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Abstract

In this paper, we present a novel analysis of
FEDAVG with constant step size, relying on
the Markov property of the underlying pro-
cess. We demonstrate that the global iter-
ates of the algorithm converge to a station-
ary distribution and analyze its resulting bias
and variance relative to the problem’s solu-
tion. We provide a first-order expansion of
the bias in both homogeneous and hetero-
geneous settings. Interestingly, this bias de-
composes into two distinct components: one
that depends solely on stochastic gradient
noise and another on client heterogeneity. Fi-
nally, we introduce a new algorithm based on
the Richardson-Romberg extrapolation tech-
nique to mitigate this bias.

1 INTRODUCTION

Federated averaging (FEDAvG) [McMahan et al., 2017)
has become a cornerstone of federated learning. It al-
lows multiple clients to collaborate on a shared op-
timization problem without having to exchange their
local data directly. While FEDAvVG has proven practi-
cal efficiency in many federated learning scenarios, its
convergence can be significantly affected by the hetero-
geneity of clients. In fact, FEDAVG performs several
local updates to speed up the training process and re-
duce communication costs. However, this leads to the
local drift phenomenon [Karimireddy et al., 2020]: as
the number of local steps increases, each client tends
to converge to an optimum that matches its local data,
rather than the global optimum of the entire coalition,
leading to biases in the resulting conclusions.

Several methods have been proposed to mitigate the
bias of FEDAVG caused by the heterogeneity across
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clients. These approaches typically fall into two cat-
egories: control variates-based methods [Karimireddy
et al., 2020, Mishchenko et al., 2022, Malinovsky et al.,
2022] and primal-dual proximal approaches [Sadiev
et al., 2022, Grudzieni et al., 2023]. These techniques
allow for more local steps while complying with lower
bounds on the number of communications required for
federated learning [Arjevani and Shamir, 2015].

Recently, it was found that FEDAVG suffers from a
second type of bias known as iterate bias. This bias
appeared in multiple analyse of federated averaging
Khaled et al. [2020], Glasgow et al. [2022], Wang et al.
[2024], as an additional term that scales with the vari-
ance of the gradients and the number of local steps.
This bias arises from the use of local stochastic gradi-
ents, similar to what was observed in previous work on
SGD [Pflug, 1986, Dieuleveut et al., 2020]. In this pa-
per, we propose a new analysis of FEDAVG for strongly
convex and smooth local objective functions, which
provides new insights into the convergence and allows
us to design a simple mechanism that reduces the bias.
Our main contributions are as follows:

o We start with a refined analysis of FEDAvVG, with
more than one local step, in the deterministic set-
ting, where the local gradients are exact. We show
that under these conditions and in the presence of
client heterogeneity, FEDAvVG suffers from a bias:
it does not converge to the global optimum of the
coalition, but rather to a point that lies in an
O(yH) neighborhood of this optimum, where = is
the step size and H the number of local updates.
We derive a first-order expansion in vH of this
bias, showing that the local drift phenomenon is
not due to stochasticity.

e Second, we extend this analysis to FEDAvVG with
stochastic gradients. Exploiting the Markov prop-
erty of FEDAVG’s iterates and assumptions sim-
ilar to those in Dieuleveut et al. [2020], we show
that this sequence admits a unique stationary dis-
tribution and converges exponentially fast in the
second-order Wasserstein distance. This allows us
to provide a sharp analysis of FEDAvVG, establish-



ing an explicit first-order expansion of its bias in
O(yH). We show that the bias can be decom-
posed into two terms: one depending solely on
the covariance of the stochastic gradients, and an-
other one depending solely on client heterogeneity.
The scaling of these terms is influenced by both
gradient and Hessian dissimilarity, which extends
existing results. Furthermore, our analysis does
not rely on restrictive assumptions on the gra-
dient noise, allowing for a polynomially growing
gradient variance.

e We suggest a novel approach for mitigating
bias, addressing both heterogeneity and stochas-
tic noise using the Richardson-Romberg extrapo-
lation procedure. In contrast to SCAFFOLD, this
method does not use control variates, and thus
does not incur additional memory cost at the
client level. To the best of our knowledge, this is
the first method capable of reducing the stochas-
tic bias inherent in FEDAvG. We validate this
approach numerically, demonstrating that it out-
performs existing bias-correction techniques, such
as SCAFFOLD, particularly in scenarios where gra-
dient variance is substantial.

Notation. In this paper, we denote by (-,-) the eu-
clidean dot product, and ||-|| the associated norm. Vec-
tors are column vectors, and we denote Id the identity
matrix, and 1, the vector of size n with all compo-
nents equal to 1. For a three times differentiable func-
tion f and i € {1,2,3} we denote V'f its i-th order
derivatives. For a sequence of matrices My, ... My, we
denote the product by H?=1 M, = MpMy_q--- M.
For two matrices A, B, we denote A ® B the lin-
ear operator M — AMB, where A, B and M are
matrices of compatible sizes. Furthermore, we de-
note M®* the k' tensor power of a tensor M. Let
B(RY) be the Borel o-field of RY. For two proba-
bility measures \,v over R? with finite second mo-
ment, we define the second-order Wasserstein distance
as W3(\,v) = infeenin,) [0 — 9]/2€(d0, dV), where
II(\, v) is the set of probability measures on R? x R?
such that £(A x R?) = \(A) and ¢(R? x A) = v(A) for
all A € B(R?).

2 PRELIMINARIES

Federated Averaging. We study the federated
stochastic optimization problem

0* € min /(0) szc L0 =E[FZ0)], (1)

where for each ¢ € {1,...,N}, Z_ is a random vari-
able with the distribution &., which takes on values in

Algorithm 1 FEDAvG

Input: step size v > 0, initial §, € R?, number of
rounds 7' > 0, number of clients N > 0, number of
local steps H > 0

1: fort=0toT —1 do

2: forc=1to N do

3: Initialize 60, = 6,

4: for h=0to H—1do

5: Receive random state Z h+1
Zh+1

6: Set 00! = 0h, —yVEZ " (0))

7: end for

8: end for v

9:  Average: 0,41 =+ >, 0,

10: end for

—_
—_

: Return: 6r

a measurable set (Z, Z), and (z,0) — FZ(0) are mea-
surable functions. To solve (1), we consider N clients
indexed by ¢ € 1,..., N, and assume that each client
¢ has access to its own function f. through stochas-
tic sampling of FCZ ¢. In this case, FEDAVG solves
the problem (1) by performing local stochastic gra-
dient updates on each client. These local iterations
are sent at regular intervals to a central server, which
aggregates them by calculating the average and sends
this updated estimate back to the clients. The clients
then restart their local updates based on this new esti-
mate. Starting from a common initial point 8y shared
by all clients and the server, in each round ¢ € N*
the server sends its current estimate 6; to each client
c€1l,...,N. Then each client ¢ starts with this up-
dated value and sets 02, = 0;, and performs H € N*
local updates: for h € {0,..., H — 1},
Zh,
€h+1 = eib,t —VE, C’t(eg,t) )

where v > 0 is a common step size shared by the
clients, and {th~ ¢cef{l,...,N},he{0,....H -
1},¢ € N} are independent random variables, so that
foreach ¢ € {1,...,N}, h€{0,...,H—1} and t € N,
zZh. e has dlstrlbutlon &c. Once the local updates are
complete each client sends its last iteration Oft to the
central server, which updates the global parameters:

N
N7y oH, (2)
c=1

We give the pseudocode of FEDAvVG in Algorithm 1.
The main challenge with this algorithm is that using
local updates introduces bias when the clients’ local
functions are heterogeneous, a phenomenon that we
formally characterize in Section 4 and Section 5

0t+1 =

Assumptions. Throughout this paper, we consider
the following assumptions.



A1 (Regularity). For every c € {1,...,N}, the func-
tion f. is three times differentiable. In addition, sup-
pose that for every c € {1,...,N}:

(a) The function f. is p-strongly conver with p > 0,
that is V2 f.(0) = uld.

(b) The function F. is L-expected-smooth, that is,
there exists L > 0 such that for all 6,9 € R?,

E[|VFZ(0) = VFZ(9)*|]] <
2L<9 - 19? vfc(e) - fo(ﬁ» )

where Z. has a distribution &..

(c) It holds that V2 f.(0) < LId.

Note that under A1, N~! Zi\;l fe is p-strongly con-
vex and therefore has a unique minimizer 6*, and the
operator Id ® V2 f(6*) + V2 f(0*) ® Id is invertible.

A 2 (Heterogeneity Measure). There exist (u1,Ce2 >
0 such that for any c € {1,..., N}, with 6* as in (1),

N
TSIV 6 - VRO < G forie {1,2)
c=1

where we recall that V f(60*) = 0.

Note that when the solution of (1) is unique, which is
notably the case under A1, this assumption also holds.

3 RELATED WORK

Analysis of Federated Averaging. FEDAvG was
first introduced by McMahan et al. [2017]. Since then,
numerous analyses have been developed. Initial stud-
ies primarily relied on assumptions of homogeneity
[Stich, 2019, Wang and Joshi, 2018, Haddadpour and
Mahdavi, 2019, Yu et al., 2019b, Wang and Joshi,
2018, Li et al., 2019]. Over time, various heterogeneity
measures have been proposed to derive upper bounds
on the error of FEDAVG. Among the most common as-
sumptions is bounded gradient dissimilarity [Yu et al.,
2019a, Khaled et al., 2020, Karimireddy et al., 2020,
Reddi et al., 2021, Zindari et al., 2023, Crawshaw et al.,
2024]. Other measures include second-order similarity
[Arjevani and Shamir, 2015, Khaled et al., 2020], re-
laxed first-order heterogeneity [Glasgow et al., 2022],
and average drift at the optimum [Wang et al., 2024,
Patel et al., 2023]. It has also been demonstrated that
FEDAVG can achieve linear speed-up in the number of
clients [Yang et al., 2021, Qu et al., 2021, 2023].

Correcting Heterogeneity Bias. A first approach
for addressing heterogeneity is based on control vari-
ates, pioneered by the SCAFFOLD algorithm [Karim-
ireddy et al., 2020]. Mishchenko et al. [2022] later

demonstrated that SCAFFOLD effectively accelerates
training, and since then, other control variates schemes
have been developed [Condat and Richtérik, 2022, Ma-
linovsky et al., 2022, Condat et al., 2022, Grudzien
et al., 2023, Mangold et al., 2024]. In addition, a class
of algorithms relying on dual-primal approaches has
been proposed to address heterogeneity [Sadiev et al.,
2022, Grudzieni et al., 2023]. While both approaches
allow for more local training steps and effectively cor-
rect heterogeneity bias, they do not address the bias
caused by stochasticity when using fixed steps ize.

Stochastic Bias. Even in the single-client setting,
SGD with fixed step size have been shown to exhibit
bias [Lan, 2012, Défossez and Bach, 2015, Dieuleveut
and Bach, 2016, Chee and Toulis, 2017]. Dieuleveut
et al. [2020] proposed framing SGD iterates with a
constant step size as a Markov chain, drawing con-
nections to established results in stochastic processes
[Pflug, 1986]. Stochastic bias has also been observed
in the analysis of federated learning methods. For in-
stance, Khaled et al. [2020] identified this bias in their
bounds on client drift, and similar observations were
made in the convergence analyses of Glasgow et al.
[2022], Wang et al. [2024], which compared SGD’s
iterates to those of deterministic gradient descent.
In this work, we investigate the iterate bias of FE-
DAVG, demonstrating that the stationary distribution
of SGD’s iterates is inherently biased.

Richardson-Romberg. The Richardson-Romberg
extrapolation technique, originally introduced by
Richardson [1911], is a classical method in numeri-
cal analysis. This approach has been widely applied
across various fields, including time-varying autore-
gressive processes [Moulines et al., 2005], data science
[Bach, 2021], and many others [Stoer and Bulirsch,
2013]. Specifically, it has been utilized in the context
of SGD by Dieuleveut et al. [2020] and Sheshukova
et al. [2024]. In this work, we extend these ideas to
the federated learning setting, demonstrating that this
form of extrapolation effectively mitigates both hetero-
geneity and stochastic bias.

4 DETERMINISTIC FEDAVG

In this section, we present a new analysis of FEDAvVG
with deterministic gradients (FEDAvG-D), where
F? = f.forallce {1,...,N} and z € Z. This analysis
highlights the core philosophy of the method developed
in this paper. Unlike previous analyses, we demon-
strate that FEDAvVG-D converges to a point ééZ’tH) that
differs from the optimal solution 68*. We then provide
an explicit expression for the distance between these
two points, allowing us to establish tight upper bounds



on the bias of FEDAvVG-D.

In the FEDAVG-D setting, we define the local updates
of the client ¢ by induction, starting from the point
6 € R%:

TOMED(9) £ (1d—y V) (TOM ()

where h € {0,...,H — 1}. The global updates from
(2) can thus be rewritten as

A

TOO(9) =6

N
1
TOH) () 2 N TO-H)(p
( ) N ; c ( ) )
or, equivalently, we can write TWH)(9) = ¢ —

,Yg(%H)(g), with the pseudo-gradient

N H-1

OEES 3D SR AU

c=1 h=0

g(% v h) 9)) .

First, we show that FEDAvVG-D with deterministic up-
dates converges to a fixed point of T(V-H)

Proposition 1 (Stationary Point of FEDAVG-D). As-
sume A 1. Then for all H >0 andy < 1/L, FEDAVG-

D converges to a unique point 0&2; ) that satisfies

TOM (51 = 65" and g0 (903) = 0. More-
over, the iterates of FEDAVG-D satisfy

A2 < (1 — )6 —

(v,H) 2
det 07 ” .

||0t det
To prove Proposition 1, we use the fact that local up-
dates are contractive; see details in Appendix A.

To the best of our knowledge, this is the first result to
establish the convergence of FEDAVG-D to a station-
ary point, rather than merely converging to a neigh-
borhood of 6*. To characterize this stationary point,
we derive an explicit expression for the bias ééZ;H) —6*
of FEDAVG. We rely on the following matrices:

_ 1
Dent) _ / V2 fo(wlop + (1 —w)0*)du ,  (3)
0

where 0. ), = TE”’“(G’QZ;H)). Based on (3), we define
the following matrices, that express the update of the
9(%

error when starting from the point 6;;

H-1 _ (5. 0.0%) 1 N
*__ c,hs *_ *
FC_;;[O(Id_,YDC )7F _N;Fc . (4)

We now provide an expression and an upper bound on
the bias of FEDAvVG-D.

Proposition 2 (Bias of FEDAVG-D). Assume A1 and
A 2. Then for all H> 0 and v < 1/L, we have

g

Zrhetv% (0*) IV f.(0%) ,

)

where Ti, = (Id — F*)~'(Id — F%) and F%,F* are
defined in (4). Furthermore, if yuH < 1, then

105 — 67| < v(H — Léun/p -

det — 1)C1 5 with Cl
We prove Proposition 2 in Appendix A, using the fact
that T(r H)(Q('y H)) = HQZtH) from Proposition 1. Im-
portantly, when H = 1, the bias of FEDAVG com-
pletely vanishes, recovering the fact that gradient de-
scent converges. Based on Proposition 2, we further
propose a first-order expansion of the bias of FEDAvVG-
D. This highlights that (i) the bias of FEDAvG-D
solely depends on heterogeneity, and (ii) the conver-
gence bound derived in Proposition 2 is sharp for small
values of the product vH.

Theorem 1 (First-Order Bias of FEDAVG). Assume
A1l and A2. Then for all H>0 and v <1/LA1/H,

we have

é(’Y,H) _ 9* (H_ )

det 2 b +O( 2H2) ’

where and the heterogeneity bias by, is given by

NZV2 F0*)~

and the explicit expression of the reminder term
O(y2H?) is given in Appendiz A.

HV2L(0%) = V2F(0)VFe(07)

The proof of Theorem 1 is given in Appendix A. This
statement shows that the scale of 0 V H) — 6* depends
on the scale of local gradients at 9* but also on the
difference of Hessians at the solution. Furthermore,
as a byproduct of Propositions 1 and 2, we obtain
the following corollary, establishing the convergence
of FEDAVG-D to a neighborhood of 6*.

Corollary 1 (Convergence Rate of Deterministic FE-
DAvG-D). Assume A 1 and A 2. Let H > 0 and
v < 1/L such that yuH < 1. Then the global iter-
ates of FEDAVG-D satisfy

— )60 — 012

det

+272(H —

16, — %[> < 2(1
1)2C3.

This result shows that the iterates of FEDAvVG-D con-
verge linearly to a neighborhood of the solution 6*.
The radius of this neighborhood is determined by the
level of heterogeneity among the clients, quantified by
Cs,1- Although this result may seem close to existing
analyses (e.g., Wang et al., 2024), we stress that our
analysis technique is completely novel.

5 STOCHASTIC FEDAVG

In this section, we present our main findings, includ-
ing the first-order expansion of the bias in FEDAva



Heterogeneity Bias

N2 £(0%) SN (V2 £e(6%)— V2 £ (0°)V f(67)

Assumption Stochastic Bias
Deterministic (Thm. 1) N/A
Quadratic (Thm. 2) 0

Homogeneous (Thm. 3)

2N

VA6V (07) AC(6")
Heterogeneous (Thm. 4) SLV2f(0%)71V3£(0*)AC(6*)

W=D G2 1 () I | (V2 1,(0%) = V2£(6%)V f.(6%)
0
D2 £(0%) 0N (V2 £.(0%) — V2 F(0%))V f(67)

Table 1: Summary of our main results.

Each row indicates, for one of our four possible setups, which biases

FEDAVG suffers from, and the leading term in the expansion of the bias value for small values of vH.

when using stochastic gradients. We demonstrate that
FEDAVG is affected by two types of bias: one due to
heterogeneity and the other one due to stochasticity.
Our analysis is structured into three scenarios, with
progressive complexity:

e First, when the functions f. are quadratic, we show
that, similar to the single-client setting, there is no
stochastic bias, but only a bias due to heterogeneity;

e Second, assuming homogeneous functions, we show
that the bias in FEDAVG only arises from the use of
stochastic gradients;

e Finally, in the general heterogeneous case, both
sources of bias are observed.

A summary of our results can be found in Table 1. For
our analysis, we introduce the following assumption,
which provides an upper bound on the variance of the
stochastic gradient. This bound is expressed as the
variance at the solution 6*, along with an additional
polynomial term. For all z € Z and 6 € R?, we denote
the centered stochastic gradient by

e:(0) £ VEZ(0) = V£e(0) - (5)
A 3 (Gradient’s Variance). There exist constants
Mc ke > 0 such that for any 8 € R%, and ¢ €
{1,...,N}, it holds with a random variable Z, with
distribution &, and £2(0) as in (5), that

E[llel(0))|'] < M {1+ [0 — 0*

ke}

In particular, we have ||E[ECZC(9*)®Q]|| < M..
FEDAVG Generating Operators. Now we extend
the methodology described in the deterministic case
to FEDAVG with stochastic gradients. For a vec-
tor ZLHE = {2zl : ¢ e {1,...,N},h € {1,...,H}},
and any ¢ € {1,...,N}, we recursively define
?97“(0; ZY") as an operator generating the local up-
dates of FEDAVG starting form 6. That is, we set
'T'SY’O) =1d, and for h > 0, we define

Tnh+1) (g, Z1h+1) = (Id AV EZ: )(?g%’”(e; Z}h)).

We then define T(H)(0; ZLH) as an operator generat-
ing the global updates of FEDAVG. That is, for § € R,
we let

N
FOH) (g, 71H) 2 L Z“Hezw). (6)

Note that (6) can also be written as T (0; Z218) =
(Id — ~vGO-H)(-; Z1:H1)) 0, where
| NoH-
oM 0: 252 LD VEZT (TOM (0, ZEm)) |
c=1 h=0

With the notations above, we have that the iterates
defined in (2) can be written, for any ¢ > 0, as

Orp1 = -T_(%H) (9t7 Z1 Ht) ) (7)

with Z%fﬁ,t the random states at global iteration t. We
now study the properties of the sequence {6;}:en.

Properties of {0;},cn as a Markov chain. Equa-
tion (7) shows that FEDAvG’s global iterates define a
time-homogeneous Markov chain with the correspond-
ing Markov kernel x on (R?, B(R?)) defined as

k(0,B) = E[1g(T M (9, ZEE))] , Be BR?Y),0 e R? .

Next we define, for t > 1, the iterates of x as k' = &,

and, with B € B(R9),0 € R?,
k'T1(0,B) = /nt(ﬁ,dﬂ)n(ﬁ, B) .

For any probability measure p on B(R?) and t € N*,
prt is the distribution of the iterates 6; of FEDAVG
when started from 6y ~ p. The iterates of FEDAVG
converge to a unique stationary distribution, similar
to Corollary 2 in stochastic regime.

Proposition 3. Assume A1 and let v < 1/L. Then
the iterates of FEDAVG converge to a unique station-
ary distribution =) admitting a finite second mo-

ment. Furthermore, for any initial distribution p and
t e N*,

W3 (o, 7)) < (1= ypu) W5 (p, 0-H))



The proof is postponed to Appendix B.1. Proposi-
tion 3 shows that the Markov kernel x is geometrically
ergodic in 2-Wasserstein distance. Moreover, the dis-
tribution of 6; converges to the limiting distribution
7(H) at a linear rate (1—pu/L), for a step size of 1/L,
with the exponent given by the number of effective
steps H x t.

Under the conditions of Proposition 3, we define the
mean and covariance matrix of 6; under the invariant
distribution 7(*)_ that is,

o 2 / Ir M (dd)

sto

(8)
s H) / (9 — 01220 (qy)

In the remainder of this section, we derive expansions

in v and vH for the bias HSC;H) — 6* and Eizo ). To
this end, we define for ¢ € {1,..., N} the matrices

FZ’H and T

2 1d—~Vv2f.(00)" T 2 ! ZF* (9)

Note that I'; and I'* are analogous to the matrices in-
troduced in (4),but, contrarily to (4), we use the Hes-
sian of f. at 8*. We also define the following quantities,

that will appear in our analysis of bias and variance of
(v.H).
7T :

A2 (Id® V2f(0%) + V2F(0*) @ 1d) ! |

1 N
C(o*)éE[Nza1(a*)®2} .

c=1

(10)

Quadratic Functions. When the functions f. are
quadratic, we show that FEDAVG’s bias only comes
from heterogeneity.

A 4. Assume that for c € {1,...,
fe(0) = SI(A)2(0 - 62))1*

where A, € R¥? s q positive semi-definite matriz,
and 0% € R4,

N} it holds

w1 0% when

Note that 6* generally differ from N ! Z
not all the 6*’s or the A.’s are equal.

Theorem 2. Assume A1, A2, A3, and A 4. Then,
using notations from (9), the bias of FEDAVG is

N

_ % 3 (- T) N Id - TE)(07 - 67)

c=1

0(7 H) 9*

sto

Furthermore, when yuH < 1, it holds that

105" = 0% || < AV(H = 1)¢unCoan /bt

and the following expansion holds, using notations

from. (8),
H-
052’07[{)70* ( 5 )b +O( 2H2) ,
Sa) = TACH") + OGP H + 42 H?) |

where A and C(6*) are defined in (10) and the hetero-
geneity bias by, is given in Theorem 1.

The proof is given in Appendix B.3, together with
an explicit expression of the remainders. This result
demonstrates that for quadratic problems, the bias of
FEDAVG is solely driven by heterogeneity. Further-
more, its magnitude is bounded above by the product
of the gradient and Hessian heterogeneities: there is no
bias if either of these terms is zero. This refines previ-
ous bounds in the quadratic setting [Wang et al., 2024,
Mangold et al., 2024]. Additionally, we confirm that
there is no bias when H = 1, that is if only a single
local step is performed. It also reveals that the vari-
ance of FEDAVG’s stationary distribution scales as %,
ensuring a linear speed-up with the number of clients
— a critical feature for federated learning.

Homogeneous Functions. When the functions f.
are homogeneous, we demonstrate that FEDAVG re-
mains biased, with the bias arising solely from the
stochasticity of the gradients. Namely, we consider
the following assumption.

A 5 (Homogeneity). Assume that all functions are
equal, that is, fo = f for allc€ {1,...,N}.

Under this assumption, the following theorem holds.
Theorem 3. Assume A 1, A3 and A 5. Let v <
1/LA1/H, then the bias and variance of FEDAVG, as
per (8), under the stationary distribution ©(1) are

g(vyH)

sto

— 0" = S5bo+ O(2H +9%7) |
2(771{)

sto

7 CACH") + O(H ++72)

where A and C(0*) are defined in (10),
stochasticity bias by is given by

and the

be 2 V2£(0)"1V3£(0%)AC(6%) .

The proof of Theorem 3 is given, together with an ex-
plicit expression of the remainders, in Appendix B.4.
Theorem 3 shows that FEDAVG is bias whenever the
function f is not quadratic. This bias is proportional
to the third-order derivative of f and the variance of
gradients at the solution. Crucially, this bias exists
even when clients are homogeneous. It closely resem-
bles the bias of SGD given in Dieuleveut et al. [2020]



for N = 1, and arises from the fact that the third
derivative of f. is non-zero. Remarkably, Theorem 3
guarantees that, as long as vH is small enough, both
the bias and variance of FEDAVG decrease inversely
proportional to the number of clients N, leading to
the desired linear speed-up property.

It is worth noting that FEDAVG’s bias in homogeneous
settings has been previously identified as iterate bias.
Khaled et al. [2020], Wang et al. [2024] showed that
this iterate bias scales with a uniform bound on the
gradient variance, and Glasgow et al. [2022] provided
a refined upper bound using constraints on the third-
order derivative of f. Our contribution goes beyond
these results and offers a precise first-order expansion
of this bias. Importantly, our estimate scales with the
variance at 6*, and does not require a uniform bound
on gradient variance.

Heterogeneous Functions. Finally, we present the
bias of FEDAVG in the general case, encompassing
non-quadratic and heterogeneous functions.

Theorem 4. Assume A 1, A2 and A 3. Let v <
1/LA1/H, then the bias and variance of FEDAVG, as
defined in (8), are

V(H-1)
2
H) _ %AC(G*) n 0(72H2—|—73/2H1/2) ’

gonH) _ge T 2 72
esto ¢ 2Nb5+ bh+0(7 ) s

=40
where A and C(0*) are defined in (10), and by, and by
are defined in Theorems 2 and 3 respectively.

The proof of Theorem 4, as well as an explicit expres-
sion of the remainders, is given in Appendix B.5. This
result shows that the bias of FEDAVG with heteroge-
neous clients consists of two terms: one due to hetero-
geneity, which exactly matches the bias of FEDAVG in
quadratic settings, and one due to stochasticity, which
exactly matches the bias of FEDAVG for homogeneous
functions. Again, in this result, we show that when
H is of order O(1/N), FEDAVG achieves the linear
speed-up with respect to the number of clients N.

6 RICHARDSON-ROMBERG FOR
FEDERATED AVERAGING

In this section, we outline the application of
Richardson-Romberg extrapolation to FEDAVG in the
context of stochastic gradients and heterogeneous
clients. This approach builds upon the bias expres-
sion derived from Theorems 2 to 4 to define new es-
timators by running FEDAVG twice, using different
step sizes or varying the number of local updates, and
then combining the resulting iterates. Specifically, for

te{0,...,T}, let HE%H) represent the iterates of FE-
DAVG with parameters v and H, and 9§27’H) represent
the iterates with parameters 2y and H. Using these,
we can define

T-—1
H H 2v,H)  g(v.H 1 H
19? ):2915"/ )_6757 ), 195] ):Tzﬂg‘y ).
t=0

Then, we obtain the following result from Proposi-
tion 1 and Theorem 4.

Theorem 5. Assume A 1, A2 and A 5. Let v <
271[1/LAL1/H], then the iterates {ﬁ(TAY’H)}Tzl converge
in 12 to lg(t%H) _ 2§(Z’H) _ 9‘(?%11):

lim E {99 - 0% =0 .

T—o00 sto

In addition, ﬁgjf” satisfies

gng;H) _ o — O(W2H2+73/2H1/2) )
Consequently, this implies that, when vH is small,
the averaged iterates of FEDAvG with Richardson-
Romberg extrapolation have a smaller bias than
vanilla FEDAvVG. Remarkably, this procedure is able
to reduce the bias of FEDAvVG without requiring the
clients to store an additional variable. This method
is thus very well suited for use with devices that have
limited computational resources.

Note that, in contrast to Dieuleveut et al. [2020],
we do not deal with the variance of FEDAVG and
therefore its Richardson-Romberg approximation, i.e.,
we do not quantify the rate of convergence to 0 of
E[| T~ 2100 — %) 12]. Solving this question
is an interesting direction for future work.

Remark 1. When H > 1, one could define a
Richardson-Romberg estimator by varying the number
of local steps, resulting in the construction wt(%H) =
2H — 1)/(H — 1™ — 6P and o™ =
T-! Zthfol wp’H). The sequence {@?’H)}T21 con-
verges to (2H — 1)/(H71)9_§ZC;H) - ééZfH) =
vbs/(2N) +O(v2H?4+~3/2 HY/2), removing heterogene-
ity bias but mot stochasticity bias. The iterates ob-
tained through this procedure therefore have a bias
close to the one of the homogeneous setting.

7 NUMERICAL EXPERIMENTS

This section illustrates our theoretical findings using
regularized logistic regression problems. This problem
can be formulated as (1), using z = (x,y) where x
and y are respectively the data features and label, and
A > 0 is a regularization parameter

fe(6) = E [log(1 + exp(1 — gz 0)) + A/2]|6]°]
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Figure 1: Mean squared error on the synthetic noisy (first line) and on the synthetic heterogeneous dataset
(second line), as a function of the number of communications, for H € {10,100}. In Figures la, lc, le and 1g
(labelled Iterates), we plot the MSE for global iterates of the three methods, while in Figures 1b, 1d, 1f and 1h
(labelled Averaged), we plot the MSE for first 10% of iterates, and then plot the MSE of the averaged iterates
for the last 90% of the iterates. We plot the average over 10 runs, with standard deviation.

where, for each ¢ € {1,...,N}, the sample z. =
(¢, ye) is drawn from client ¢’s local distribution.

We evaluate our approach on two synthetic datasets
with N = 10 clients. The first dataset, coined
synthetic noisy, is made of two blobs with large
variance, split uniformly among clients. It is thus
homogeneous, but contains very noisy data. On
the opposite, the second dataset, coined synthetic
heterogeneous, is made of 2 blobs with small vari-
ance. Half of the clients receive part of the observa-
tions directly, while the other half receive perturbed
records with shuffled labels. In this second dataset,
data is very heterogeneous but has little noise.

We evaluate three algorithms on these datasets:
(i) vanilla FEDAvG, (ii) FEDAvG with Richardson-
Romberg extrapolation, as described in Section 6, and
(iii) ScAFFOLD [Karimireddy et al., 2020]. For all ex-
periments, we use N = 10 and run the algorithm for a
total of TH = 10,000 estimation of the full gradient,
using batch size one and step size v = 0.01.

We plot the results of these experiments in Figure 1.
In all results, FEDAVG with Richardson-Romberg per-
forms at least as good as vanilla FEDAVG, which
is in line with our theory. However, in non-noisy,
stochastic settings (second line of Figure 1), it can
only partly remove the bias due to heterogeneity; on
the opposite, SCAFFOLD handles this bias successfully.
More remarkably, when clients are homogeneous, but
have noisy data (first line of Figure 1), FEDAVG with

Richardson-Romberg can reduce the bias, while SCAF-
FOLD fails. This further confirms our theory, and
highlights the fact that FEDAvG with Richardson-
Romberg extrapolation effectively reduces FEDAvVG’s
bias due to stochasticity.

8 CONCLUSION

In this paper, we introduced a novel perspective on
FEDAVG, centered on the idea that the global iterates
of the algorithm converge to a stationary distribution.
We conducted a detailed analysis of this distribution,
deriving an exact first-order expression for both the
bias and variance of FEDAVG’s iterates. Notably, our
results demonstrate that, as long as the number of
local steps is not excessively large, the bias of FE-
DAVG decreases at a rate of 1/N. Moreover, we es-
tablished that FEDAVG’s bias consists of two distinct
components: one arising purely from data heterogene-
ity and the other from the stochastic nature of the
gradients. Crucially, this proves that FEDAVG remains
biased even in perfectly homogeneous settings. Build-
ing on this key insight, we applied the Richardson-
Romberg extrapolation technique to introduce a new
method for mitigating FEDAVG’s bias. Unlike exist-
ing approaches, our method can reduce both sources
of bias—heterogeneity bias and gradient stochasticity
bias—offering a more comprehensive solution. This
opens novel perspectives for the design of federated
learning methods with local training.
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Supplementary Materials

A Refined Analysis of FEDAvVG

A.1 Convergence and Bias

To study the convergence of FEDAVG-D, we first recall the notations introduced in Section 4. Namely, we recall
that the local updates of FEDAvG-D for § € R% and 0 < h < H — 1 are denoted as

1>

TO9(6)
Tt(:v,thl)(a)

0,
TOM () — 4V f(TOM (9)) .

1>

Additionally, we recall that T("#) = % Ziv:l Téﬂ”H). First, we show that the local operators are contractions.

Lemma 1 (Contraction of FEDAVG-D’s Local Iterates). Assume A 1. Then, for any v < 1/(2L), 6,9 € R4,
and c € {1,..., N}, it holds that

10 =¥V fe(0)) = (9 =V () < X =)0 —3]* - (11)
Proof. Using strong convexity and co-coercivity, we have for any ¢ € {1,..., N}, that

160 =V fe(0)) = (0 = AV f(IDI* = 10 = > + ¥V fe(0) = VIe(I)* = 29(0 — 9,V fe(0) =V (9 1)) (12)

<110 = 9)1* = 29(1 = yL){0 — 9, Vfe(0) — Vfe(D)) (13)
<110 = 91* = 2yu(1 = AL)|10 =9I (14)
To conclude, it remains to note that v < 1/(2L). O

Lemma 2 (Contraction of FEDAVG-D’s Global Iterates). Assume A 1. Then for any H > 0, v < 1/(2L), and
0,9 € R, the operator TO-H) satisfies

[TOH () = TEID ()12 < (1 — yu) P16 — 9|2 . (15)

Proof. First, we show that T is a strict contraction for any h € {1,..., H}. Note that for any 6,9 € R,
TOMD () = TOMD () = (TOM(0) = AV f(TOM(6))) = (TOM (@) =V £(TOM (9))) - (16)
Thus, it follows from Lemma 1 that
[TORED(0) = TOMHD@)|2 < (1 =) [T (0) = TOM )| (17)
Using Jensen’s inequality and applying (17) recursively, we obtain
XN
[T (0) = TOM ()] < N D ITEHO) = TOD@)P < (1 =)0 =) (18)
c=1

which concludes the proof. O

Corollary 2 (Stationary Point of FEDAVG-D). Assume A 1. Then for any H > 0 and v < 1/(2L), deterministic

FEDAVG converges to a unique point géZ;H) which satisfies T(V’H)(H_éZ’tH)) = ééZQH) and g1) (H_SZ;H)) =0.



Proof. By Lemma 2, T is a contraction mapping. Thus the result follows from Banach fixed point theorem.
O

Theorem 6 (Convergence Rate of FEDAVG-D). Assume A 1. Let H > 0, v < 1/L, and define 9(7’ as the
unique point such that T(%H)(O_(SZ;H)) = géZ;H). Then, the iterates of FEDAVG satisfy

Ay, H H
16 = 8517 < (1 = 3)™ 160 - 6™ (19)
Proof. Let t > 0, and ;11 be the (¢ + 1)-th global iterate of FEDAVG. Since T('V’H)(G(A/ H)) = GdZtH) we write
brvs — Oy =T (G,) - T (B (20)
Thus, by Lemma 2, we have
y, H Ay, H H
10041 = B 1P = ITOH(00) = TR @L< (1= 3™ 100 = 051 (21)
and the result follows by induction. O

Theorem 7 (Bias of FEDAVG). Assume A1 and A2. Let H > 0, v < 1/(2L) such that yuH < 1, then we have

272017 _ 1)2
MQJ ' (22)

”9(’7 H) 9*”2 <
i

det

Consequently, it holds that ||§SZ;H) —0*|| =O(vH) and ||T(7’h)(§éZ;H)) —0*|| = O(vH).

(v,H)

Proof. Starting from édet , wWe write
TOMD O™ = TOM L) =V £TOP05")) (23)
= TOMBT) — AV L(TOP @) — V1(6%) 2V 1o(67) (24)

Using the hessian matrix of f., we write the previous identity as

Ts*»h*”(égz;m) TOM @) =D TOM @O0 — %) 4 £0%) (25)
where DU = (L2 £, (TOM (00:) 4 (1 - £)6%)dt, and, for € € {0,..., H}, 67, is obtained after ¢ local
iterates of agent c, starting from 0&2; ). that is,

* H
C,KZT(A )(9((iZt )) .

Consequently, we have
B H
TOMD @) =00 = P2 O —00) =2 Yo r IV (07) (26)
h=1
where we set, for h € {1,..., H}, the quantity

H-1

poft = T (1a =D ") (27)
t=h
Averaging over all clients, we obtain
5 N H
n(v,H , * * : *
TOM@ELD) =00 = PO =01 = 55 2D eIV e (28)



We now use the fact that GthH) is the fixed point of T(-#) je. T(H) (G(A”H)) = HdZ; ) and subtract F*(Ogl’t -
6*) on both sides to obtain

N H
(1d — F) (@1 — 0%) = %ZZF*”“HV]’ (0%) . (29)
c=1h=1
Now we introduce an additional notation for
H-1
ra =11 (Id -y ZD(G”’ " ) - (30)
t=h

With F %8 defined in (30), we get the following identity:

avg

O 0" =~ =) Z Z FEMEIT£.(0%) (31)
c=1h=1
N H
WS S M= )T R = ) (607) (32)
c=1 h=1
® 7 SN
2 S S — F ) 1(07) (33)
c=1 h=1k=0

where (a) comes from Zc 1 Vfe(6%)

0, and (b) is the Neumann series. Note that

* H * ( c, )0 ) (0 -/ 9 )
HFa’v}éH H o pohtl: HH H Z defé—&-l =1 . NZ DYk HH (34)
<y Z | — Lo B (35)
t=h+1
Thus, we have HF* htLiH }H‘LHH < 2v(H — h)L. This gives
v co N H
H . :
5" =070 < 35 23 I (AR s I\AAC (36)
27 L Hk: *
< D (L= ZZH WIVLE (37)
k= 0 e=1h=1
where we also used that ||F*|| < (1 —~yu)H. Consequently, when yuH < 1, we obtain
o o VLH(H — oy o EEH-D) 1T oy o YEH = 1)
1Bqui™ =671l < ﬁN ZHW; ) <2 ﬁ;HVfc(e < ———C1. (9

which is the first part of the result. From (38), it holds that HQSZ;H) 0*|| = O(vH). We now prove that the

same result holds for the local iterates T(7-") (ééZ;H)). Let h € {0,..., H—1}. Then, using the triangle inequality
and the fact that V f(6*) = 0, we obtain

IO E ™) — 6] (39)

= [TOM @) = AV LT OGT)) = (6" =7V Fel6) + 1 (VL(0) = VFO)) (40)

< TOM@ELT) = AV L TOM G = (0* = AV LD+ IV £07) = VO] - (41)

Applying Lemma 1 and (41) recursively, then A 2, we obtain
TP @) = %)) < ITOMOL™) = 0% + AV Fe(0) = VFO)] < 1055 = 0% + vH¢or = O(vH)

which proves the second part of the result. O



Corollary 3 (Convergence Rate of FEDAvVG). Let H > 0 and v < 1/L. Then the global iterates of FEDAva
satisfy

H)”Q + 272L2(H - 1)2C3,1 '

100 = 0712 < 201 = yp2) )16 — 05 7 (42)

Proof. We start with the upper bound
16: —6°11* < 2016, — O™ 11* + 20165, — 6> - (43)
Then, we apply Theorem 6 to bound the first term, and Theorem 7 to bound the second term. O

A.2 Expansion of the Bias

Proposition 4 (Expansion of FEDAvG-D’s Bias). Assume A1, A2. Let H >0, v < 1/(2L) such that ypH < 1,
then the bias of FEDAVG-D can be expanded as

N
0 00 = g2 g0y S92 1,0%) = TR0 10%) + OGRH?) (44)
c=1

Proof. Starting from (32), we have

N H
Z (Id — %) ;vféJrl:H _ Fz,thl:H)fo(e*) ' (45)
c=1h=1

) g v
aéZt - N

(0% ,,,0*
We start by writing the expansion of D o ). Note that, for ¢t € (0,1), we can write

TOM @) + (1 - 0)6* = 6+ ¢(TOM B — 6%)
Thus, we can expand the Hessian

V2f (tT v,h) (é(%H)) + (1 _ t)@*) — VZfC(g*) + r?,h,t(Tg’Wh) (éc(i’léH))) :

det

where r{ ;, , R? — R? is such that supyepra |1 5+ (9| /[|¥ — 6*[] < +o0. Hence, combining this bound and the

< rf”)

definition of D§9 , we obtain
1
*(‘9;, ,0%) * c s n(v.H _ * c s n(v.H
D" = / {V21e0) + 000 (TOM @) } dt = 921.07) + 65, (TEPO)) (46)

1
where r{ ;, : 0 / {r{ n..(9 —67)} dt is such that
0

sup [[rf ;, (D)I/[19 — 67| < +oo . (47)
YER

Using (47) and Theorem 7, we can expand f 3" +1H = [T/ (Id = 7D§9°“9 )) and (Id —T'*)~! as

PRt 1A — o (H — h— 1)V2£a(0") + 7 HRS , (05) (48)
FRl i —1d — 5 (H — h = 1)V2£(0%) + vHRl,hwéZ;H)) 7 (49)
(Id - T*)~" = (PHV2F(0%)) 7 + Ry (T (O0™)) (50)

where R, 1 R? -5 R4, R, = LS R¢ . and R, : R — R?*? are such that

sup [|RY , (D) /][0 — 0%[| < +oo, and sup [Ry(I)]/[|¥ — 0| < +oo . (51)
YER? YERd



Plugging the two identities above in (45), we obtain

N H
a(v,H) * Y * ( H)
gL — o+ = NC:1h_1{(7HV2f(0 N7+ RO} (52)
) {AH = b= D)(V2Fo(07) = T farg(07) + VH (R, (055" = RS w0550 } ¥ £e67)
N H
= ﬁ SN H = h =)V F(04) T VA f(0%) = V2F(07)V£e(07) + yHR(OLT) (53)
c=1h=1
where
N H
ROG™) = i 3 S V2H0) 7 Ry (B — RSOV £67) (54)
c=1h=1
1 N H
+ g 2 2V H = b= RN (V2 .(07) = V2 F(0°)V £.(67)
c=1h=
1 N H1 .
77 D0 DV HR O ) Ry w(055) = RS w055 NV £07)
c=1 h=1

Since Zle h = W, we obtain from above inequalities that
90 — o = Z V2F(0%) " (V2 1a(0%) — V2 F(0%)V f(6%) + vHR (B . (55)

The result follows from (51), which ensures that supyepra||R(9)||/||9 — 6*] < +oo and Theorem 7, which gives
||9£1th — 6*|| = O(yH) and thus the upper bound on the remainder WHR(GC({& ) = O(y?H?). O

B Analysis of Stochastic FEDAvVG

B.1 Convergence to a Stationary Distribution

In the stochastic setting, we recall the following operators that generate the iterates of FEDAvVG. That is, for
0 € RY, we let

TOO0) 26
TOmHD (g; 7101 &0 (0; 780 — AW FLT (F0W (05 217
and define the global update

Tt (g, zit) 2 L ¥ ZT )(0; Z5. 1) -

Here Z:H = {Zg :ée{l,...,N},he{1,...,H}} is a sequence of independent random variable, such that Zg‘
has distribution &. Additionally, FEDAVG’s global updates are of the form ;41 = 6, — ’yG('Y’H)(Qt; leff\}{), where

N H-1

GO (9; 1K) Z Z VE S (TOM (6, Z) (56)

where 0.0(Z),0.1(2),...,0.u(Z) is the sequence obtained using the stochastic local update rule, and Z =
(Zy,...,Zy) is a sequence of i.i.d. random variables.

Contrarily to FEDAVG-D, the stochastic variant of FEDAVG does not converge to a single point. Thus, we rather
study the convergence of its global iterates to a stationary distribution. To this end, we start with the following
two lemma, that are analogous to Lemma 1 and Lemma 2 in the stochastic setting.



Lemma 3 (Contraction of FEDAvVG’s Local Tterates). Assume A 1. Let 6,19 be random vectors, F be a o-algebra,
such that 0,9 are F-measurable. Moreover, let c € {1,...,N} and Z, ~ &. be independent of F. Then for any
v < 1/(2L), it holds that

E ([0 = 7VFZ(0)) = (9 = AW EE@)2] < (1= y)E [l - 9] . (57)

Proof. We start by expanding the norm as

10 — YVEZ*(6)) — (9 — A VE(9))|?
= 10 — 9| + V2| VEZ(8) — VEZ(9)|% — 2y(0 — 0, VFZ<(0) — VEZ<(9)) .

By the expected smoothness property (see A1), we have
E[Y|VEZ(0) = VEZ(0)|* | F] < 2L7*(0 — 0,V fe(0) = V fo(9)) -
Then, strong convexity gives
E [-{0 =0, VFZ(0) = VFZ(9)) | F] = =70 = 9,V fe(8) = Vfo(9)) < —yullf —I|* .
Combining the above inequalities, we obtain
E[l6 —yVFZ(0) — (0 = AVFZW)I? | F] < (1= 3m)18 = 92 = (1 = 2L9)(0 — 9, VEZ(6) — VFZ(9)) |
and the result follows from v < 1/2L and the tower property of conditional expectations. O

Lemma 4 (Contraction of FEDAVG’s Global Updates). Assume A 1. Let H > 0 and ZiH = {Zé~I 1 ¢ €
{1,..., N}, he {1,..., H}} be a sequence of independent random variable, such that Zg has distribution &z. Let

F be a sub-c-algebra and 0,9 € R? be two F-measurable random variables. Then for the operator ﬂ”””(; ZHH
it holds, for v < 1/(2L), that

E [T (0, 288) - Tm 9 ZEDIP] < (1 = )™ B (10 - 0] (59)

Proof. First, remark that

:lv—t(:’y,h-ﬁ—l)(g; Zi:h-H) _ -T—gy,h-‘rl)(ﬁ; ch:h-i-l)
= (TOM (0; ZER) — A (VEZ(TOM (9; ZE))) — (TOM (95 ZEM) — AV EZ (T (9; 25M)))

Therefore, by Lemma 3, we have
E [T (6 22 1) = TOMD (05 ZE)|2] < (1= ) [[TO (05 207) — T (93 20412

Thus, using this inequality H times recursively, together with Jensen’s inequality, we obtain

IN

N
~ . ~ . 1 =~ . =~ .
E [T (0; 218 = TOD @ 25 12] < = SOE [IT00(0: 257) = T (95 20|12
c=1

IN

1=y E[ll0 - 0)?] ,
which implies the statement. O

We now use the above lemma to show that the iterates of FEDAVG converge to a stationary distribution.

Proposition 5 (Proposition 3 in the main text). Assume A1 and let v < 1/(2L). Then the iterates of FEDAvVG
converge to a unique stationary distribution 7" with finite second moment. Furthermore, for any probability
measure A on R%, it holds that

W3 (A&t 7)) < (1 — yp) T WEN, 7)) (59)



Proof. The proof is inspired by Dieuleveut et al. [2020, Proposition 2]. Let A1, Ay be two probability measures
on R?. By Villani et al. [2009], Theorem 4.1, there exists two random variables 6 and Jg such that

W3 (A1, A2) = E [[|60 — 90o|?] . (60)

For ¢t > 0, let lejﬁ,{t = {th cee{l,...,N}, h e {1,...,H},} is a sequence of independent random variables,
such that Z?’t has distribution £z, and define recursively the two sequences for ¢ > 0,
O =T (O ZE ) L 9 = TOMD W 210 ) (61)

corresponding to two trajectories of FEDAVG, sampled with the same noise but with different initializations. In
the following, we use the filtration F; = J{le:’f\}” s © 8 < t}. By the definition of the Wasserstein distance, and
using Lemma 4, we obtain, for any k > 0,

W3 Ak, Aokt) < E[[10; — 94]|%] (62)
=E[E [ITO 0,1 288 ) — TOD @omns 2B I | Fira]| (63)
< (=) "E [[10;—1 — 91 |?] (64)

Applying Lemma 4 resursively, we obtain
W3R Aak®) < (1= v) ™[0 — Do|* = (1 — )" W3 (A1, Aa) (65)

The rest of the proof follows the lines of Dieuleveut et al. [2020]. O

B.2 Crude Bounds on FEDAvVG’s Convergence

In this section, we give crude bounds on the moments of FEDAVG’s stationary distribution, that will be used to
bound higher-order terms in the expansions below.

B.2.1 Homogeneous Functions

For homogeneous functions, we can prove that the errors of FEDAVG’s global and local iterates at stationarity
are of order O(v). This is stated in the next lemma, whose proof follows the lines of classical analysis of SGD,
but only uses the fact that gradients of V f.()’s at solution have the same expectation.

Lemma 5 (Crude Bound, Homogeneous Functions). Assume A 1, A 3, and let A 2 holds with (,1 = 0. Let
v <1/(2L), and yuH < 1, then

E[[|6; — 0*[|2] < (1 — 2vu(1 — L) TUE[||6 — 6% (2] + —— MY/
(16 — 0% [I7] < (1 — 2yu(1 — L))" "E[] 1] 20—

This implies that, for 6 ~ 7 where 701 s the stationary distribution of FEDAVG with step size v and H
local updates, it holds that

J16 =0 270D @) = 0 . and [TEM 6: 227 — 7 [Px ) = ()

Remark 2. Lemma 5 only assumes that Vf.(0*) =0 for all c € {1,...,N}. This notably holds under A 5, but
s in fact a stronger result.

Proof. First, we rewrite the local updates of FEDAvG, for c € {1,...,N} and h € {0,...,H — 1},

1 ~

O (g; ZE01) = T (0; Z80) — VLT (T0) (0, 20
Thus, we have
ITC 0 (65 22" — 642

1 ~ 1 ~

= [TOM(8; Z17) — 0|2 — 2(VEL T (TOM (6 217)), T (6; 257 — 6%) + |VEZ (T0 (6 21|



h+4+1 ~
Decomposing the gradient of VFCZ“+ (T?’h)(G; ZLM)) using the fact that, since ¢, ; = 0, the functions f.’s satisfy
V fe(68*) = 0, we obtain

+1 +1 +1
( (

VEZT (T 0, 250y = VEZST (FOW (0, 20m)) — VEZ T (0%) + VEZ (0%) = V1(07)

and using Young’s inequality, we obtain

ITOME0 05 2270 = 07| < T (0 Z27) = %2 = 2(VEZ T (T0 (0 220, To (0 22%) - 07)
+ 292 [VEST (T (6 257)) = VEZT (00)|2 + 292 IVES (0%) = V0]
Now, we define the filtration Fj, . = o(Z% : £ < h), and take the conditional expectation to obtain
E [IT0H0(0: 250) — 0% | Finl] < IT0M (0:21%) — 0°2 — 2(V L (FOP (0: 2), T 0 227) — 07)
FRPE[|VEST (X0 0 21%) - VES 0)? | Fiel
+2%E [IVFET (0°) = V16 | Fove]
By Al-(a), Al-(b), and using that V f.(0*) = 0, we have
E [T 0(0: 25 = 07 | Fo
<TI0 25) = 0712 = 29(L = ALYV LTEM(0; 201)), TEM(0; 2:") - 07)
+2%E [|VEZT (67) = V10 | Fe]
< (1= 29u(1 = yL)[TE 0 ZE0) = 07|12 + 2%E [|VEZ (67) = V109 | Fie| - (66)
Using the definition of (5), taking the expectation and unrolling the above inequality we obtain

+1

~ h
E[[TOM (05 25H) — 07 < (1 = 2yp(1 = YD) P[0 — 0*|*] + 242 HE[[[Z " (6")]]? -
Therefore, using Jensen’s inequality, A2 and A 3, we obtain the following bound:
E[|TO60; ZLK) — 0717 < (1 = 29u(1 — L)) E[|6 — 0*|*) + 4> H(MY? + Z,) - (67)

Denoting 6; the global iterates of FEDAvVG, and using (67) recursively, we obtain

2y
E[ll0; — 0*]|%] < (1 — 2yu(1l — ~vL))FIE 970*2+7M€1/2,
[0 1] < ( i vL)) [l (<] 11— L)

which is the first part of the result. Taking 6 ~ 7(*#) and using the fact that 7(*"#) is the stationary distribution
of FEDAvVG’s global iterates, 6; and 6 are identically distributed, then taking the limit as ¢ — +o0o gives the
second part of the result. Finally, using (66) we obtain

E[| TN (0; 25" — 0*|7) < E[I0 — 0*[1] + 29° (M} + (2,) = O(y +4°h) = O(v)
since vh = O(1), which gives the last part of the result. O

Lemma 6. Assume A1, A3, and let A2 holds with (.1 = 0. Furthermore, assume that El/3 [||55ZC (0*)“6] <7e.
Let v < 1/8L, and ypH < 1 then there exist a universal constant 3 > 0 such that

. 3
BV 6~ 0°1°) < (1= 3/3) B0 - 0°)F] + 2

Moreover, for 6 ~ x(H) where 7(H) 4s the stationary distribution of FEDAVG with step size v and H local
updates, it holds that, for p € {2,3},

/ 16— 6*2Px ) (d0) = O(v7) . and / [T (6; Z80) — 07|22 (d9) = O(y7) .



Proof. We now extend the results of Lemma 5 to higher moments of [|§ — 6*|?, with § ~ 7). First, we

prove a bound on the moment of order 6. To this end, we start by deriving an upper bound for local updates,
decomposing the update between a contraction and an additive term due to stochasticity. Starting from a point
6 € R, we first expand the squared norm, as in the proof of Lemma 5, as

[T (g, 22041 — g
T : * Zr 2 (y, L7l T (v, .7l Zr 2 (y, .7l
= [ITOM(0; 2 — 0%|> — 2o(VEZe (TOM(0; Z22M)), TS (0; Z1M) — 0%) + || VEZe (TOM (0; 21M)|1%

To reach the sixth power, we take this equation at the power three. We use the fact that, for a, b, c € R, it holds
that (a + b+ ¢)® = a® + 3a?b + 3ab® + b3 + 3ac + 6abe + 3b%c + 3ac? + 3bc? + ¢3. Thus,

(a® = 29b + +2c*)3 = a8 — 6ya?b + 372a*c® + 127%a%0? — 673a%bc? + 3y a’ct — 8303 4+ 129%b%¢% — 67°bc? +~5c° .
If a,b, ¢ satisfy |b] < ac, we have

(a2 _ 271) + ’}/282)3
<ab— 6'ya4b + 3’y2a402 + 1272(1402 + 673a303 + 3’y4a2c4 + 873(1303 + 12’y4a204 + 675ac5 + 7606

=a% — 6ya’b + 157%a*® + 147303 + 157%a?c* + 67°ac® + 565 . (68)
Now, we take a = |[TO(8;21) — 6*|l, b = (VEZ (TOM(6: 22m)), TP (0, 2) — %), and ¢ =

+1

||VFCZ£L (ﬂ%’”(o; ZEM))||. Note that we indeed have b < ac using the Cauchy-Schwarz inequality.
At this point, we have the following bound, for 2 < k < 6,
Zh+1 ~ .
B[ | 78] =K [|VFZ (T (6 2%)|1* | 7]
_ Zh+1 ~ . Zh+1 " ZZL+1 ~ .
<2 R [IVEET T 0 227) - VEET (001" | FL] + B [|VEZT (T00 0 22 1* | 7o)}
<2 (R [IVEH (00 20) - VR @) | 7] k)
Then, by A1, and since V f.(6*) = 0, we have

B[IVEZST (F0m(6; 2) - VEZ (0m))1* | 7]
< LA TON(0: 20 - 0| 2E (VST (TP 207) - VEET 0] | 7
< MO0 25%) = 0°F 2 (VLLTOM (6 257) = V ol07), TEN (0 25%) — 07)
This guarantees that

E [ck ‘ .7:,?]
< DA LFTON (0 Z1R) — 0* [T L(TOM (0; 210) = V£o(0%), TOW (6 2% — 0%) + 2+
Which in turn proves that
E ['Yka67kck | J—_'Ch:l
< PR TOM (0, ZE) — 0% |2 (A (TOM (0: Z10)) = V£(67), T (0: 217 — 07)
2RI TOM (6; 207) — 01
= R LEHTON (05 Z17) — 0|1V fo(TO(0; ZEM) = V £o(07), TP (6; Z27) — 6)
TN (6 2 — 0|
Then, we remark that

E [—6ya’b | FL] < —6|[TOM(6; 25") = 6*[X(V fo(TOM (65 227)) = V £o(67), TOM(0; 25") = 6%)



Plugging this in the conditional expectation of (68), we obtain
(a2 — 2yb + 72?)? < a® + ( 6y 4215920 4 4-1443L2 + 8- 1591 L% + 16 - 677 L* + 3276/:5)
X [ TOM(6; Z27) = 05| NV fo(TOM(0; 25M)), TOM (65 22™) — 6%)

6
+15 ) 2T (0 Z5) - 07
k=2

Taking yL < 1/8, we have 2 1592L +4 - 1443L? + 8 - 1544 L3 + 16 - 67° L* + 3295L> < 57, which, combined with
the following inequality, which holds by A1,

— Y (VF(TOM(0; 251)), TOM (05 27) = 6%) < —yu| TOM (05 227) — 6%
ensures that

E[IT0-m0(0; 2201 - 07| | 72|

6
< (U= [TOM(0; Z5") = 6%+ 15 28 TOM(6; Z0) — 67| F (yme)*
k=2
We now express this sum as a third-power of a sum of two terms: one contraction, and one additive term due
to stochasticity. Let k =20+ 1 € {2,...,6} be an odd number, which implies £ = 1 or £ = 2. Since k > 2, then
¢ > 1, and k > 3. Using the fact that for odd values of £k = 2¢ + 1, then k — 1 = 2¢ > 2 is even, we have

[T (0; ZEm) — 0%)|57F (yre)F = | TOM (0; ZEM) — 0%(|5 =2 (y76)2+?
= [ TOM(9; ZER) — 0% |42 (yr6)* (||?£%h><e; Zkhy — e*nm)
< [TOM (0 25 = 0|4~ (yme) (2TOM (05 28™) — 0% + 29°73 )

Using this fact, as well as the above inequalities, Holder’s inequality, and following the lines of proof of Dieuleveut
et al. [2020)’s Lemma 13, there exists a constant 8 > 0 such that

~ . ) ~ ) RREVE 3
E[ITO 40 (6 2240 - 0] < ((1 — /) [ITOM (6 25 - 67| + Wré)

Consequently, we have

- 1/3
E IO (6 Z50+1) - 0°| ]

~ ) 1/3
< (1= yu/3)E [ITOD(6; 2 - 0°1°] " + prrd
Iterating this for H iterations, we obtain that

}1/3

T : * * 1/3
B[IT0m(0: 25— 0°1%)"” < (1 = /3B o — 0°10] "+ a2

Then, combining this inequality with Minkowski’s inequality, we obtain, for any 6 € R,
N

1 ~ . L e1/3

= SE[ITO@: 28 ) - 0%
c=1

<11611/3
(1 —yu/3)"E[[16 — 6*[°]"° + BHA72 |

and the first part of the result follows from iterating this inequality 7" times, starting from 6.

~ 1/3
E [T (6; 28,) - 0*I1°

IN

IN

The second part of the result for p = 3 directly follows from the previous inequality. To obtain the result for
p = 2, we use Holder inequality and remark that

16— erltxtmmds) = [0 - 67[ x 6 - 67| x 1D (ao)

< </||9 — 9*277(%H)(d9)>1/2 (/HH — *[|Sa ) (dg))
=0 ((rx+")"2)

where the last equality comes from Lemma 5 and from the first part of this Lemma. O

1/2



B.2.2 Heterogeneous Functions

Lemma 7. Assume A1, A2, A3, lety<1/L, and yuH < 1. Then we have

. vy H(H -1 2¢2L2 8
B (16— 0117) < (1= ) 1o -2 4 FEZ (a2 4 2 ) 2, e

This implies that, for 6 ~ 71 where 70H) s the stationary distribution of FEDAVG with step size v and H
local updates, it holds that

J16 =070 @) = O+ 4217, and [ TR0 257 = 67 200 (06) = Oy +9°H) . (69)

Proof. We start from 011 = 60 — 7G(6; Z{N), with G- (g; Z1H1) as defined in Section 5, and use
L3N, V£(6*) = 0, to obtain

T

-1

N
>3 {vEET A0 2" - v160m)]

0

Orp1 = 0p —

=]
i

c=1

Using Jensen’s inequality, we have
H-

N N
N 1 5y 1 ) . 2
I00s1 =01 < 5 320 = £ 32 X {wmHT @00 2:) - v rion
c=1 c=1 h=0

,_.

To derive an upper bound on this value, we study the following sequence of iterates, that correspond to the local
parameters with recentered gradients, defined for h € {0,..., H — 1},

VO (g; 71T £ T (9, 251y — 4RV £.(6%) (70)

which allows to rewrite the above inequality as [|6y+1 — 6*[|* < 4 Zi\]:l ||\~/£’YH) (0; ZFH) — 0*||2. Next, we bound
each term of this sum independently. We start by expanding the norm

VO (9; ZEWHL) — 952 = VO (0; Z10) — 0% — 4(VEZS (TOM (0; Z50)) — V £.(0%))) |2
: * htt ~ : *
= VO (9; ZER) — 0*|[2 + 42| VEZS (TOM (0; 251)) — V.00
— 2 (VO (; ZER) — g* VEZT (T (0; ZEM) - V£.(0%))

We now take the expectation using the filtration F* = o(Z¢ : £ < h), for h € {0,..., H — 1},
E [[VO+D (0, 0 +1) — 0%)2 ‘ ]_-ch} — VO (g; Z1m) — g¥| |2

h4+1 ~ . .
+ %R [|VEZT (T0 (6 250)) = 10712 | 2]
2y (VO (0, ZEM) — 0%,V £.(TOM (0; ZEM) — V £.(67))

Now, we remark that

VEST (TN (0:217) = Vo07) = VEZT (V0 (6: 220) ~ VES (0)
F VRS (T 0:27)) = VRS (V00 207) + VRS (0%) - V1.6

which allows to decompose the term E [HVFCZQH('T'Q’}L) (0; Z1h)) — V(07| ’ .7-"?} using Young’s inequality



twice, followed by A1 and A3,
E [HVFCZZ‘“(W” (6 Z57)) = V1671 | 72]
<R [|VEZ" (VOm 0 Z2m)) — vEZ (09))2 ]-"Ch]

AR [[VEZT (T0M (6 287)) = 2T (Vo 6, 210 |12 | 72| + 4B [|VFZT (6%) = V1.0 | 7]
{HVF c (“/ h)(@; Zlih)) — VFCZf+1 (9*)”2 ]_-Ch} + 4L2H:|:§’Y,h) (Q’chh) _ \7((:%h)(9; Zi:h)HQ + 4M51/2

h, h+1
E (|VFZ vW’”(e ZE) = VEZ (00| fﬁ}+4L2v2h2|\wc<e*>||2+4M3/2,

where the last equality comes from the definition of \7?’“(9; ZYM). Furthermore, we have
YV (05 Z57) = 0%,V [ (TOM(0: ZEM)) = V [o(6%)) = 4 (VO (0: Z27) = 0%,V [ (VO (0; Z27)) = V fo(07))
+ AV G ZE0) = 0%, T LLTEN (0 207)) = VLNV (0 250)
Then, we bound the second term using Young’s inequality A1 and the definition of VA (9; ZLM),
— 2y (VO (g5 ZERY — g% W £ (FOM (0: ZM)) — V£,V (8 Z10)))
< VDM 627 — 6 + %ch(ﬂ%h’(e; ZM) = V1VE (0 1)

293 h2L2

IN

IV (6 22 - 67 + IV £:67) -
Finally, we remark that
VG (0; Z10) — 072 + 2B [|VEZ (V0 (6; 287)) = VEZ (67))2 | F ]
— 29V (6; ZE) — 0%, (VO (6 Z1M)) - Y £.(67))
< (L= VO (6 25" — 67

We now plug the bounds we obtained in the expansion above to obtain
E[IVO0 (0 2540 — o712 | FE]
< (1= L) 190002 - 02+ (14022 + L) W0+ a2
Taking the expectation and unrolling the inequality, we obtain
E [|VG(8; 2240 - 672

¥ N H?(H -1 2v3 L2 N
< (1- 2" g e EZD <474L2+M IV L0012 + 492 HMY?

Which gives the following inequality, that links two consecutive updates,
E[IT06; 24 - 0*11]

H?*(H -1 27312
(1 - %) 16 —6** + % (4’74L2 + 1) Gy +AyHM?

Unrolling this inequality starting from a point 8y € R?, we obtain
Ht H(H -1 2v2 L2
B (16— or1P] < (1= 2) " po - o+ TEZ (aprz e T Y 2 Bage

which gives the first part of the Lemma. The second part follows the same lines as the second part of Lemma 5. [J



Lemma 8. Assume A 1, A2 and A 5. Furthermore, assume that E1/3[||5fc(9*)||6] < 712. Lety < 1/8L, and
yuH <1 then there exist a universal constant B > 0 suc that

68v2L?H(H — 1)
112

This implies that, for 6 ~ 7 where 70 is the stationary distribution of FEDAVG with step size v and H

local updates, it holds that, for p € {2, 3},

16 =0 2ra0D @) = 0 (7 2 1) | and [T (6250 - 07| @0) = O (47 + )

B2 [l - 0°1°) < (1 = 3us/3) B30 — 6°)1°) + i+ a4 Do

Proof. The proof follows the same lines as the proof of Lemma 6, with an additional heterogeneity term that is
O(y?H?) that plays a role similar to the one of 75. We start with the expansion of the local updates, recentered
by YAV f.(0%), as defined in Equation (70), in the proof of Lemma 7,

V0D (9; Z20 1) — 97|12 = | TOoM) (6; 220 — 6> (VFZZLH(T(””’)(G;Zi:”))—Vfc(ﬁ*))llz
= VO (g; ZE) — e*||2+w\VF° STOM (0, ZEM) = V.00
— 2y (VO (9; ZEm) — 0%, VEZT (TOM (6; 21 — Vfc( )
~ htl ~ . .
= [V (9; ZER) — 0|2 + A2V ESe (TOM(0; Z5R)) — V f.(0%)|1?
— 2y (VO (g; 210y — g W EZET (VO (g; ZhY) — Vfc(e*»
(

— 2 (VO (0 ZE) — o7 VEZ T (T (0; 28m) — VEL

C

VO (0; ZEM)))
We first bound the following quantity, following the derivations from Lemma 7,
IVEZT (TOM (6 250) - V £.06%) 2
< QVEZT (VO (65 28m) - VEZT (00
FAVEZT (TOM(0; Z2)) — VEZT (VO (0; 25|+ 4|V ST (0%) — V00
Then, we bound the last term, without the expectation, and with slightly different constants,
— 2y (V0N (0: 217 — 0% VELS T (TOM (0 Z11)) — VEZS (VO (0; 247))
< TG0 6 750 — 07|12 + %”nwff VTN 0: 21m)) - VEZT (VO (0 2|
Using the same derivations as in the proof of Lemma 7, we obtain
VO (05 21 — 07|12
< (L4 3/6) [V (0; ZE7) — 0%(7 — 29 (VO (0 Z1™) — 0 VELS T (VO (6; Z50)) — V 1.(0%))
+ 22| VEZ “(\72*’”(0; ZEM)) = VL0012
+ SRS (o0, 280) = VR (VO 0 2 + 47 IV (07) = V)

where we also used 442 < 4% < 477. Then, we expand the third moment of this equation, using the same

derivations as in Lemma 6, with
a® = (1+yp/6) IV (0; Z2") — 6%))*
b = — 2y (VL h>(9 ZV0) _gr WEZT (VO (9; Z50)) — W £.(6%))
ve® =277 HVF - (Vﬁ”’h)(& Z¥M) = V101
107 =(y,h) Lk ZM Sy 1:hyy (|2 2 ZM s (2
IVEZ" (TOM(0; Z5)) — VEZ (VO (0, Z50)) |2 + 442 [VEZ T (0%) — V10092

and use the fact that (1+~4/6)* < (14 ~u/2). We notice that we indeed have —yb < —2a?, and that b < ac.
Then, using the same derivation as in Lemma 6, we obtain the result of the lemma. 0



B.3 Quadratic Setting

B.3.1 Study of the Bias

In this section, we study the particular case where the functions f.’s are quadratic. Specifically, we assume that
there exist symmetric matrices A.’s and vectors 6%’s such that

10 - 2
1.(6) = 5|40 20 — 02) (71)

This implies that f.’s gradients are linear, and satisfy Vf.(0) = A.(6 — 6%). Consequently, for all h < H,
B[TOH (0: 251)] = 07 = (1d = vA)" (0 - 67) - (72)

For further analysis, we introduce the notations
| X

=({d—~yA)" , T ==) T 73
(Id —7A)", N ; : (73)

Proposition 6 (Bias of FEDAvVG for Quadratics). Assume A1, A2, A3, and A4 and v < 1/L, then the bias
of FEDAVG with quadratic functions is

N
1
o) — g* 4 (1d —T*)~ NZId T*) (0% — 0F) . (74)

Furthermore, when yuH < 1, it holds that
< Y = DG2Ger

7(7:H) _A*
6" — g » (75)
Proof. For any point # € R%, it holds that
E[TOH) (0; Z1:H) - 04] = ZE [T00 (05 21) | = 0z — (0" — 07) (76)
1 * * * *
:Nzrc(eigc)i(e 79c) (77)
XN
=% D T - 0%) + (T —1d)(0* - 6;) . (78)
=1

When 6 ~ 707 is sampled from the stationary distribution of FEDAVG’s iterates, we have Géz(;H) = E[f] =
[Tg)ﬁ]. This gives the equation

sto sto

N
é('y,H) _0r = F*(é(‘%H) * Z F* — Id 9:) . (79)

Subtracting I'* (9(

sto
H
0"

— %) on both side, and multiplying by (Id — I'*)~!, we obtain the following expression for
as a function of 8%,

N
a(v,H * *\—1 1 * * *
esto =0"+ (Id =TI ) ' N Z(Id - Fc)(ec -0 ) ) (80)

c=1

which gives the first part of the result. Then, using the Neumann series together with Lemma 9, we obtain

SZ;H)—9*+Z ) ZZW"“M (6" —0) (81)

=0 + Z(F*)t
t=0

= \

M:c ]

(F* Jh+1:H l—w* Jh+1: H) Ac(e* o 9:) , (82)

avg

2=
'MZ i

p
i

I
=
I



where we defined the notation I} +1:H HhHH(Id —~A), and the second inequality comes from the fact that

avg

DrttH SN A% — 67) = 0. Now, we note that

H
F:’h—H:H F;V}é—i-l H Z Fz,h-i-l:é—l(,yA_c A)szég-&-l H . (83)
{=h+1

Therefore, we have

[ — 0| < o1 - " ZHsz (Pt Dyl 4,0 - 6) (84)
t=0
= (1) ZH 27 37 T (A, AT A0 - 07)| (85)
t=0 Nc—l {=h+1
< i(l_'ﬂfﬂ Ht QZ Z H ZF* Jh+1:0— 1 A)sz;l HA (9 9:) (86)
t=0 h=0/{¢=h+1 N
And we obtain
|05t — o (87)

N 1/2
L7y S (}VZ\F:W*( r:f;lHH) <NZHA ~00) ||> (58)
c=1

h=0/{¢=h+1

M8 1

H H H —1)(,,
<> - TEZ D = % : (89)
1
t=0
which is the second part of the result. O
Corollary 4. Assume A1, A2, A3, Aj, v<1/L and vH <1, then we can express 9530’ 0y
V(1) 3
00" — 0% = — S V00T Y (VA F(07) = VA (O)VS0°) + O H?) (90)
c=1

Proof. The proof follows the same lines as Proposition 4, using the fact that V2f.(d) = A, and V2f(0) =
LSV A, for all 8 € R? to replace F* with T*, F2" 1 with TpAHEH and frht b8 with T St tH for

avg

helo,...,H—1}. O

B.4 General Functions, with Homogeneous Agents

When functions are not quadratic, local iterates are inherently biased. We start in the simpler case where agents
are homogeneous, which will serve as a skeleton for the general heterogeneous case. In this setting, the functions
fc are all identical, therefore we simply denote them f.

To study this case, we define the following matrices, for h =0 to H,
o0 = (1d — V2 f(67))" . (91)

Crucially, in the homogeneous setting, all agents have the same local matrices. This will not be the case anymore
in the next section, where agents will be heterogeneous.

Expansion of Local Updates (Homogeneous Case). We start by studying the local iterates of the algo-
rithm, when starting from a point 6 drawn from the local distribution of FEDAvG. Using a second-order Taylor



expansion of the gradient of V f at 8*, we have

VHTOM(0: 2:") (92)
* *\ (T : * 1 *\ (T : * c (T :
= V(") + VEFO )TN0 257) = 07) + SV FO) (T (0 257) = 0)%2 + RG p (TOM (0 2:7)) - (93)
*\ (T : * 1o *\ (T : * c (T :
= V2RO (TN (0 257) = 07) + VP FON) (TN (0 207) = 07)2 + R, (T (0 207)) (94)
where we used V f.(6*) = 0 due to homogeneity, and R§ ), is a function that satisfies
sup [R5, (0)]|/]10 — 0*[° < +oo . (95)
feRd

We stress here that, although the local functions are all the same, the noise variables drawn by each agent are
different from each other. Consequently, local iterates are different from each other.

We can use the above expression to expand FEDAVG’s recursion as
-T-E%thl)(o; chzh+1) _p*
= TOM(6; ZE%) — 6" = AV FFOD(0; 210)) — 7l (T (0; 210
= TOM(6; 22™") - 6*
=~ . 1 . = .
— (VQf(G*)(Ti”’h)(G; Z") = 6) + §V3f(9*)( TOM(0; 227) = 07)% + RS, (T (65 ch'h)))

— el (T (6; Z1)
= (ld=V21(6) (TOM(0: 2:") - 07)
T : * c T : :r+1 T (7, :
— SVEFO) TP (6 217) = 0)9% — 4R, (TOM (65 217) =™ (TOM (6 217)
Unrolling this recursion, we obtain

T (60; 251 — 0 =T (0~ 0%) (96)

H—-1
— X D (LT 0 25) — 0)° 4 Ry (T 022 2 (T 6,27 )

Expansion of E [('T't(;”h)(ﬂ; ZLhy — 9*)®2} (Homogeneous Case). We start with the expression

h—1
~ ~ ¥4 ~
TOM(0; 251 — 0% = 0 — 0" =7 Y V(T 0 2) + 25 (TO0(0; 217)) (97)
=0
We use second-order Taylor expansion of the gradient to obtain

TOM (9, Z1h) — 6+ = 0 — 9**72V2fc (0%)(TOO(0; Z1) — 0%) + R, (TOD(0; Z10)) + 257 (TO0(0; 210))

where RS ;, is such that supyega [R5, ()] /|9 — 0*[|* < +oo. Expanding the square of this equation, and taking
the expectation, we get

JE(Tom 622 - 0) " 70 (a0) = [ 6650 a0) (98)

/ 6—6%)® (Z V2 £ (0*)(ETOD(0; Z1) — 0%) + ERS ,(TO9(6; ZCM))) () (d9)
/ <Z V2 (0" )(ETOO(0; Z1) — 0%) + ERS ,(TO9(6; ZCM))> ® (0 — 0*)x 1 (dp)

®2
/ (ZV%‘; (0*)(T0 (0 254 — 9>+R;,Z<W><9;Z}f>>+eff“<fw><e;zi‘é>>> CON

£=0



From this expansion, Holder inequality, the definition of RS54, the bound vH < 1, A 3, Lemma 6, and the fact
that the Z1H are independent from an agent to another, we obtain

/ E (T0m(0: 2%) - e*)®2 2 (dg) = / (0 — 022 2+ (d6) + O(+2h) . (99)

Expression of the Global Update (Homogeneous Case). After averaging the expression obtained for
the local updates, we get an expression of the global update,

-T—('y,H) (9 Zl:H) 9 = F*,H(e _ 9*)

N H-1 N Al
S 0 (LS T 02— 017 RS (T 021+ 2 (T 0,220
C—l h=0

Integrating over 7("-1) and taking the expectation, we obtain

g(v-,H)

sto 0
~ N
_ N;

Using the expression (99), Holder inequality, Lemma 6, and the definition of RS, we can simplify this expression
as

- H(Q(’Y JH) 9*)

sto
H—1
Z F*,th/{ vdf( ) (T('y h)(e;Zizh) o* )®2+ERC ( ’Yh)(g; Z&h)}ﬂ'(%H)(dg) .
h=0
N H—
* ,H * * * K

e e R Z A1) [ (0 07)F 0 (@) + 0(2h) + 062 L (100

To give a simpler expression, we remark that Lemma 9 gives the following equality

H-1
’y * —h— * *\ —
~5 DR N f(Id ="y v2fe*)~" . (101)

[\

Therefore, starting from the previous equation, reorganizing the terms and using this equality, we obtain

1 .
(1d — T*#) (agg;m o*) = 5(1d ) {v?ﬂa*)lvdf(e*) / (0 — 0)%? 70 1)(d0) + O(y*h) + 0(73/2)}
Multiplying by (Id — I'**#)~1 we obtain

05— 0 = L9 (07) R 0) / (6 0% 70D (d0) + O(*H) + 0(*%) . (102)

Bound the Variance (Homogeneous Case). To bound [ (6 — 6*)9% 7(+-H)(d6), we proceed as above but
with one less term in the expansion, and study the square. We get

-T-gy,thl)(a; chthrl) _ o+
=T 0 217) — 0 — 5 (V207 (TOM (6 Z5) — 07) + R§(TO (6 251)) ) — el (F0(6; 217
= (Id = AV2£(60)) (TOM (6; Z27) — 6%) — RS, (TOM (6 Z1M)) — 22 (TO (0 Z17))

Unrolling this recursion and averaging over all agents, we get

N
T : * * * * H—h— c : ZéL+1 T :
TOM (0 255) = 0 =10 = 07) = =3 37 TH RS (TOM (0 27 + 877 (TO (0 227)) |



Taking the second order moment of this equation, and using the fact that T(A’ hH)(O ZLh+1) follows the same
distribution as 6, we obtain

/ (0 — 6%)%% z(H) (dg)
N H— ®2
* H o - H—h—1 Z(v,h) (g. 7Lk ZM (v ,R) (. Lk (v,H)
/(r (06" N;Z {RATOM(0:21M) + 257 (TOM(6: 217 | ) 70 (de)

= [ (10 - 67) 7 5010 a0)

N H
-y [ -0 (Z P RS (TR (0,21 + <27 (T 0 Ziﬁh>>}> 0
¥ N ~ Zh+1 ~
NZ/ r*H h 1{R2,h(Tg%h)(9; ZM) +ece (Tg%’ﬂ(o;zgih))} ® (I (0 — %)) 7 (d0)
2 N H-1 . ht1 ~ 2
+ N F*,Hfhfl RE T('y,h) 0’ Zl:h + 6CZC T(’y,h) 9’ Zl:h 7_‘,('y,H) do) .
N2 2,h\'c c c c

c=1 h=0

Which gives, using Holder inequality, Lemma 6, A 3, the definition of Rj ;,, the definition of C, and after taking
the expectation,

o H—-1
/(9 — %)% 2 (dg) = T / (6 — %)% 2 H) (do)r*H + VN EC(TOM(6; Z25") + O(/2H) .
h=0
Now, using A3 and Lemma 6, we have EC('T'S”h)(H; ZEM)) = C(6*) + O(v), which results in the identity
2
H
/ (0 — 6%)2% (1) (dg) = 71 / (0 — 6%)2% (- H) ()T 4 ”Tcw*) +0(*?H) . (103)
We now use the fact that I =1d — yHV? f.(0*) + O(y?*H?), which allows to rewrite

/ (0 — 6% 71 (dh) = (1d — yHV?£.(0%)) / (0 — 6% 71 (d6) (1d — yHV? £.(67)) (104)

+ 7jVHC(e*) +O(*/2H) + O(*H?) . (105)
Simplifying this expression, we obtain
/ (0 0% 50 (d0) = LAC(H) + O(*?) + O(H) | (106)
where we recall that
A= (de V2f(0%) + V2F(0) @1d) ", (107)

Plugging this expression in (102), we obtain the result

0™ — 0 = SLVAF(6") T VA F(6")AC(O") + O(*H) + O(*/?) . (108)

sto

B.5 General Functions, with Heterogeneous Agents

When functions are not quadratic nor homogeneous, local iterates are inherently biased. There are thus two
sources of bias: heterogeneity, as in the quadratic case, and "iterate bias”, that is due to stochasticity of gradients
and the fact that derivatives of order greater than two are non zero.



To study this case, we define the following matrices, for h = 0 to H, that will be central in the analysis

ot = (Id — /V2£.(0)" (109)
as well as the aggregated variant of these matrices

N

N
F*,h _ %Zrz,h _ %Z (Id _ ’szfc(e*))h . (110)
c=1

c=1

Note that, contrarily to the homogeneous setting, the I's""’s differ from an agent to another. This will result in
additional bias due to heterogeneity.

Expansion of Local Updates (Heterogeneous Case). We start by studying the local iterates of the
algorithm. Using a second-order Taylor expansion of the gradient of V f. at §*, we have

—T—E’Y,h—&-l)(e;zizh—&-l) = Vfc(e*) + VQfC(H*)(TN_gy’h)(H; ZcLh)) _ 9*)
1 == ) ) .~ .
+ 5 V0T (0 257) = 0% + RS, (TN (0 27))

. . . RS (6 . .
where R is a function that satisfies supycpa {M} < 400. We can use this expression to expand FEDAVG’s

recursion as
TOmED (g, Z1H) — g% = TOM (8 Z1) — % — AV fo(TOM (6; Z1) — el (T (6; 227
= TOM (0 25%) = 07 5 (V£u(07) + v2fc<9*><TW<9; ZEm) - 0°)

VL0 (T8 Z10) — 69)22 4 RS, (T Zs=h>>) el (T 0 257

= (Id — yV2£.(6%)) (T (0; ZEM)) — 0%) — 4V £.(0%)
T : * c b~ : ?-H — :
- gv?’fc(e*)(TW (6; ZEM)) — 0%)82 — AR, (TOM(9; Z1R)) — nele ™ (TOWM (6; Z11))

Unrolling this recursion, we obtain

H-1
T (9 Z1H) — 07 =TH(0 —0%) =7 3 TrH 1 1<Vfc(9*)+ SV L0 (TOM (0:210) — 02 (1)
h=0

h ~
RS (TOM (0 20)) + 27 (T 0; 217
Expansion of Global Updates (Heterogeneous Case). We start by summing (111) over all agents

1 N N H-1 ®2
NZQ;I — 9 = F*H 6 — 9* %Z Z F*H h—1 <Vfc(0*)+ vSfC(g*)< 'yh)(a Zl h) 9*)
c=1

c=1 h=0

R W (T (05 21M)))

Similarly to the homogeneous setting, we integrate over 7(7f) take the expectation and use the fact that
+ Zivzl 0%, follows the same distribution as 6, to obtain

H-1

(1d =D E0™" = 0%) = = 37 > T L6 (112)

=0

{]E (fﬁ "(6;

>

c=1
N H-1

’)/ * *
7%22 thVB (9)

c=1 h=0

—
8
Z
N
>

. * ®2 c = .
5= 0) R (T 6522 | 0 a0



Now we use Lemma 9 to write —y ZH " TrH-hel = (Id=T3H) V2f.(6*)~', and plug it in (112) to obtain

N
(1= 0#) (0,7 = 07) = 5 D2 (1d = T2 V210V £(60) (113)
c=1
N H-1 N ®2
- % SO TR £(6%) /(E (Tgw(o; Zyh) - 0*) +ERS,(TOM (0, 2} h))) 7 (dp) .

Interestingly, Equation (113) is composed of two terms. The first term is due to heterogeneity, and is the same
as in the quadratic setting. From Proposition 6, we thus know that this term is of order O(vH). The second
one reflects the bias of FEDAvVG that is due to stochasticity of the gradients.

~ ®2
Expansion of [ (TEWL) (9; ZLm) — 9*) 7(+H)(dh) (Heterogeneous Case). We start with the following
explicit expression of one round of the local updates

h—1
TOM(0:; 207) = 0° = 0 — 0° —7 S VI(TOO(0: 25) + 27 (T00(0: 2)) (114)
£=0

We use the first-order Taylor expansion of the gradient at 8* to obtain

TOM (9; ZE) — 6 (115)
h—1
— 00—y S VL(6Y) + V2L(05)(TO0 (0 Z8) — 0) + RS ,(TOO(0; 214)) + 27 (T00(8; 211)
=0

where Rj , R? — R is a function such that supyeral| RS (O09)||/[[9 — 0*[|* < +00. Expanding the square of
this equation, integrating over 7(*-#) and taking the expectation, we get

~ ®2
/ B (Tom(0:22%) — 0) " 20 (ag) = / (0 — )52 £ ()

h—1
— / -0 (Z Vfo(07) + V2 (0 ) ETOD (0, 21 — %) + ERS (TO(0; Z%)) 71 (dg)
=0
h—1
— / (Z Vfe(0%) + V2 (07 ) ETOD(0; 21 — %) + ERS ,(TO(0; Z%)) ® (0 — %) (dg)
=0

h—1 ®2
~ ~ £ ~
e (Z V1074V L07) (TOD(0; 21%) = 07)+R5  (T00 (0 21 422 (T0(6; zc”>>> w1 (d6) .
From this expansion, Holder inequality, the definition of RS ,, A3 and Lemma 8, we obtain

~ ®2
/ E (TgW (0; 25" — 9*) 7 (dg) = / (0 — 02?71 (d0) + O(v*/*H + +*H?) . (116)

Expression of the Global Update (Heterogeneous Case). Plugging (116) in (113), using Lemma 8 to
bound [ R§ (TEM (9; Z1:h))r(+H) (d6) = O(73/2h3/2), and expanding the first term of (113) as in the quadratic
setting (see Corollary 4), we now obtain

N
H
05— o = D201 S (2 (0) - VR0V 10%) + OGP H?) (117)
c=1
N H-1
o =TS ST i 0y (- 6)7 50D (06) + O H + 2

c=1 h=0



Use Lemma 9, that is, ’yzH Lokl = (Id—T%H) V2f.(6*)7", again, we obtain

(v, H) * 77(H 1 z 2 * * *
Ot — 0" = —ZN Z (V2Fe(07) = V2F(0)V ful07) (118)

B %Wf(e*)*lv?’f(a*)/(@ 0" 7 (d0) + O/ H +°H?)

Bound the Variance (Heterogeneous Case). To bound [ (6 — )% 1(+-H)(dh), we proceed as above but
with one less term in the expansion, and study the square. We get

-"lzt(:'y,h—i-l)(e; Z§:h+1) — 0"
= (Id = AV £o(67)) (TOM (6; ZEM)) — 67) — AV fol67) — YRE AT (6 Z17)) — e (TOM (6; 257
Unrolling this recursion and averaging over all agents, we get

T (6; 2180) — 0" =110 - 0)
N H-1 ~ 1
— 3 2 L T VA0 RE (T 0 280 22T (TOM 0210 }
c=1 h=0

Taking the second order moment of this equation, using the fact that % Ziv:1 0%, follows the same distribution
as 0, and integrating over 7("#) we obtain

/ (0 — 69)%? (-H)(g9)
H—-1

N ®2
-/ (F*H (0= 0%) =5 20 D T VA0 + RE (TN Z&ﬁh»+ef?“<f§%h>(e;zszh>>}> w1 (d6)

c=1 h=0

_ F*’H/(Q 9*) 'y H)(dH)F*vH

— [0 - 6) (1 iHZle*H‘h‘l{Vfcw*)+R57h<ﬂ%h><e; Z1m) + 2T (T 6; z§=h>>}) D)
N c=1 h=0
= ( SN T V(0 + RS (FO (6 210 + 2T (T 6 Ziﬁ))})@(r*ﬂ(e9*>)w<%H><de>
- (;{ 1 ®2
+7° / ( ST L(07) + RS (T 9”1>(6;Z}h>>+sffﬂ(TW(e;Ziih))}) 7O-H) ()
c=1 h=0

Now, we expand I'5#~"~1 and use the fact that & Zc 1 Vfe(0*) = 0, which gives

| NoH-1 LN
¥ Z I H h— 1Vf 0*) = ~ Z V1.(6%) — VHvzfc(a*)Vfc(ﬂ*) + 0(72H2)
c=1 h=0 =1 h—0
1 N H-1
= 7D A HVE L0V L) + O H?)
c=1 h=0

which, combined with vH < 1, implies that

| N oH L ®2
*x,H—h—1 *\ 2 *, H—h—1 * _ 27174
X T —00mt . wa (53T rwae)) -opt .

c=1 h=0



Combining the expansions above with Holder inequality, the definition of RS ,, A3 and Lemma 8, we obtain

/ (6 — )52 21 (dg) = T+ H / (6 — 6%)%2 £ O-H) g9y~ H

L /e

=TH / (0 — 07227 dg)r-H 4 1 Z / C(TOM (0; zE)m ) (d0) + O(v* H?) + O(y*/2 H?) .

Ze (T (0 ZE)2 | 50D (d0) + O(PH) + O(+*/2 )

Now, using A 3 and Lemma 8 we have fC('T'gY’h)(G; ZEm)r(hH)(dg) = C(6*) + O(yH), which results in the
identity

2
H
/ (0 — 6%)2% (- H)(dg) = T / 0 — %)% 7O (@g) Tt 4 ”TC(G*) +O0(H?) +0(°?H?) .
We now use the fact that [ =1d — yHV?2f(0*) + O(y2H?), which allows to rewrite

/ (6 — %) 71 (dh) = (1d — yHV2 £(6*)) / (6 — 6% (1) (d6) (Id — vHV2f(6*)) (119)
+ VQTHC(G*) +O0(Y’H?) + O(*?H?) . (120)

Developing this expression and using Lemma 8, we get

/ (0 —6)%2 701 (df) = /(9 — 6%)®2 x0:H) ()

A HYEf(67) / (6 — 0%)%2 701 (46) — A1 / (6 — )22 201 (40)V2 £ (67)

2

H
+ 7N C(0%) + O(VPH?) + O(v*/2H?) .

Simplifying this expression, we obtain
[ (62250 a) = Lac(er) + OGPH?) + 06 H) | (121)

where we recall that

A= (Jde V2f(0%) + V2f(0) @ 1d) ", (122)

Plugging this expression in (118), we obtain the result
~(v,H) * V(H 1 -1 al 2 % * *
Oe — 0" = —T Zl (V2£e(07) = V2F(07))V f.(60")
- %W (0%) IV £(0*)AC(6%) + O(Y2H?) + O(v*/2H) .

B.6 Proof of Theorem 5

The only statement to show is that for v < 1/L A 1/H, then the iterates {égpﬂ”H)}Tzl defined as

1 T-1

(v, H H

95] ) _ fZQE’Y ) ,
t=0

converge in L? to HSE’OH). This is an easy consequence of [Durmus et al., 2024, Theorem 8] whose assumptions

are satisfied by Lemma 6 and Proposition 3.



C Technical Lemma on Matrix Products

Lemma 9. For any matriz-valued sequences (My)ken, (M}, )ren and for any K € N, it holds that:

K K K k—1 M
I M - T Mi = {HMg}(Mk—M,’C){ 11 M,f} . (123)
k=1 k=1 Y4

k=1 =1 {=k+1



