non-tabular setting directly, by parameterizing the function (s, a), allowing extensions to deep RL. This is in contrast
with Lazy-MD methods (Nesterov, 2009; Xiao, 2009; Juditsky et al., 2023), due to preconditioning, which cannot be
expressed as direct parameter-space gradient steps. This remark has several important implications, which we leave for
future work.

I. Technical Lemmas

Lemma I.1 (Lemma 1.2.3 in Nesterov (2004)). Let f : R¢ — R be twice continuously differentiable. Suppose there exists
L > 0 such that for all x € R and v € RY,

[TV f(z)v] < Lijof*.
Then f has an L-Lipschitz continuous gradient (i.e., f is L-smooth); in particular,

IVi(y) = V@) < Llly = =],

and
F) > f@) +{Vf(@),y —2) = 5y -2
forall x,y € R%.

Lemma 1.2. Consider any two policies m;, i = 1, 2. It holds that

s T2 ’y
I =il = 7 supm ) = ma o)l

Proof. Let us start from the definition of flow conservation constraints for the discounted state visitation (Puterman, 1994),
fori € {1, 2}, we have

d7i(s) = (1=y)p(s) +7 D Pr(sls)d] (s') .
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Then, we have

Soldz(s) —dp(s) <y Y Y |P(sls’ a)ma(a's)d?(s)) — P(s]s, a')ymi (d|s))dT (s))]
(sa)) s

seS

<y 3 S Pslsa) [ma(d|s') — mi(a'|s)| dF2(s")

s’,a’ s

+9 ) D P(sls a)mi(d|s) [T (sT) — di ()]

s'a' s

< ysup|im(fs) = ma(-|s)l, + Y ldy(s') = dy (s

which concludes the proof. O
Lemma 1.3 (Performance Difference Lemma). It holds that

vl (p) = vh(p) = —— 3" di () [ S wd (als)gh (5, @) — XD (! ([3)l|maes (1)) — o1, (5)

1 _IYSES acA

Proof. Fix 0 € RISIIAl and any state s € S. It holds that

vl(s) = vl,(s) =Y wl(als)al(s,a) = Y mjlals)ah(s,a)

acA acA
— ADI (] (-|s)[|meet (-|)) + ADY (7] (-|3) | et (-]5))

= > wl(als) (al(s.a) = af(s.@)) + D (vl (als) = f (als)) g} (5.0)

acA acA
= MDY (] (-|)[|meet (-|)) + ADY (7] (-|3) | et (-]5))

= Z 7! (als) Z P(s|s,a) (vf(s’) - vé(s’)) + Z (Wf(a|s) — Wg(a,|8)> ¢)(s,a)

acA s'eS acA
— ADY (x] (-[s)|[mrer (-|s)) + AD (] (-]s) et (-]3))

where in the last equality, we used the definition of the regularized Q-function (2). Expanding the recursion yields

vl (s) = vl (s) = 7= D () [Z (! (als) = x4 als)) af <s’,a>]

acA

bt STz [ADY (rf (1) e (1) = AD! (2] (1) e (1)

1
=15 2 &) [Z ! (als)ag(s',a) - ADf(7r1(~|8’)||7rref(~|S’))]
v s’eS acA
1
— 1y ) [Z ) (als')g(s',a) = AD (] <-|s'>|wref<-s’>>] 7
v s'eS a€A
which concludes the proof. O

Lemma L4 (Lemma 23 of (Mei et al., 2020b) ). Let © € P(A). Denote H(r) = diag(n) —7n . For any vector v € R

o (=~ i)

> min7(a) -
acA

2
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(a) Softmax / (b) Softmax / (c) 0.1-Tsallis SoftArgmax / (d) 0.1-Tsallis SoftArgmax /
Entropy Regularization 0.1-Tsallis Regularization Entropy Regularization 0.1-alpha Tsallis Regularization

Figure 3. Regularized value landscapes for a one-state, two-action MDP (rewards 0, 1) for different coupling between parameterizations
and regularizations.

Lemma L.5 (Danskin 1966). Let Z C R™ be compact and let ¢ : R"™ x Z — R be continuous. Define

fe) = max o(e,2),  Zo(w) = argmas oz ).
Assume that for each fixed z € Z, the map x — ¢(x, z) is differentiable. If Zo(x) = {Z} and x — ¢(x, Z) is differentiable
at x, then f is differentiable at x with

Of(x) _ 9¢(x,2)

Ox or

J. Experiments
J.1. Uncoupling the parameterization and the regularization

Figure 3 compares the regularized value landscapes induced by different couplings between policy parameterizations and
regularizers. Both Softmax / Entropy Regularization (Figure 3a) and Softmax / 0.1-Tsallis Regularization (Figure 3b)
produce highly ill-conditioned objectives, characterized by wide flat plateaus separated by extremely sharp ridges. These
geometries create large regions with vanishing gradients together with nearly singular directions, which are known to slow
down and destabilize policy—gradient methods. Switching to the Tsallis SoftArgmax parameterization already improves
the situation: under Entropy Regularization (Figure 3c), the flat directions are reduced and the basin around the optimum
becomes more pronounced. However, the most favorable geometry is obtained when Tsallis SoftArgmax is coupled with
Tsallis regularization (Figure 3d). In this matched Tsallis—Tsallis regime, the landscape becomes smooth, strongly curved,
and well-conditioned, with a single broad basin leading to the optimum and no spurious flat regions or steep barriers. This
alignment between the geometry induced by the parameterization and that of the regularizer yields an almost quadratic
objective in logits, explaining why the Tsallis—Tsallis coupling provides the best convergence behavior.

J.2. Tabular experiments

We evaluate the empirical performance of f-PG equipped with a-Tsallis regularization, with the goal of assessing how
our coupled parameterization—regularization framework compares to the baselines summarized in Table 2. All methods
are evaluated on the unregularized return objective, and we report learning curves as a function of training iterations. For
each value of the Tsallis parameter o, we tune both the temperature parameter A and the step-size 1 over the grid

Ae{1073,107%, 1074, 1.0}, ne {107 3x107% 1073}

For the baseline methods, we analogously select the best-performing configuration over their respective hyperparameter
grids. All curves are averaged over 15 independent random seeds, and shaded regions indicate one standard deviation 2.

NChain and DeepSea. We consider two canonical tabular exploration benchmarks. NChain is a long-horizon chain
environment in which the agent must repeatedly move in one direction to reach a terminal state with a large 41 reward,

2Our code is available on GitHub: https://github.com/Labbi-Safwan/f-regularised-policy—-gradient.
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Figure 4. Average return as a function of training iterations on NChain (top row: sizes 10, 15, 20) and DeepSea (bottom row: sizes 10,
15). For f-PG, we report the best configuration for each divergence parameter c; for all other methods, we report the best-performing
configuration over their respective hyperparameters. Curves show the mean performance over 15 independent seeds, with shaded regions
indicating one standard deviation.

while a small immediate reward equal to +0.01 is available for moving in the opposite direction. As the chain length
increases, the probability of discovering the optimal policy decays exponentially unless sufficient structured exploration is
induced. The DeepSea environment, described in Section 5, is a two-dimensional sparse-reward navigation task in which
the agent must follow a precise sequence of actions to reach a distant rewarding state. Both environments therefore test the
ability of a policy-gradient method to propagate credit over long horizons and through sparse feedback.

Results. Figure 4 reports learning curves on both environments. On NChain (top row, Figures 4a to 4c), the standard
softmax—entropy policy gradient baseline performs competitively for the smallest instance (Size 10), but its performance
degrades markedly as the chain length increases. In particular, for Size 15 a substantial performance gap opens up, and
for Size 20 softmax converges slowly and remains far from optimal. In contrast, f-PG with a < 1 achieves substantially
higher returns and converges much faster for intermediate horizons, most notably for Size 1,5 where a clear performance
gap with the softmax entropy-regularized policy gradient emerges. For the longest chain (Size 20), Tsallis regularization
continues to outperform the other baselines but exhibits a similarly slow convergence trend to softmax—entropy, reflecting
the difficulty of the problem at this scale. Moreover, alternative regularization schemes fail completely on the longest
NChain of size 20. Additionally, Escort policy gradients and Hadamard parameterizations plateau at very low returns
across all chain lengths, indicating the need for additional exploration.

A similar pattern is observed in DeepSea (bottom row, Figures 4d and 4e). For Size 10, Tsallis-regularized policies
perform on par with the softmax—entropy baseline and in some cases converge faster. For the more challenging Size 15
instance, Tsallis policies with a < 1 remain competitive. In this environment, f-PG dominates all other baselines, which
fail to make meaningful progress toward high-return policies.

Although no single Tsallis parameter o < 1 is uniformly optimal across all problem sizes, a clear and robust trend emerges
across both NChain and DeepSea: for every environment, there exists an o < 1 that strictly outperforms all alternative
schemes and matches or exceeds the performance of softmax—entropy. These results corroborate the observations of Sec-
tion 5 and confirm that jointly tailoring the policy parameterization and the regularization to the structure of the problem
leads to improved empirical performance.
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J.3. Full description of the deepRL experiments

We provide here a full description of the a-Tsallis PPO algorithm and the experimental setup of Section 5.

Algorithm description. «-Tsallis PPO follows the same overall algorithmic structure as standard PPO, with only
minor modifications: the softmax policy parameterization and entropy regularization are replaced by their Tsallis a-
softargmax and Tsallis a-regularization counterparts. Specifically, the policy network outputs unnormalised action logits,
which are mapped to a probability distribution via the Tsallis a-softargmax instead of a usual softmax (see Section 3).
At each interaction step, we compute the Tsallis divergence between the current policy and the uniform distribution over
actions using the same coefficient v, and subtract A - D7 (7(-|s) | uniform) (see Table 2 for the expression of f,) from the
received reward.?. All other components, including the clipped surrogate objective, value loss, and advantage normaliza-
tion, remain unchanged.

Training pipeline. At each update, we collect trajectories from 16 parallel environments for 32 steps, followed by 16
epochs of PPO optimisation over 4 minibatches. We use a discounting factor v = 0.99 and GAE A\ = 0.95, and apply
gradient clipping at norm 0.5. Both actor and critic are two-layer multilayer perceptrons with 64 hidden units and tanh
activations. Optimization is performed using Adam (Kingma, 2014), and we perform a grid search over

Ae{1073,1072,107%, 1.0}, 5 € {107* 3 x107* 1073},

Each configuration is evaluated across 25 seeds. Episode returns are aggregated per configuration and reported as
mean =+ standard error. For each o, we select the configuration that produces the highest last reward on average.

3This regularized reward is used in the computation of advantages and value targets for the DeepSea environment. The reason is
that adding entropy to the rewards turns out to be critical for the method’s final performance, since the original softmax-PPO fails even
in DeepSea of size 20. Notice that it contrasts with an original PPO that adds entropy regularization only to a loss function and not to
areward. For Noisy Carpole, we use a standard implementation of PPO as a baseline.
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