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Abstract

We present a novel theoretical analysis of Feder-
ated SARSA (FedSARSA) with linear function ap-
proximation and local training. We establish con-
vergence guarantees for FedSARSA in the pres-
ence of heterogeneity, both in local transitions
and rewards, providing the first sample and com-
munication complexity bounds in this setting. At
the core of our analysis is a new, exact multi-step
error expansion for single-agent SARSA, which
is of independent interest. Our analysis precisely
quantifies the impact of heterogeneity, demonstrat-
ing the convergence of FedSARSA with multiple
local updates. Crucially, we show that FedSARSA
achieves linear speed-up with respect to the num-
ber of agents, up to higher-order terms due to
Markovian sampling. Numerical experiments sup-
port our theoretical findings.

1. Introduction

Federated reinforcement learning (FRL) (Zhuo et al., 2019)
allows multiple agents to collaboratively learn a policy with-
out exchanging raw data. By sharing information, agents
can accelerate training by leveraging one another’s experi-
ence. This paradigm is particularly valuable when commu-
nication, storage, or privacy constraints preclude direct data
sharing. Yet, effective learning in such settings remains diffi-
cult. Communication is costly, and while federated methods
try to mitigate this by relying on local updates, these up-
dates can cause client drift when environment dynamics are
different from one agent to another.

Despite rapid progress in FRL (Qi et al., 2021; Jin et al.,
2022; Khodadadian et al., 2022), little attention has been
given to the federated counterpart of the classical on-policy
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method SARSA. This method, which simultaneously up-
dates and evaluates a policy, is fundamental in RL. Most
existing works have studied either federated policy eval-
uation with TD learning (Wang et al., 2024; Mitra et al.,
2024; Mangold et al., 2024; Beikmohammadi et al., 2025),
methods like Q-learning (Khodadadian et al., 2022; Woo
et al., 2025; Zheng et al., 2024), or policy gradient (Yang
et al., 2024; Lan et al., 2025; Labbi et al., 2025a). A notable
exception is Zhang et al. (2024), who analyzed the Fed-
SARSA algorithm and showed that federated training can
reduce variance. However, when agents are heterogeneous,
their convergence rate is affected by a persistent bias, which
remains even with a single local update.

In this paper, we present a novel analysis of the FedSARSA
algorithm with multiple local training steps, establishing
explicit finite-time convergence bounds. We also introduce
a federated variant of fitted SARSA (Zou et al., 2019), where
the policy is updated only at communication rounds, guaran-
teeing that all agents are using the same policy at all times.
Our analysis begins with a new framework for single-agent
SARSA, based on a novel expansion of the error along the
trajectory that separates transient and fluctuation compo-
nents, and tightly characterizes the impact of Markovian
noise. We then extend this novel analysis to the federated
setting, establishing sharp convergence guarantees where
we quantify explicitly the impact of heterogeneity in local
updates. Unlike prior work (Zhang et al., 2024), our results
do not rely on an averaged environment assumption, and
directly characterize the local drift arising from multiple
heterogeneous local steps, allowing for a tighter characteri-
zation of the impact of agent heterogeneity on FedSARSA.

An important feature of our analysis is the characterization
of the limiting point, to which FedSARSA converges. This
allows for a rigorous analysis of the algorithm when both
transition kernels and reward functions differ across agents.
The main contributions of our work are the following:

1. We develop a novel analysis of federated SARSA, pre-
cisely characterizing its convergence point and deriving
explicit finite-time bounds that quantify the effect of
environmental heterogeneity. We provide the first sam-
ple complexity bounds for FedSARSA, showing that it
achieves linear speed-up in the number of agents. This
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follows from a careful analysis of the impact of Marko-
vian noise, showing that higher-order variance terms
scale proportionally to the chain’s mixing time 7p,jx.

2. At the core of our analysis lies a new analysis of single-
agent SARSA based on a refined error decomposition
and a sharp characterization of the impact of Markovian
noise, which is of independent interest.

3. We provide numerical illustrations validating our theory
and empirically demonstrating the linear speed-up of
FedSARSA. We also provide a JAX implementation of a
deep FedSARSA variant, demonstrating the applicability
of our method to federated deep RL.

The paper is organized as follows: we introduce FRL in
Section 3, and discuss related work in Section 2. We present
our analysis of single-agent SARSA in Section 4, and our
results on FedSARSA in Section 5. We then illustrate our
theory numerically in Section 6.

Notations. We denote by (-, -) the Euclidean inner prod-
uct and by || - || its associated norm. All vectors are column
vectors. We let I be the d x d identity matrix and e; the j-th
vector of the canonical basis of R%. For a matrix A € R%4,
we denote A; ; its 4, j-th coordinate, and for a vector b € R4,
we denote b; its i-th coordinate. For two sequences (y, )n>0
and (vy,)n>0, We write u,, < vy, if there exists ¢ > 0 such
that u,, < cv, for all n > 0, and u,, = v,, if both u,, < v,
and v, < u,. For a closed convex set WW C R4, 11,y de-
notes the projection onto W. Finally, for a set X, P(X)
denotes the set of probability measures on the measurable

space (X, B(X)), where B(X) is the Borel o-field of X.

2. Related Work

SARSA and RL. (Tabular.) The SARSA algorithm (short
for State-Action-Reward-State-Action), introduced by Rum-
mery & Niranjan (1994), is a classical on-policy reinforce-
ment learning method. Singh et al. (2000) proved its conver-
gence in the tabular case, showing that if the policy becomes
greedy while maintaining exploration (the greedy-in-the-
limit with infinite exploration condition), the state-action
values converge to the unique optimal solution. This re-
sult extended earlier convergence proofs for off-policy Q-
learning (Watkins & Dayan, 1992).

(Linear function approximation.) In large or continuous
state spaces, SARSA is combined with linear function ap-
proximation (LFA) for the state-action function using an
embedding in R?. Tsitsiklis & Van Roy (1997) established
the convergence of TD(0) to a fixed point of a linear equa-
tion; subsequent works analyzed it in both asymptotic and
finite-time regimes (Tsitsiklis & Van Roy, 1997; Bhandari
et al., 2018; Samsonov et al., 2024). SARSA generalizes
TD learning (Vamvoudakis et al., 2021; Meyn, 2022), esti-

mating the state-action value of the current policy via TD
updates while improving the policy. De Farias & Van Roy
(2000) proved the existence of a solution for SARSA using
fixed-point arguments. Related convergence results have
also been established for Q-learning (Melo et al., 2008) and
actor-critic (Wu et al., 2020; Barakat et al., 2022).

(Convergence Rates for SARSA.) Extending TD to SARSA
requires a policy improvement operator Imp z (formally de-
fined in (2)), which updates the policy from the parameters
learned via TD. In analyses of single-agent SARSA, it is
commonly assumed that Imp satisfies a Lipschitz condi-
tion, with Cyp > 0,

[ Tmpy (61) (als) — Tmpg (62)(als)| < Cupll61 — 02|,

forall s,a € S x A and 6;,6, € R% Setting Cip =0
recovers TD(0), without policy improvement. Perkins &
Precup (2002) proved convergence of a SARSA variant
with LFA, using multiple TD updates between improve-
ments, small Cy;p, and e-greedy policies. Melo et al. (2008)
later established the first asymptotic convergence proof for
SARSA with LFA. Under a similar Lipschitz assumption
on Impg, Zou et al. (2019) gave a non-asymptotic conver-
gence analysis of SARSA with LFA, using projection onto
a bounded ball at each step, akin to TD(0) with Marko-
vian noise (Bhandari et al., 2018). More recently, Zhang
et al. (2023) studied SARSA with larger Cy;p, identifying a
chattering phenomenon (Gordon, 1996; 2000).

Federated Reinforcement Learning. Federated rein-
forcement learning (FRL) (Zhuo et al., 2019; Qi et al.,
2021) generalizes federated learning (McMahan et al., 2017;
Kairouz et al., 2021; Li et al., 2020; Ogier du Terrail et al.,
2022) to sequential decision making. Early theoretical work
concentrated on policy evaluation, particularly federated
TD-type methods under generative and online-interaction
setting, establishing finite-time convergence guarantees and
often linear-in-agents speedups (Khodadadian et al., 2022;
Dal Fabbro et al., 2023; Tian et al., 2024). A parallel line
of research addresses environment heterogeneity (agents
facing distinct MDPs), characterizing how aggregation must
adapt to model mismatch and under what conditions col-
laboration remains beneficial (Jin et al., 2022; Woo et al.,
2025). Beyond evaluation, tabular setting has received com-
plexity analyses. For Q-learning, recent results establish
linear speedups together with sharp—often optimal or near-
optimal—sample and communication bounds (Khodadadian
et al., 2022; Woo et al., 2025; Zheng et al., 2024; Salgia
& Chi, 2024). For value-iteration—style methods, federated
regret bounds with linear speedups and explicit heterogene-
ity terms are now available (Labbi et al., 2025b). On the
policy-gradient side (generative/simulator-oracle setting),
theory now encompasses both natural policy gradient and
actor—critic methods (Lan et al., 2023; Yang et al., 2024; Jor-



Convergence Guarantees for Federated SARSA with Local Training and Heterogeneous Agents

dan et al., 2024). In contrast, the online-interaction setting
in FRL remains comparatively underexplored. A notable
exception is Zhang et al. (2024), who analyze federated
SARSA under agent heterogeneity and prove convergence
to a heterogeneity-dependent neighborhood of the optimum:
convergence cannot, in general, be made arbitrarily precise.

3. Background on Federated SARSA

Federated Reinforcement Learning. In FRL, N >
0 agents collaborate to learn a single shared policy.
Formally, each agent’s environment is modeled as a
Markov Decision Process (MDP), yielding N MDPs
{(S, A, P(C),r(c),v)}ce{l,._”N}, with a common state
space S, action space A, and discount factor v € (0,1).
Each agent ¢ € {1,..., N} has its own transition kernel
P(©), where P(°)(-|s,a) denotes the probability of transi-
tioning from state s € S after action a € A, and a determin-
istic reward function r(®) : S x A — [0,1]. State-action
pairs are embedded in R? via a feature map ¢ : (s,a)
#(s, a). For a policy my parameterized by § € R?, we de-
note by P, the induced state transition kernel and by ("
the stationary distribution satisfying Méc)Pg(c) = ,uéc). In
this context, heterogeneity lies both in the transition kernel
and the rewards. We measure it using €, and €, defined as

&= sup sup 0P|y |

loPt?) —
0EP(SXA) c,c’€{1,...,N}

ey

&= sup  sup [r9(s,a) —r((s,0a)]

s,a€SxAc,c’e{l,...,N}

where ¢, measures heterogeneity in the transition dynamics
and ¢, heterogeneity in the rewards. This measure of het-
erogeneity is classical in federated RL, and has been used
in many prior works (Wang et al., 2024; Zhang et al., 2024).

Federated SARSA. SARSA combines TD learning (Sut-
ton, 1988) with policy improvement: TD updates estimate
the state-action value function, which is then used to update
the policy. In its federated version (FedSARSA), agents
collaboratively learn a shared policy. Each agent performs
several local TD updates, after which a central server aggre-
gates the local estimators to update the global policy.

We approximate the state-action value function by a linear
model Qg : (s,a) — ¢(s,a)’ 0 for (s,a) € Sx.A, where ¢
is a fixed embedding of state-action pairs. At global iteration
t > 0 and local iteration i > 0, the parameter Ht € R of
agent ¢ € {1,..., N} is updated via the local TD rule

c c c c (C
0\ .1 =0, ,3+n (AO(Z{5), )0 + bz, )

where, for h > 0, Zt(cfz = (St((}f7 Aﬂ, St(°,3+1, AEC})LH) takes
values in Z 2 (S x A)*?, and represents the current and

the next observed state-action pairs. The TD error is defined
at iteration ¢, h by A(®)( t(h-s-l 0( ° 4+ b(c)(Zt( ;3+1) where
for z = (s,a,s',a’) € Z, define A(l ) and b(©) as
A (2) = 9(s,a) (vo(s',a) T = @(s,0) ")
b9 (2) = ¢(s,a)rV(s,a) .
After H > 0 local TD updates are performed, the local

parameters are sent to the server, which averages them and
projects the result on a compact convex set ) C R¢,

N Zc 19(0)

The global, shared policy is then updated using the softmax
of the approximated state-action value

0t+1 = projw(§t+1), where 9_t+1

Impg: 0 — 79, where g (als) o< exp(B¢(s, a)'8) ()

for all s,a € S x A, and 8 > 0 is referred to as the
sharpness of the policy. Note that this policy improvement
operator is Cyjp-Lipschitz, with Cy, = £, that is that for
6,0, we have, for (s,a) € S x A,

7o (als) — mor (als)] < Cupll6 = 6] -
We give the pseudo-code for FedSARSA in Algorithm 1.

Assumptions. In the following, we assume the feature
map to be bounded, which gives uniform bounds on A(°)(-)
and b(°)(-) and restricts the diameter of W.

A 1.The state-action feature map ¢ is such that

SUp, qesxa llé(s,a)ll < 1. This gives the almost sure
bounds, for any ¢ € {1,..., N},

A9 <Ca2(147), [BO]<C21,

where for z € Z, A9 (z) € R and b(9)(2) € R, we
defined the norms ||A9|? = 2o1<ij<dSUPzez Agcj)(z)2

and B> = Y2, sup.ez b (2)2.

Given a policy mg with stationary distribution u( ) over
the state space, we define for each agent c € {1,..., N}
a stationary distribution Véc) on Z. A tuple (s,a, s’ ,a') is
drawn by sampling s ~ ,u((, ) an~ mo(+|s), 8" ~ P)(-|s,a),
and a’ ~ 7y (-|s’). We then define the expectations of A(°)(-)
and b(©)(-) with respect to this distribution.

A(c) (0) = ]EZNllg [QZS(S, a) (7¢(5l7 a/)de)(Sa a)T)]

b(® (0) =E.wp, [¢(3, a)r(c) (s, a)] , 3)
where the key difference with TD learning (Samsonov et al.,
2024; Mangold et al., 2024) is that z ~ vy depends on the
parameter currently being optimized 6. From these defini-

tions, we see that a limit point 6, € R4 of the FedSARSA
algorithm must satisfy the equation

3N AQ000, + XX b0y =0. @
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Algorithm 1 FedSARSA: Federated State-Action-Reward-State-Action

1: Input: step sizes 7, > 0, initial parameters 6y, projection set YV, number of local steps H > 0, number of communica-

tions 7" > 0, initial distribution g over states

2: Initialize first state s((z g ~oforce {1,...,

3: forstept:OtoT—ldo
4:  foragentc=1to N do

Initialize 6\) = 6,, take first action a

forsteph =0to H — 1do

(c)

(
5 b
6
. c
7: Take action a; 5, | |
8
9

Compute 5(0) = r(c)(sgcf)LJrl, aicle-l,-l) + 7¢(5£Ci1+1v @y ht1

: Update 01‘ Bl = 9(6) + 77t5(6), (Sf ho agc})])
10: end for
11:  end for
12 Compute ;1 =
13:  Policy improvement 7, , ,
14: end for
15: Return: O

pﬁ(Qet-H)

~ 7o, (- \sgc,)l) observe reward r(c)(st ho G

N EC_ ,E 1)1 and update of global parameter 0; 1 =
=1Im

N} and initial policy mg, = Imp ﬁ(Qeo

D ~ o, (151 )

) al)), next state 5" f)z+1

<) )TG(C) b(s Eci)w tc’)l)Tg(C)

1 (0111)

We discuss the existence of such points in Section 5. We
assume that the solutions of (4) and WV satisfy the following.

A2. There exists a > 0 such that, for any 0, satisfying (4)
and c € {1,...,N}, Al9)(0,) is negative deﬁnite and the
largest eigenvalue of 1/2(A)(0,) + A (0,)7) is —a.
A3. The set W C R is large enough so that there exists
a 0, € W satisfying (4). Moreover, there exists Cproj > 0
such that supgcyy [|0]] < Cproj-

Under A 3, we also define the following two quantities,
which bound intermediate FedSARSA’s iterates and updates,

Cproj = 4C;roj + 1and G 2 CpCpuj + Ty . (5)

The next two assumptions define the Markovian property
of the noise and the variance of the Markov chains at sta-
tionarity, and are classical in the analysis of RL methods.

Ad. The kernels P( ) have invariant distributions u( ) and
are uniformly geomemcally ergodic. There exists Tyyix > 0
such that, for all distributions o, o' over Z, and h > 0,
lo(Py)" = o/ ()M ley < (1/4) /7).
Following previous work on SARSA (Zou et al., 2019;

Zhang et al., 2024), we assume the policy improvement
operator’s Lipschitz constant Cy;p is not too large.

AS. The constant Cyp is such that 80GCiip|A| Tmix < a.

This assumption is classical in finite-sample analysis of
SARSA and FedSARSA (Zhang et al., 2024). To our knowl-
edge, the only theoretical work that relaxes this assumption
is Zhang et al. (2023). However, without this assumption,

SARSA does not necessarily converge, and one can only
show that SARSA’s iterates remain in a bounded domain. In
this work, we aim to study the convergence of FEdSARSA,
requiring this assumption: extending our results to larger
Lipschitz constants is a promising direction for future re-
search on federated SARSA.

4. Single-Agent SARSA

First, we present our novel analytical framework for the
single-agent SARSA algorithm, that is Algorithm 1 with
N =1, or Algorithm 2 in Appendix D. In the single-agent
case, we have AV(9) = A(f), and we can define the
solution @, as the vector that satisfies

AY 00, +bV(6,) =0 . (6)

Existing analysis (Zou et al., 2019) guarantees that such a
0, exists, and that it is unique under assumptions A1-5. We
propose a novel decomposition of the error of SARSA as

9(1)

tha1 — O = (I + UtA(l)(e*))(et(lﬁ —0,)

+ M w(l) + me(l)(Zflh)H) (D
where we introduced the notations
ehi = (AN (0) — AV (0.))6;}) + DO (@) ~ B (0,)
“nZii) = (A (Z00) - AV e ®
+bW(z), ) - bD(8y) .

The term ga( ) accounts for the discrepancy between the

current pohcy parameterized by 6, and the optimal one,
parameterized by 6,. The second term Et}h(Z§71,3 1) isa
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fluctuation term. Now, we define the following matrices,
which will appear in all subsequent error decompositions,

k—h+1

0, = 1+ nAN(@,)) fork,h >0, (9)

with the convention that FE},Q:,L = I when h < k. Unrolling
(7) gives the following decomposition.

Claim 1. Let t > 0. The updates of SARSA at block t can
be written as

a H
etl){_e*_rtlH(et i) + > = 177tF§;3+1H90§Z 1
1 1
+ 3 177tF§ I2+1H §;3 1(Zt(,h)) . (10

We prove this claim in Appendix C.1. We are now ready
to prove the following lemma, which shows that SARSA
reduces the error between consecutive blocks of updates.
Lemma 4.1. Assume AI-5. Lett > 0, assume that the step
size satisfies i, HC o < 1/6. Then, it holds that

E(0) — 0[] < (124510, -0, ]| + ey H i G2

2 2 2
1M Ty G C1My HTmle Ca
+ g Ha + a ’

where c¢1 > 0 is an absolute constant and 6 = 0 if episodes
start in the stationary distribution and § = 1 otherwise.

We prove this lemma in Appendix D. The proof is based
on the error expansion from Claim 1. The first term is a
transient term, which decreases linearly towards zero, the
second term is a fluctuation term and third term is an error
term due to sampling from the “wrong” policy. The first
term can be bounded using A2, and the third term’s bound
follows from AS. Due to the Markovian nature of the noise,
the second term requires a very careful examination, in order
to handle all the correlation between pairs of iterates. In
Appendix A, we provide an analysis of this Markovian error,
with tight bounds depending on H and 7.

Note that, when § = 1, one of the error term scales in 7,/ H:
controlling it requires setting H > Ty,ix. This is unavoid-
able, since when § = 1, it is necessary to do 7,ix updates to
get close to the stationary distribution of the Markov chain.
One can eliminate this term by skipping about Trix samples
before updating 6, ensuring that the updates start in the
stationary distribution with high probability. We can now
state our main theorem in the single-agent setting, which
gives a convergence rate for SARSA.

Theorem 4.2. Assume A 1-5. Assume that the step size
N = n is constant and satisfies nHC 4 < 1/5 and that
H > 7nix. Then it holds that

Efl0r — 6.]") < (1
+ 5ol

— M)THQO _ 9*”2 + w
an’ T G2 CY
a? 5

where § is defined in Lemma 4.1.

We state this theorem with explicit constants and prove it in
Appendix D. It shows that SARSA converges linearly to a
neighborhood of ., and that the size of this neighborhood
is determined by the step size, the variance of the updates,
and the mixing time Tp,ix.

Corollary 4.3. Assume A 1-5. Let ¢ >0, set n =~
min(cwﬁ ﬁ) and H ~ max (1,%)
then SARSA reaches E[||01 — 0, ||%] < €% with

TH ~ maX(CA G?Tipix CASQTEmix) 10g<”90_€ LI )

b (1262 )
2
samples and T 2 %’ log (M) policy updates.

The proof is in Appendix D. This shows that, with proper
hyperparameter settings, single-agent SARSA reaches a so-
lution with mean squared error €2 using O(log(1/¢)) policy
improvements and O(1/¢%log(1/¢)) samples. It highlights
the relevance of keeping the policy constant during blocks,
reducing the need for policy improvement steps, while keep-
ing the same overall sample complexity.

Remark 4.4. Our analysis can be extended to the setting
where the policy is updated after each sample, by bounding
the difference between the samples obtained with the fixed
policy 7, and the updated policy mp1), as proposed by Zou
et al. (2019). We refrain from extending our analysis to
this setting, since, in federated settings, one may desire the
policy to remain identical for all agents at all times.

5. Convergence of FeEdASARSA

We now present our main result, establishing the global
convergence of the FedSARSA algorithm to a point 6. To
this end, we first establish existence and uniqueness of 6,,
in Section 5. We then extend the methodology that we
introduced in Section 4 to FedSARSA in Section 5, estab-
lishing the first convergence result for FedSARSA and the
corresponding sample and communication complexity.

Limit Point of FEdASARSA. To identify the limit of the
FedSARSA algorithm, we consider the idealized, determin-
istic FedSARSA algorithm, where the local updates are
replaced by their expected value, and only a single local
step is performed. This gives the global parameter update

0141 = projyy (8, + mky) | (11)
N Lol A (0,0 + 5 0L, B(B,) -

This algorithm must converge to a point 6, that is a fixed
point of (11). However, the existence of such a point 6, is
not straightforward. The main difficulty lies in the fact that
the matrices A()(-) and b(“) () depend on the current policy.
Indeed, for a fixed policy parameter w, finding w, such that
LS A (W)w, + £ SN B (w) = 0 boils down to

where k; =
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the federated TD learning algorithm with linear approxima-
tion, which is known to converge (Mangold et al., 2024).
In the next proposition, we extend this result to the fixed
points of the FedSARSA update, establishing the existence
and unicity of a solution of (4).

Proposition 5.1. Assume A 1-5. There exists a unique
parameter 0, € YV such that

¥ Lemy A (00, + & oL, b

We postpone the proof to Appendix E.1. The definition of
0, as a solution of this equation is crucial. In other FRL
works (Wang et al., 2024; Zhang et al., 2024), heterogene-
ity is handled by introducing a virtual environment using
averaged transitions and rewards from all environments. Un-
fortunately, studying convergence to the optimal parameters
that correspond to this average environment leads to non-
vanishing bias. In contrast, our approach will allow to show
convergence to arbitrary precision towards to the unique
fixed point 8, defined in Proposition 5.1. The global fixed
point 8, can be related to the local optimum.

Proposition 5.2. Assume A1-5. Forany c € {1,...,N},

assume that 9&0) € W, then the local optimum Hic) (defined
analogously to (0)) satisfies

165 = 6,1 S (1 + Tomin) (ep[16s]] + &)

where €, and €, are defined in (1).

(0.)=0 .

This shows that when agents are increasingly homogeneous
(i.e., €p and €, get closer to Zero) the shared parameter 6,
and the local optimums 9 ) become closer. The proof is
postponed to Appendix E.1.

Convergence Rate of FE[dASARSA. Now that we iden-
tified the limit point of FedSARSA, we can decompose its
error similarly to SARSA in Clalm 1. To this end, we follow
(9) and define the matrices FE Z = (LAl (0,))k—h+1
fork > h > 0andc € {1,..., N}, with the convention
F§ ,1 , = Lfor k < h, and 0, as deﬁned in Proposition 5.1.
We define, for ¢ € {1,..., N},

Pl = (A9 (0;) — A " D6C) + B (s,

) -
N2, ) = (A9 (Z9), ) — A©, >>e£f
)

+b(Z5,0) - B

which are the federated counter%)arts of (8). We also de-
fine the local limit parameter 5~ as the solution of the
local equation, when samples are collected from the global
optimal policy 6,,

A9 0,)0% + b (h,) =0 .

The point ﬂic) is used solely for analysis purposes, and
allows to measure heterogeneity through the two following
quantities, which we relate to ¢, and ¢, from (1).

Proposition 5.3. Assume Al, A2, A4, and A5. For c €
{1,..., N}, there exists 5, Co, > 0 such that

|A©(0,)~A(6,)|>< (2, ||A<C>((,*)(ﬂic>,9*)“2ch 7

where we introduced the constants (5 = 4C A1+ Tiix)€p
and Gy, = 6(1 + Tuix) (€p |01 + €7).

The proof is postponed to Appendix E.2. We measure two
types of heterogeneity: (z measures heterogeneity of the
matrices A()(6,) themselves, while (s, relates the discrep-
ancy between the global and local solutions of TD learning
when following the global optimal policy. Similarly to
Claim 1, we obtain a decomposition of the federated update.

Claim 2. For t > 0, the global updates of Algorithm 1
satisfy, before projection,

0, = 11/22\[11—‘5631(9 0.)+Ara
c= 1Zh 1F§zc+1H( Eci)Lfl(chiz)—i—(pEJ)Lfl)’

9t+1

where A;. H =~ ZC LI=TY (C) )(19&)
bias due to heterogeneity.

0.) accounts for

Analogously to Lemma 4.1 in the single-agent case, we
bound the progress in-between policy updates.
Lemma 5.4. Assume A1, A2, A4, and AS5. Lett > 0,
assume that the step size satisfies it HC 4 < 1/6. Then, it
holds that, for some universal constant co > 0,

E[||f41—04 7] < (1

2 2
cany HrmixG
+ 2l

La can H(H-1)?
— 2|00 =0, P4+ AR R G

*

conPG2C4 HT2,,

a ?

co 61, G2 'rm‘x
Ha +

where 6 = 0 if the Z (CO) are sampled from the stationary
distribution Ve, ) and § = 1 otherwise.

We prove this lemma in Appendix E.3. The proof essen-
tially follows the same structure as the proof of Lemma 4.1,
using the error decomposition from Claim 2. First, we note
that the transient terms and error due to sampling from the

“wrong” policy are handled in the same way. The analysis

differs with the single-agent case in two crucial ways. First,
environment heterogeneity induces an additional error term,
which increases with ¢, and ¢, scaling with the constants
defined in Proposition 5.3. Second, the leading variance
terms decrease with the number of agents: this allows Fed-
SARSA to achieve reduced sample complexity per agent,
which is essential in federated RL. Moreover, our sharp
analysis technique allows us to show that higher-order terms
(due to the Markovian nature of the noise), only increase
with 7%, and not with H. This is in stark contrast with
existing analyses (e.g., Zhang et al. (2024)), and allows to
derive improved sample complexity. We now state our main
theorem, assessing the convergence of FedSARSA.
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Figure 1. MSE as a function of the number of communications. For each run, we report two errors: (i) in solid lines, the error E[||0: — 0+ %]

in estimating 0, as defined in Proposition 5.1, and (ii) in dashed lines, the error E[||6; —

X«||?] in estimating x., the limit of SARSA on

the averaged environment. For each plot, we report the average over 10 runs and the corresponding standard deviation.

Theorem 5.5. Assume Al, A2, A4, and A5, that the step
size ny = ) is constant and satisfies nHC 4 < 1/5 and that
H > Tix. Then it holds that

E[ll6r—0.1°] < (1= "55) 000> +

Cc2 777—mixG'
+ Na

where § = 0 if the Zt(()) are sampled from the stationary
distribution v, ) and § = 1 otherwise.

can (H 1) CAC

2G c%r?

mix
a2 I

c28G? 'rm]x cam
+ 28 i

The two main differences with the single-agent cases are
that (i) leading variance terms decrease in 1/N, and (ii)
heterogeneity induces additional error, smaller than

- 20717_1\2
WU 2 62 S U O3 (1) €2 (6 |01 | +60) .

This term decreases to zero with the step size ) and disap-
pears when H = 1, which is in stark contrast with existing
work (Zhang et al., 2024), which exhibit a non-vanishing
bias when €, # 0 or €, # 0. Interestingly, this term de-
creases to zero as kernel heterogeneity €, — 0, even if the
rewards are heterogeneous, which is in line with previous
observations in the literature (Zhu et al., 2024; Yang et al.,
2024; Labbi et al., 2025b). We now state the sample and
communication complexity of FedSARSA.

Corollary 5.6. Assume A 1-5. Let ¢ > 0. Set

~ . 1 Nae? ae

7 &~ min (7CA’7G27n,ix’7GCATm;X)’ and H such that
< TmixG

H CaGo,

< max(ﬁe,CA) and H =2 %, then
FedSARSA reaches E[||0r — 0,]?] €2 with T 2

Ca CACO*

0o—0, 12 .
R ) log (7H 00| ) communications, and
a €

max (

TH =~ max (C—A (S5 GC;QZ““X) log (”90_69*”2) (12)

a ’ Na2%e?>

samples per agent.

We prove this corollary in Appendix E.3. This corol-
lary shows that FedSARSA can exploit the experience
of multiple agents to accelerate training, a property in
FRL, typically known as linear speed-up. This effect is
most pronounced when high precision is required and het-
erogeneity is moderate, in which case each agent takes

2
TH =~ (J;\;;E; log(lwo_.f*” ) samples.. In other.regimes,
other terms in the maximum may dominate. This occurs
when (i) low-precision results suffice (i.e., large ¢), or (ii)
heterogeneity is high (i.e., large (3 (p, )-

Note that the linear speed-up is not unconditional and is
limited by two phenomena that cannot be avoided. First, the
algorithm cannot be faster than its deterministic counterpart,
which gives the first term of the max in (12). Second, due
to the Markovian nature of the noise, higher-order terms
scaling in %72, remain in the rate of Theorem 5.5), which
gives the third term of the max in (12). Nonetheless, we
stress that previous analyses exhibited a %7 H terms,
which we reduce to 72, : this is a direct consequence of
our tighter analysis of Markovian noise. Finally, we note
that in heterogeneous environments, the number of commu-
nications scales polynomially in O(1/¢). Reducing this to
O(log(1/e) is a promising open question, which could be
tackled by communicating in between policy updates, or
using heterogeneity-correction methods such as Scaffold or
Scafflsa (Karimireddy et al., 2020; Mangold et al., 2024).

6. Numerical Experiments

We now study tabular FedSARSA algorithm on synthetic
problems, and propose an extension to deep RL. First, we
generate 2 different instances of the Garnet environment
(Archibald et al., 1995; Geist et al., 2014) with |S| = 10
states and | A| = 3 actions, where we connect each state
with 2 other states with random transitions. For tabular
experiments, we choose N € {2,10,50,100} and equip
half of the agents with the first environment, and the other
half with the second one. For deep experiments, we use
N € {2,10,50,100} copies of CartPole, and use a deep
network with two hidden layers to approximate the state-
action value function. All experiments are run on a single
laptop with an RTX 2000 Ada Generation Laptop GPU, and
the code is available online at https://github.com/
pmangold/fed-sarsa.
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Figure 2. Rewards over the course of the learning for SARSA and FEdSARSA on the CartPole environment for different numbers of
agents N and numbers of local updates H. For each plot, we report the average over 10 runs and the corresponding standard deviation.

FedSARSA has linear speed-up. In Figure 1, we re-
port the convergence of FedSARSA for different number of
agents, with the same shared problem. In all experiments,
we keep the same step size and the same number of local
updates. As predicted by our theory, increasing the number
of agents reduces the variance, allowing to reach solutions
with higher precision. However, as the number of local
steps gets larger, the bias of FedSARSA due to heterogene-
ity increases, and eventually prevents the algorithm from
converging to satisfying precision. Remarkably, this phe-
nomenon appears only when the number of local updates is
very large, highlighting the relevance of FedSARSA.

FedSARSA converges even with multiple local steps. In
Figure 1, we run the algorithm for H € {1,100, 10000}.
For small values of H, FedSARSA has small heterogeneity
bias, while for H = 10000, FedSARSA suffers from a large
heterogeneity bias. This is in line with our theory, which
shows that FEdSARSA’s bias increases with the number of
local iterations, but remains small as long as H is small. We
stress that this is the case until H = 10000 local updates,
allowing for significant communication reduction.

FedSARSA converges to 6,. We study the norm of two er-
rors for the FedSARSA: (i) the error 0, ;, — 0, where 0, j, is
the average of the local parameters H,th force {1,...,N},
in estimating 6., as defined in Proposition 5.1, and (ii) the
error 0; — X, where , is the point to which local SARSA
converges when run on the averaged environment. In Fig-
ure 1, we plot the error as a function of the number of
updates, for H € {1,100, 10000}. The error relative to 6,
is reported in solid lines, and quickly becomes small, while
the error relative to x, remains large, demonstrating that
FedSARSA does not converge to this point. This underlines
the soundness of our analysis in showing convergence to
the solution of the fixed-point equation defined in Proposi-
tion 5.1 rather than to the solution of a virtual environment.

Deep FedSARSA. To evaluate the soundness of the
learned policy in real environments, we introduce a deep
variance of FedSARSA for episodic environments. To this
end, we propose a full-featured JAX (Google Research,

2018) implementation of SARSA and FedSARSA, support-
ing parallel environment executions using gymnax (Lange,
2022). Following common deep RL practice, we stabilize
the learning with a small replay buffer, as well as a target
Q network, which remains fixed during episodes, and is
updated to the current value of the Q network at the end of
episodes. We run experiments on the CartPole environment,
which we report in Figure 2. Our results show that Fed-
SARSA reaches large rewards faster and in a more stable
way than SARSA, provided the number of local steps is
not too large. When the number of local steps increases,
the algorithm becomes biased due to noisy updates and
heterogeneity, making rewards drop just after aggregation.

7. Conclusion and Discussion

We provide the first sample and communication complexity
result for the FedSARSA algorithm in heterogeneous envi-
ronments, assuming that the policy improvement operator is
Lipschitz. Our results highlight that FedSARSA converges
with arbitrary precision even with multiple local steps, and
that it has linear speed-up. To conduct this analysis, we de-
velop a novel analytical framework for single-agent SARSA,
based on a novel, exact expansion of the algorithm’s error
over multiple updates, paired with a careful analysis of the
impact of Markovian noise. We then characterize the point
to which FedSARSA converges, highlighting that, contrary
to common belief, the algorithm does not converge to the
optimal parameter of a virtual averaged environment, but
rather to the solution of an equation that depends on all
environments. Together with numerical validation and ex-
tensions to deep RL, our results demonstrate that federated
SARSA is both theoretically sound and practically appli-
cable. Expanding our theoretical analysis to more general
policy improvement operators constitutes a promising next
step towards bridging the gap between the theoretical foun-
dations of FedSARSA and its practical performance. Finally,
when the number of local iterations increases, FeEdSARSA’s
iterations become increasingly biased due to noise and het-
erogeneity. This opens novel perspectives for debiasing
FedSARSA in communication-constrained settings.
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Impact Statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Technical Results on Markov Chains
A.1. Markov kernels and canonical Markov chains

Throughout this section, P denotes a Markov transition kernel on a Polish space (Z, Z). We denote by (ZV, Z=N) the set of
Z-valued sequence endowed with the product o-field and by (Z},)en the canonical (or coordinate) process (see Chapter 3
(Douc et al., 2018)). For any probability distribution g on (Z, Z), there exists a unique distribution P, on the canonical
space such that the coordinate process (Z})nen is @ Markov chain with initial distribution ¢ and Markov kernel P. We
denote by E, the corresponding expectation. For any bounded measurable function f on (Z, Z),

Eo[f(Zo)] = o(f), and E,[f(Zni1)|Fn] = Pf(Zn), Po-as.,

where (F, = 0(Zo,...,Zn))nen is the canonical filtration and for any bounded measurable function, Pf(z) =
J; P(z,d2") f(2"). For any two markov kernels P and @, we denote by PQ the Markov kernel defined by PQf(z) =
[ P(2,d2")Qf(%'). Finally, we denote k € N, P* the k-th power of P.

A.2. Exact coupling

Let (Z1)nen and (Z}, ) nen be (discrete time) processes. By a coupling of (Z,) and (Zj,) we mean a simultaneous realizations
of these processes on the same probability space (€2, F,P). We say that a coupling is successful if the two processes
agree P(Z, = Z,,for all h large enough) = 1. Let ¢ and ¢’ be two probability distributions on (Z, Z). We say that
(Q, F,P, (Zp)hen, (Z},) heN, Teouple) is an exact coupling of (P,,P,) if:

1. Forall A € Z®N, P((Zp)hen € A) =P,(A) and P((Z'h)nen € A) =Py (A).

2. ]P)(Tcouple < OO) = 1. _

3. Forallh €N, Zhiroue = Zhiropupe:

Note that we allow ourselves a slight abuse of notation here, as the distribution P depends on both o and o’. To avoid
cumbersome notation, this dependence is kept implicit.

In particular, at all times i subsequent to the coupling time Tcouple, the two processes coincide Z;, = Z ,’L. Theorem 19.3.9 of
Douc et al. (2018) shows that:

Lemma A.1. There exists a maximal exact coupling, i.e. an exact coupling (0, F, P, (Zn)nhen, (Z}))hen, Teouple), such that
P (Teoupte > h) = (1/2)[[0P" — o' P"|lrv .
Corollary A.2. Assume that P is uniformly geometrically ergodic with mixing time Ty, i.e.

(1/2)\\9Ph - Q’PhHTV < (1/4) LB/ Tmix]

Let (9, F,P, (Zn)nen, (Z}) hen, Teouple) be an exact coupling of P, and P . Then,

4Tmix

3 )

9 2072

and B, 1< mix

E[Tcouple] < couplel = 9

Proof. Note first that

E[Tcouple} = ZP(Tcouple > h) = (1/2) Z HQP}L - VHTV < Z(l/4> LR/ Tmi] = (4/3)Tmix-
h=0 h=0 h=0

The second inequality follows from

E[Tgouplc] = Z hQ]P) (Tcouplc = h) = Z h2 (P (Tcouplc >h— 1) -P (TCOUplc > h)) 5
h=0 h=0

which gives, after reorganizing the terms,

oo o0

E[Tc2011p1e] = Z ((h + 1)2 - h2)P (Tcouple > h) = 2(2}1 + I)P (Tcouple > h) .
h=0 h=0

12
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Using P (Teouple > h) = ||0P" — v||pv < (1/4)Lh/ ™) and grouping the terms by blocks gives
2 h/Tmix] _
Bl < 320+ DO H) = 3 ok 1)(1/4)" = 2u(+3)

and the second inequality of the corollary follows. O
Lemma A.3. Assume that P is uniformly geometrically ergodic with unique invariant distribution v, i.e. vP = v and

mixing time Tuix. Let fi : Z — RY, for h > 0, be functions such that || f||2,00 = sup,>o sup,cz | fn(2)| < +oo. Then, it
holds that

HEQ[Eh o fn Zh:|H <HIE [Zh o (2 }H—!—M ’

’ 160|112,
HZhthZh) ]<2]E HZhthZh) ]‘i‘M
Proof. Let ( O, F, (Z ( h)heN, (Yh)heN, Teouple) anl exact maximal coupling of P, and P,,. Denote Sz — Eth_Ol fh(Zh) and
SH = Z h(Y ), and using the definition of Tcoyple, We have

E,|Yil0 £(20)] = E[S)] +E[S7] - E[S)]

-E, [Hi £ 45 35 (12 - 1), (13)
h=0 h=0

since for h > Teouple, f (Z1) — f(Y3) = 0. The first inequality follows by taking the norm of (13), using the triangle
inequality, the definition of || f||2,cc, and Corollary A.2. The second inequality follows from Young’s inequality, which gives

2

We then use Jensen’s inequality, and the definition of || f||2,c, to bound the second term as

28, |

’Ef o f(Zn) H }+2]E[HET°°"I’IE Zn) —f(Yh)HQ} :

] ]2 |

Teouple Teouple

1> s -] < 2, [rowe 3 1620 =00
h=0

< 2B, |42 el f11%]

and the result follows from Corollary A.2. O

A.3. Berbee’s Lamma

We conclude this section by giving a simplified statement of the Berbee lemma. Consider the extended measurable space
Zn = ZN x [0,1], equipped with the o-field Zy = Z&N @ B([0, 1]). For each probability measure ¢ on (Z, Z), we consider
the probability measure ]f”g = [P, ® Unif([0, 1]) and denote by fEQ the corresponding expected value. Finally, we denote by
(Zk)kEN the canonical process defined, for each k € N, by Z, : ((zi)ien,u) € Zny = 2k and U : ((2;)ien, u) € Zy — u.
Under I@’g, the process {Z & }ken 1s by construction a Markov chain with initial distribution ¢ and Markov kernel P, and is
independent of U. The distribution of U under P, is uniform over [0, 1].

We first recall (Rio, 2017), Chapter 5. Let A and B two o-fields of (§2, 7, P). The S-mixing of (A, B) is defined by:
B(AB) =5 bup > D [P(AinB;) —P(A)P(B))
iel jed
the maximum being taken over all finite partitions (A;);c; and (B;) . ; of Q with the sets A; in A and the sets B; in B.

13
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Lemma A4. Let A be a o-field in (Q,T,P) and X be a random variable with values in some Polish space. Let ¢ be a
random variable with uniform distribution over [0, 1], independent of the o-field generated by X and A. Then there exists a
random variable X*, with the same law as X, independent of X, such that P (X # X*) = B(A, o(X)). Furthermore X*
is measurable with respect to the o-field generated by A and (X, 0).

Lemma A.S. Assume that P is uniformly geometrically ergodic with mixing time Tmix. Set m € N. Then, there exists a
random process (Z} )ren defined on (Zy, Zn,P,) such that for any k > m,

1. Z,: is independent of Fi_p, = J{Ze 0 <k—m);
2. By(Zf # Zy) < (1/4)Lm/mmisd

3. the random variables Z}; and Zy, have the same distribution under P,,.

Proof. We apply for each k € N Lemma A.4 with Q = Zy, P = P,, A=0{Zy: 0>k —m}and X = Z,. We conclude
by using the bound for 3-mixing coefficient given in (Douc et al., 2018), Theorem 3.3. O

Lemma A.6. Assume that P is uniformly geometrically ergodic with mixing time Tpix. Let0 <m <k €Nand f : Z - R
and g : ZF~™ — R be two bounded measurable functions. Then, for any initial distribution o,

‘Eg[f(Zk)g(ZO:kfm)H < ||fHOO|EQ[9(Z0:kfm)]| + 2[| flloollglloo (1/4) Lm/Tmiva

where, for any sequence (ug)iecny and 0 < k < £, we set uj.¢ = [ug, .. ., ug).

Proof. Using Lemma A.5, we get that

where by construction Z,: is independent of 0{Z; : £ > k — m} under I@Q. Hence:

Bl £(Z4)9(Zo:k-m)) = Eolf (Zi)|E,l9(Zotk—m)).
where we have used that, under }f”g, the law of Z]j and Zj, coincide and Eg[g(ZOZk_m)] =E,[9(Z0:—m)]. Finally,
Eo[{f(Z1) — F(Zi)}9(Zowe—m)]| = [E[{ f(Zk) — F(Zi)Yyg(Zow-m) 7, 253
< 2| llsollgllocPe(Z1 # ZF) -
The result follows. O]

Lemma A.7. Assume that P is uniformly geometrically ergodic with mixing time Tpix. Let 0 < h < k < ¢ < m and let
Ifn, fes fo, fm : Z — R be bounded measurable functions. Then, for any initial distribution g, it holds that

E, [(a(Zn) = oP" fi) (fi(Z) = oP“fi)(fulZe) — 0P 1))
< 8l Falocll fillocl folloo (1/4) 7)1/ L= )

(14)

and

B, [(F0(Z) = 0P" fu) (Fe(Ze) = 0P fi) (Fel Z0) = 0P" fO)fn(Zim) = 0P™ fin)]|

15)
<16 fello | fonlloo Il falloo I fiell oo (1/4) L=/ Tmind (1) LEZR Tmine g (1) LB frmin]y

Proof. In this proof, we denote f; = f; — oP'f;,i € {h, k, ¢, m}. We first prove the first part (14) of the lemma. Note that
Eolfn(Zn) fi(Z1) Fo(Z0)] = Bol Fa(Zn) fi(Z1) P =" fo(Z1)] -
Using the Chapman-Kolmogorov equation for Markov chain, we have that, for all z € Z,

Pk fy(2) = 6.P* " f, — oP* PR, (16)

14
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This implies that
1P felloo < 21/9)HR/mmid £

1P felloo < 4(L/HND Ml filloo | felloo -
Noticing that E,[f4(Z5)] = 0, we use Lemma A.6 to bound

a7

ol Fn(Z0) Fi(Zi) Fe(Zo)]| < || Fulloo || Fe P fill o (1/4) et/ Timix]
< 4| Fullooll frll ol fell oo (1 /4) LE=RV Tl (1 /) Lk=R)/mioc]

and (14) follows. To prove the second inequality (15), we first use the Markov property
Eo[fn(Z0) Fie(Z1) Fe(Ze) Fin(Zin)) = Bl fa(Z0) Fi(Zk) e Ze) P Fin (Z0)] -
By Lemma A.6, we obtain
B fn(Zn) fi(Z1) fe(Ze) fn(Z )|
< WA Z) P F(Zo) oo { B Fa(Z0) Fe(Z] + 1l Feloo (1/4) 460/ 7o) |

< 4l fellool Fnlloe | el Ficlloo (1 /)0 7 £ (1 /a5 i)y (1) (= il ]
where we also used the Markov property and proceeded as in the derivation of (17). O

A.4. Bounds on covariances

In this part, we will make extensive use of the following norms, for a sequence of matrices F}, : Z — R**¢ and vectors
h d
gn 2" - R

d

2\ 1/2
sup |gni(z1a)?)
i=1 21, €ZM

. N , \1/2
with ([ Fullyoc = (D 1Fhicll3 )
i=1

A .
llglllz. oo = sup llgnllz,o »  with  [lgnll2,00
h>0

A
£y, o0 = sup ||| Fn
h>0

Lemma A.8. Assume that P is uniformly geometrically ergodic with mixing time Twix. Let f, : Z — R% be uniformly
bounded for h > 0. Then, for any initial distribution o, we get

2
(Zn) = oP" fu}||"] < 15 H Tl 71 - (s)

Proof. Expanding the square, we have

H—-1 2
E@{ ‘ Z{fh(zh) - Qthh}H }
H—-1
=" Byl fu(Zn) — 0P fulP1+2 S Bol(fu(Zh) — oP" i fu(Zi) — oP" )] (19)
h=0 O<h<h’<H
Ay A,

We bound the first term by A; < 4H| f||%,. For the second term A, we proceed coordinate by coordinate, using the
triangle inequality and the Markov property, which yields

E, th(zh) —oP" ) fu(Zn) — QPh,fh'H ‘

15
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< 3 [B0lf (220 - P ) ] 220~ o 5|

d
= > B[ (i) = 0P" fu) - (02, P el fur = 0P P i)
i=1

By ergodicity of the Markov chain, we obtain

oo (/U= T

d
(B 1(Z0) = 0P" fu, S (Zn)=oP" f )] | <7 2l fnilloc- 2l fu

i=1
where, || fiilloc = sup.cz | fr,i(2)| for k € {h, h'}. Using the definition of || f||2,~ then gives

/ 32| F11Z oo Temix H
A,| < 8||f||§7oc Z (1/4)L(h —h)/Tmix] < M

0<h<h'<H 3 ’
and the result follows by summing the bounds on A and A,. O
Corollary A.9. Under the assumptions of Lemma A.8, it holds that,
H-1 )
B, (| 2 (@) — vP || ] < 34H sl 1 - 20)
h=0

Proof. We can decompose the error as

5|

The first term can be bounded using Lemma A.8, while the second term can be bounded as

H-1 )
| };{fh(zh) —vP )| ] < 28, |

H—-1 2
’ hz:;){fh(zh) - Vthh}H } +2EQ[

H-1 2
S ors o]

H-1 5 H-1 5 8
Eo[| Yo twP" s — oP"si}||| <28 Y Bo[|[{wP = oP" i} | < 5 Hrilf B e
h=0 h=0
where the second bound follows from the mixing property of the Markov chain. O

Lemma A.10. Assume that P is uniformly geometrically ergodic with unique invariant distribution v, i.e. vP = v and
mixing time Tmix. Let Fy, : Z — R4 and g;, : Z" — R?, for h > 0, be uniformly bounded. Then, it holds that

H h—-1

70
B[] 32X {72 — 0P a2 ] < Dl Fl3 e swp Ellon(Zi)l?]
h=1 ¢=1 he{l,...,H}
H h-—1 70
B[ o3 {7z — 0P Fiyr(Z1)|| ] < B H s lIFIE gl .
h=1/¢=1

Proof. We define F},(z) = F},(2) — oP" F},. Expanding the square, we have

h—1h'—1

- H H‘ ZFh Zn)9e(Z1:0) H } +2 Z Z Z E [<Fh(Zh)9€(Zl ) Fur(Zn)ge (21 g/)>:|

h!>h=1¢=1 ¢'=1
L 2
X} SIACAMENI |
/=1

H h—-1

‘ZZF}L Z1)9e(Z1:0) ‘H

h=1 ¢=1

m
| \
—

I
Mm

>
Il
—

16
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H h—-1h'-1

£23° S S B (BZ0a(Zie) . P By (Zupasi)ae( Z1))|

h'>h=14=1 {'=1

h,h’
Az e’

To bound the first sum, we remark that, for h € {1,..., H},

h—1 9 h—1
E[|| > Auzng(zie)| ] <2y B
=1 =1

2 h—1
7 2
|Fu(Zu)ge(Z0o)|| | < 40 DTIFIS B [loe(Z0e)?]
{=1

where the second inequality follows by bounding F},’s operator norm by |||F|H§OO We thus obtain

h—1
\ZFh gz ] < 2l 509 Eo[loe(Ziol] @D

ZE[

To bound the second term, we remark that

APy < Z ‘]E [ (Fn(Zn)ge(Z1:0)) x Z-T-(Ph"ma"(h’“Fh/(Zmax<h,e'))9e'(21:w))}‘

d
:Z‘E [Z hyi,j Zh ge,j Zlg th max(hl)Fh zj( max(hé’))gﬁ’ (Zlé)):H .
=1 Jj=1

Jj=1

By Jensen’s then Holder inequality, we have

d d
’ 2
ALY <3 EY QHZ s (Z)es (Zra)|| ]EWHZPh ) By i Lo 90 i Z10)| |

i=1 j=1
d
< S Y2 1B (Z0) Pllges (Zre) 1P| EL2 [| PP~ By (Zrasne) 290 A Z1.e) 2]
i=1
d — —
S Z ||Fh,i,:||2,ooHPh —max(h,t )Fh’,i7:||2,ooEé/2 [||gf,:(lef)||2:| E;l_)/Q [||g€’,:(thf’)”2:| )
i=1

where we also used the Cauchy-Schwarz inequality in the second inequality. By the mixing property of the Markov chain,
and using || Fp, ; .[|2,00 < 2||Fh,i,: 2,00 We obtain

d
ALY | <4 (/a0 mmax ) il Byl || i

i=1

A1/ 0 N 7oL || Fy | B2 e (2012 EY2 g (Zre) 1] -

200EY |96 (Z00IP| EL [l gera (Z1.0) 2]

Finally, summing over all £, ¢, we obtain

h R h—1h'—1
o> olagy \<4ZZ (1)) WO T B B2l ge(Z1o) 2| B [ lger(Zre)I?] -
(=10'=1 (=00'=

We then bound each E'/2[||gs41(Z1.¢)||?] by their supremum over ¢ € {1,..., H}, sum over all b # k', and use the triangle
inequality to obtain
h—1h'—1

‘QZZZAZZ} < 82 Z Z 1/4) L(h’ max(h,€'))/Tmix ] |HFH| sungQ Hg’m(zlz'm)||2:| .
<m<

h!>ht=10'=1 h'>h £=0 {'=

17
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We then remark that

h—1h'—1 h—1h'—1

8h'T,
1/4 h l’naX(hZ )/ Tenix < 1 4 h —h)/Tmix | 1/4 h - )/ Tmix | < mix
> >/l > E /4) +(1/4)1 3

=0 ¢'=0 =0 0'=

and the bound on the first term follows by summing this inequality over A’ > h, and combining the resulting inequality with
(21). O

Corollary A.11. Under the assumptions of Lemma A.10, it holds that

H
[HZZ{Fh 20) = vEbou(Zua)| ] < S8 muscll P e swp  Sllon(Zin)|P]
he{l H

h=l¢=1 04 hefl,
H h—1
Bo[|| 323 {520 — vEJou(Z0o)|[ ] < ASIFIE Mgl oo oo
h=1¢=1
Proof. Recentering the Fj,(Z};)’s on their expectation, and using the fact that v = P, we get
H h—1 )
B[ 323 {Enzn) - v bou o) |
h=1 ¢=1
H h— H h-1 9
2E, | Z Z (Zn)ge(Z1) H [+ 28, [|| 325" {oP P - vP B Yo (200)|| ] - 22)
h=1 h=1 ¢=1

The first term is directly bounded by Lemma A.10. The second term can be bounded using Jensen’s inequality together with
the mixing property

H
2E, | ZZ {oP"Fy—vP" By Yo Z1s)| ] < 213 3 IFIE (/) Bl g (Zu)
h=1 t= h=1 (=1
4H3 Tmlx
< —5 |HF\||200 sup E[th(Zl WP
and the result follows. 0

When g is centered and only depends on one of the Markov iterates, we have the refined bound.

Lemma A.12. Assume that P is uniformly geometrically ergodic with mixing time Tyix. Let Fy, : Z — R and
gn : Z — R? be uniformly bounded for h > 0. Then, for any initial distribution o, it holds that

H h-—1
[HZZ W(Z) — P Eu}ou(Z0) — oP*9e}|| ] < TOIFI gl oo P
h=1 (=1

Proof. We set F}, = F}, — oP"F}, and g, = g, — 0P*g,. Expanding the square, we have

H —_
E HZZF arealy
h=1{¢=1
H H h—1h'-1
=Y E [ ZFh Z1)3e(Ze) H } +2 3 Y B [(Fn(Z0)Ge(Ze) s For(Zn)Ge (Ze))] -
h=1 =1 h<h/=1/{4=1 ¥¢'=1

Bound on the variance term. To bound the first term, we expand it as

E, [H hz_:l Fn(Zn)ge(Ze) Hz}
=1

18
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_ h—1
S BRI 42 S BB, Bz (2]
=1 <=1

| Fn(Z0)ge(Zo)[12] < Al FI5 oo llglll5 oo On the other hand, we write

It is easily seen that I, [
- d d
Eo[(Fn(Zn)ge(Ze) . Fin(Zn)ge (Ze)) Z Z i(Z1)30(Z0) Fri i/ (Z1)Ger 51 (Zer)

d
Z FFhi.5/(Z0)3e,(Z0)Ge 3 (Ze) + 0P (Fpi i Fni ) 3e,(Z0) e (Ze)

Il
T M&

where we denote FF, ; 5 i(Z1) = Fy i j(Zn)Fni j/(Zn) — 0P"(Fy i Fhi 7). By the triangle inequality, Lemma A.7 and
the mixing property, we obtain

B, [( 7h(Zh)gz(Zz) Fn(Zn)ge (Ze))]|
d

ocllger gl oo (L/4) L=/ Pmie) (1,/4) L =00 7]

Z 16| Fpi,j lloo 1,3, | ool 92,51

z:l] j’=1

sellgen 1oAY =0T

+ 16| Fhi g lloo | Fi g 1o 92,51

Using the definition of ||-||, ., we obtain

Eo[(Fn(Z1)Ge(Ze) , Fn(Zn)ge (Zo))| < B2/ F |15 s llglls oo (1/4) HE =0/ mmic]

Summing over h, ¢, and £, this gives a bound on the first term

ZE[

4-32
| ZFh 205 20) | ] < AHZFNE Mgl + 2 S 5 AUIE I oo gl e i

h=1

14
30 H? (23)

Tonisl1F 5, o

Bound on the covariance term. To study the covariance terms, we consider all different orderings of h, h/, £, and ¢’. Note
that A’ > h, h’ > ¢, and h > ¢ by construction, there are thus three possible orderings: h' > h >0 >0, h' > h > { > V',
and b’ > ¢/ > h > (. We now treat each case separately. We set for 7,7', 7,5 € {1,...,d},

Bzzg’i’f’z/ =By [Fnij(Zn)Ge(Ze) Fr iv jo (Zn)Ger o (Zir)]

Denoting Ch e’,“l’?e, = 16| Fh,i,5l 0ol ge,5

|oo HFh’,i’,J” [l oo ||9€’,j’ ||oo

(Case ' > h > ¢’ > {.) Applying Lemma A.7, we get, since £ > /£,

Bl < Ol (/l0 1 mosed 1))l =0 mused g (14 0 e (1) 0= o))

(Case h' > h > £ > {'.) We simply need to switch the ¢ and /.

Bt < Ol (/)N /7o) (1)) 0 i) g (1) 0 e () L0 )

(Case b/ > ¢’ > h > {.) Similarly to the first two cases, applying Lemma A.7

Bl < Cilciie (1/4) 00 il (a0 o)y (a0 =0 i) (1) (0 ] )

19
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(Final bound.) Splitting the sum and combining the three above results, we obtain

h—1h'—1
>N ‘C;’Q;g’,{e, < CERET, ST (1AL T (1) L0/ Tx] (1) L0V i) () L0 ]
(=1 ¢'=1 h'>h>0" >4
+ e D (/T med (1)) LD mmin] g (174) LR i (1 74) L0 i
h'>h>>0
C;zzl’ib,’Jl’ Z (1/4) LA =) il (1 1) LA/ Tmin) (7 /4) L=/ mie] (7 /4) L)/ Tomic]
W >0 >h>0
< Crighde (43 H,

le :

Summing over all 4,4, 7, 5/, and using the definitions of the norms, we obtain

H h—1h'-1

2 3 ST SN EF(Z0)3e(Ze) , Fro (Zu)ge(Ze))] <

256 .
9
h<h’=1/4=1 ¥¢'=1

2 2
T [1F 12,00 19112 0

and the result follows by combining this inequality with (23). O

Corollary A.13. Under the assumptions of Lemma A.12, with v such that v = Pv, we have

B

Proof. Using Young’s inequality, we have

B

<2E[

H h—-1

SO (E(Z) ~ P Fiy (g Ze) — oP'ar)|| ] < 12Hm IR
h=1 (=1

H h-1

(Z1) — vP"Fy}9e(Z0) —QPZQK}H}
h=1 t=1

>

h=1

h—1 2
> {FW(Zn) — oP" Fu}ge(Ze) — oP*gu}| |
=1

h—1

H 2
| Y el B~ vP Ful{ge(Z0) — oP'ge}[ | -
h=1 (=1

+21EQ[

The second term can be bounded using Lemma A.8, which gives

H h-—1
[ > {oP"Fy —vP"Fy}{gi(Zi) — oP ge}H } < QHZE [ Z{QPhFh — vP"FH{ge(Ze) — oP ge}H }
h=1/¢=1
H
Tmix 2 2
<2H Y 215 Al (/) ™ F(I5 g3 0
h=1
< 160H 73| F I3

where we used ||| oP"F), — vP"F, |||2 o <2(1/4) Lh/Tmix] || F||, . in the second inequality. The first term can be bounded
using Lemma A.12, and the result follows. O

B. Technical Lemmas
B.1. Bounds on policy improvement

In subsequent proofs, we will require the following lemma, restated from Zou et al. (2019)’s Lemma 3. It allows to bound
the difference between the two measures 19, and (p,, parameterized by two parameters 61, 0, as a function of the distance
between these two parameters.

20
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Lemma B.1 (from (Zou et al., 2019)). Assume Al and A4. Let ug the invariant joint distribution of state and action after
following policy mg. Then, for 01,0, € R? we have:

”/1‘91 - ILL62||TV < CMHGI - 92H ; (24)
where C,, 2 Ciip| A| (1 4+ 47mix)-

Proof. Note that under our assumption A4, the assumptions of Zou et al. (2019) are satisfied with m = 4 and p =
(1/4)/mmix Lemma 3 from Zou et al. (2019) then gives

c#ngA<L+mgymﬂ+11p)gcmA(1+l%Migghmg),

and the result follows from exp(—z) < 1 — z/2 and 1/ log(4) < 2. O

A crucial corollary of this lemma is that the matrix A()(-) and the vector b(!)() are Lipschitz.

Corollary B.2. Assume Al and A4. Then, for any 6 € R?, the following property holds
1AM (0)— AN (0.)]| < CuCalld =64l . b (B)=bW(6,)] < CLCyll6 - 0.

where C,, = Ciip| A| (1 + 4Tmix) is defined in Lemma B.1.
Proof. From (3), we have, with A¥) (s, a,s',a') = ¢(s,a) (v¢(s',a’) T — ¢(s,a) "), that

A(c)(g) =F (s,a)~p0 [A(C)(S,a, S/,a/)}
s'~P)(]s,a)
a’ ~mo(-|s")

This gives
IAV ) =AY O] = [E (aos (895,05, 0)] = (0)p, A (50,50

' ~PO(]s,), '~ PO ([s,0)
’ ’ !’ /
o/~ (1) o/ ~org, (-]s")

< ||,u9 - /W*HTV SU./p /HA(C)(Sv(LS/va/)” )

s,a,s’,a

and the result follows from the definition of C 4 and Lemma B.1. The second inequality follows from similar derivations. [

B.2. Expression of difference of matrix products

In our derivations, we will use the follwing lemma, that allows to decompose the difference of two matrix products.
LemmaB.3. Force {1,...,N},t>0,n >0, and H > 0, we have

H
Ty —T=m Y A0, (25)
h=1
H — —
T8 =T =0 ST (A9(0,) — AT, (26)
h=1

Proof. Remark that for all A > 0, we have
Fz(t,cl):thl —I=(I+mnA" (9*))F1(€,11):h —1= (ng):h - I) + A 00T,

S 1

and the first identity follows. The second one follows from similar computations. O
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C. Bound on terms of the decomposition

C.1. Decomposition of the error

Claim 1 (Restated). Let t > 0. The updates of SARSA at block t can be written as

(1 H
00 — 0. =T 1 (00— 0.) + S n T el

1 1 1
+Zh:1 Mt EIZH HE;E}Z 1(Z( )) : (10)
Proof. We have, by adding and removing 7, (A(l) (0*)9;1,2 + bW (9*)) to the update of 915 f2+1’

at(lh—&-l 0. = 99}? — O +m (A(l)(Zt(,ll3+1)9(l) + b(l)(Zt(,liz+1)>
=00 — 0. +m (AD (0.0 + DD (0,))

+ e (AV(Z{),1) = AV (0.0 + DD (Z(}), 1) D 0,))
Since b (6,) = — A1) (6,)6, in the single-agent case, we have

1 )

0541 — 00 =001 — 0.+ mAD(0,) (0] — 0.)
e (AN (2{]0) — A0 + D (Z{])) — BV (0))
e (AN (0) — AV (0.))00) + B (0) — DD (0,))

() and e )(Z(lh)ﬂ) by their definitions

We then replace i t,h \“t,

ehi = (AN (0) = AD(0.)60;}) + D (0) ~ O (0.)

1) 1 1 1 -

con(Zinen) = (A (20 0) = AD6))0r; +bM (2()).,) ~ D (@,)

and the result follows after unrolling the recursion. O

C.2. Bounds on iterates’ norm and variance

First, we provide some bounds on the differences between the global and local iterates.

Lemma C.1 (Bound on the local iterates). Assume Al. Letc € {1,...,N},t,h >0, and 9, € RY, and 0( € R? be the
parameters obtained after h local TD updates started from ;. Then, whenever mHCy < 1it holds that

(a) the distance between last policy improvement and current estimate is bounded
16: — 01| < 3¢ H (CaCproj + Cb) < 3(Cpuoj +1)
(b) the norm of current iterate is bounded as
”9 H < CPrO] - 4(Cproj + 1) )
(c) if iy HC 4 < 1/6, the variance, conditionally on J;, of the local updates is bounded as
E[65) — E[0{5 |71 1) < 55n HrninG?
Proof. Proof of C.1-(a). Triangle inequality gives

16 — 01 11| = 116 — 615 + 615 — 61 | < 116 — 0| + 1055 — 05| -

22



Convergence Guarantees for Federated SARSA with Local Training and Heterogeneous Agents

Plugging in the update, we have
16: — 65, | < 116c — 6011 + el A© (285, )65) + b (2, )l
< [16: — 0S| + ne| A2 DO + ne DO (2, DI -

Bounding HH || < ||0 — 0:|| + ||0:]| and using the bounds from A1, we obtain

160 = 6550 ll < 16 = 65501 + mCall6f5) — 6l + mCaallBe] +m.Cy
< (L+mCa)l|0 = 055 + mCaCoroj + 1o
where the second inequality comes from ||6;|| < Cyyj. Unrolling the recursion, we obtain

h—1
16: — 651 < me S (14 17 Ca) (CaCpuoj + Cb) < 30H (CaCproj + Cy)
£=0

where the last inequality comes from the fact that, for ¢ < H and 7;C 4 < 1/H, itholds that (1+7,C4)* < (1+1/H)" <
The bound follows from 7, H < 1/C4 and Cp,/C4 < 1.

Proof of C.1-(b). The second bound follows from ||9 || < ||9 — 0:]| + ||0:]] and C.1-(a).

Proof of C.1-(c). First, remark that ]E[HG;O - IE[H;CO | F:]||? | F:] = 0, thus the result holds for h = 0. Let h > 0, and assume
that the result holds for all ¢ < h. Then, we have

E[6%),, — E[6Y),, |72 |F]

2
—E[|n 5" AOZE 6 + O (Z45,) ~ BN ZE, )68 + b0 (249, ) |7
=0

h
2
<28 3 A2 )687 ~ A0 17| |
£=0

h
+ 2B ||m > (25)) - BB (2() |7 H 7] -
=0

We decompose

A (286 — E[A) (261 | 7]

= A9z (61 ~ Eley) W)
+ (A9(Z{) — EIAO(Z{) | | 7] + E[A9 (22) (67 - 6l 1F)) | 7]

which gives, using |la + b + ¢||? < 3||al|? + 3]b]|? + 3]|c||?,

EH

)Q(C) E[A(c)(Z(C) ) (C) |~7:t

h
un A(C) (2 0+1

+1
=

H\mZA” 20 (o2 - w2 17)| 7]

3o 32 (4928,) - A0 (20, 171 e |7
4

1]

where we also used Jensen’s inequality to bound

HntZE[A(C (2, (6 ~ El6f2) | 7)) ‘ft]H <E[||n " A<C>(Z§i1>(9(c) E[0}) \EDHQVT-} :
£=0
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Since the A(©) (+) are uniformly bounded, we can use the induction hypothesis, Lemma A.8, and Lemma A.10, to obtain

il

Similarly, Lemma A.8 gives

l

and the result follows from n HC 4 < 1/6. O

proj -

mZAC) (269,)015)~ K[A® (22,6 7

]ft} <3300 H3CAmmin G + 4512 Himin C4 C2

h
> b)) —Eb(2()) | F) ‘]—‘t} < 15n2 HriC2
£=0

Proposition C.2. Assume Al. Lett > 0, and n; < 1/C . Then, for any vector u € R4, and k < h, we have
1 _
ISR ull? < (1= mea) =" ful|

Proof. The result follows directly from Al. O
Lemma C.3. Assume Al-5. Lett > 0 and assume that i, HC 4 < 1, thenfor c € {1,..., N}, we have

(3 eh2]] < st o)
where § = 0 if Zt(fo) is sampled from the stationary distribution vy, and § = 1 otherwise.

Proof. If § = 1, we use Lemma A.3 to construct a Markov chain Yt(‘,? such that Y( h) ~ v, starts from the stationary
distribution of the policy 7y, and

c c) c c c S(CA6 roj T Cb)
HE[ZFi rneaZ)] || < HE[ DTl e D] ||+ T @)

which also holds when § = 0. Then, we write

H
B 3] = Yo KOO B0
H h-—1

= 3 T B AV (A0 b)) @8
h=1 (=1

where we recall that A(©) (z) = A(®)(z) — A(9)(6,) and we used the fact that E[A(©) (Yt(‘,?)Ht] = 0. Now, remark that, by A1
and Jensen’s inequality,

[ B[A0 05 A v, + b v )] | = [|B[EA v 1A 70, + O ]|

<E[H]E AV 7))

H (CaCproj + Cp)

Then, A4 gives the bound HE[A(C) (Yt(Z)) IYQ(Z)]

’ < 2C 4(1/4)Lh=0/7mix] " and we obtain

H h—1
HE[ZFIECZJA HEth (0) }H < 2 Z CAcpmJ +Cb)(1/4) L(h=0)/Tmix]

Bounding the inner sum by the sum of the series, plugging the result in (28) gives

8n:CA(C 6 r0j Cp)H mix
HE[ZFECZHH ]| < SCalCaCimi + Q)i 29)
and the result follows from plugging (29) in (27). O
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Lemma C.4. Assume Al-5. Lett > 0, and assume the step size satisfies s HC 4 < 1, then

N H
! 136 H 7y G2
Bl 2 i 200) ] < LM
c=1 h=1

~ + 550477 C4 G2 H? 72

le )

where § =1 ith(’CO) ~ vy, and § = 0 otherwise.

Proof. We start from

1 N H © . . . )
(S IE T LS 5 ) oty STl

+2E[HNZZFECQL+1Hb(C Z(°))H . (30)
c=1h=1

First, the second term of (30) can be bounded by Corollary A.9, which gives

c 34H 75, C?
S0 b)) < 2 (1)

[HNC_M ‘ N

Then, to bound the first term of (30), we recall that Ht(C})L =0, —m ZZZI Al©) (Y;E;))F)(C) + b (Y( )) which gives the
following decomposition, using Ht(C,i = 9,52 - E[Qt(c,z | Fe] + E[Gic,z | Fils

1 c ~ . 2
2E|:HNZZFE‘J)L+1:HA( )( ())Gﬁﬁ 1” }

H
1 c NG c c 2
<4k [| & SN0, W KO (Z)ERS 17 o

)

A L 53 ST, A ) (A2, ~EAO DAL, 1)

term as

2 136H mix C2

N H
1 (©) K@) (7O\g[p©
E[Hﬁzzrt h+1H () Z )E[Gt,h]
To bound the second term, we use the decomposition
Az, — BIA (2101, |7 = A€ (Z)) (01, — Eloy) ., |7))
+ (A9(2()) - ELAC (Z))El6S)_, | F]
+E[A(2,9)(09_, —El6[9_, |F]) 1] -
Using ||a + b + ¢||? < 3||al|? + 3]|b||* + 3||c||* and Jensen’s inequality, we have

H h-1

2
478 [HN > 31 A ) (A0 BN A0 171 |
1 h=1¢=
1 N H h-1 ( 9
<6-4fE[| = D03 > T, A (2D A (2 (01, ~ il 17| ]
c=1h=1/¢=1
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Algorithm 2 SARSA: Single-Agent State-Action-Reward-State-Action

1: Input: step sizes 1y > 0, initial parameters 6, projection set VW, number of local steps H > 0, number of communica-
tions 7" > 0, initial distribution o over states

2: Initialize first state s_1 5 ~ ¢ and initial policy 7y, = ImpB(ng

3: forstept =0to 7T — 1 do

4:  Initialize Ht(’lo) = 0,, take first action ai}g ~ Ty, (|5§1_)1 )

5. forsteph=0to H —1do

6: Take action aS}zH ~ 7, (- |s§1}3) observe reward r(l)(sgl,z, ail,z) next state sgl,zﬂ

7

8

1 1 1 1 1 1 1) 1
Compute 3f}) = rM ({1}, 1 al) 1) + 70ty afl ) TO0R — élsti a0

Update ;') = 0/} + md}5é(s(%), o)
9: end for
10:  Update global parameter 6,1 = II (95%)
11:  Policy improvement 7y, ,, = Impg(Qp,,,)
12: end for
13: Return: 6

th’ th

h—1

N H

1 50, 7 O vmrae

3| 4 303 A0 (2 A (2B |7
c=1h=1¢=1

-

where we defined A() (Zt(,cl)) = Al (Zéfé)) —E[A® (Zt(;)) | F¢]- The second term can be bounded using Corollary A.13,
which gives

h—1

N H
SN L A Z A (Z )G, | F

c=1h=1{¢=1

2
3-4n§E[H } < 3744n? H272, C4C2

2=

To bound the first one, we remark that, by Lemma C.1-(c), we have
@ (@) () 2
sup B[ A9z (69, ~ Ef5_ 1F]) || ] < 55n2CAG2 Hris -
1<h<H ’

Thus, by Corollary A.11, we obtain

h
6 4”?E[HNZZZR Lo A (2N (2) (0, B0 )| ] <6498 - ot CACHH R,

c=1 h=1¢=1

(34)

Plugging (33) and (34) in (32), together with (31), allows to upper bound (30) as

(c) 136 H T G2
|:H N Z Z Ft Jh+1: HE t,h— 1 H :| < + + 6336077?0%4(}21—‘[4 I%ux + 3744nt2H2 1311)(04 Cgro_y
136 H mixG
< ZPHTMY | 5504n2CY G2H? T2 |
N
where we also used 7, HC 4 < 1/6, C? Cgm] < G2 O

D. Proof for single-agent SARSA— Proofs of Lemma 4.1 and Theorem 4.2
Lemma D.1 (Restated). Assume A1-5. Let t > 0, assume that the step size satisfies 1. HC 4 < 1/6. Then, it holds that

E(0%) — 0[] < (1—245)10, - 0,]|2 + 13617 H i G

58m7m,xc;2 4 976n° Hr2, G>C%

Ha a ’

+0

where and § = 0 if episodes start in the stationary distribution and § = 1 otherwise.
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Proof. We use a step size 1, = 1, that verifies n:a < 1/2, and remains constant during H steps and only depends on ¢.
Expanding the expected square of Claim 1’s error decomposition, we have

E {165 — 6.1?]

= ||F1(£,CI):H(915 —0.)|> +2E KF‘E 1 Z 77tr§ch+1 H (€£Ci)zf1(zt(ci2) + ‘PEC) ) >}

H
(c) (©) ( ) ( )
H Zntrt,ch—&-l:H (Etch (Zip i Pt,h— ) H
h=1

< (I (08 = 0.) 1] + 2 (i) 00 - [ir:meth (25)))
h=1
T1
T2

+277t<F§1H 0r — 0.) {irth+lH(pth 1}>
h=1

T3

+22E [H S e H + 2%

2
Hzntri })L—H H‘Pf})L 1H ]

T4 T5

In this decomposition, T'; is an optimization error, representing progress towards the solution 6, ; T2 is a sampling bias error
due to the Markovian noise; T3 and T'5 are error terms due to sub-optimality of the current policy; and T4 is a variance
term. Next, we bound each term of this decomposition.

Bound on T';. The first term is the contraction term, and can be bounded using Proposition C.2

Ty < (1—ma)” |6 — 0. . (35)

Bound on T5. We bound T using Cauchy-Schwarz inequality and Young’s inequality

[Zrﬁll 2=

UtHfl 8ne NI
16— 0.11° + HE[ZFM a= ]|
h=1

Ty < 20 T30 1116; —

where we also used the fact that ||I‘§1}1, || < 1. Then, by Lemma C.3, we have

ntHa 2 87)t <8G )2
T < 9 - 0 H mix 5 mix
2 s ||t || Ha 3(tCAT + 0T, )
H Hr2, C4G? 1) )
S Ur a”at o 0 ||2 587715 TleC G 58 TI}? Tmlx (36)
a
Bound on T'z. The term T3 can be bounded using Cauchy-Schwarz inequality and Corollary B.2,
Ts < 20T 1116: - [ZFECZH nolo | < mECLGlI 0.2 (37
where we also used [|E!") | < [|(AD (8;) — AD(8,))]| Cproj + 1D (6:) — B (8,)]| < C,.G|6; 6, ]|
Bound on T4. The term T4 can be bounded using Lemma C.4 with N = 1, which gives
Ty < 13607 HTmix G? + 55040 C4 G2 H? 72, . (38)

27



Convergence Guarantees for Federated SARSA with Local Training and Heterogeneous Agents

Bound on T'5. Finally, the last bound is also a consequence of Corollary B.2, which gives

Ty < 20 HZE[Hrgﬁl ae) 1” ] < 82 H?G2C2 0,6, . (39)

Full error bound. Plugging (35), (36), (37), (38) and (39) in the above decomposition, we have

58ni Hr2, C%4 G2 58577tG2 2.

E{16F 7 — 6.I1°] < (1 = na) 16 — 6.]1* + Tg= 16, — 6.]* + T
+ 2, HC,G||0,—0,|> + 13677 P HTinixG? + 55040 C3 G* H 72, + 8y H*G*C2 |10, —6,|* .

77tHa

After reorganizing the terms, we obtain

E[|6)); — 6.]] < (1 —naH/2 +nHa/8 + 2, HC,G + 8773H2G202) 16; — 6,2

Ha a

+ 13607 HTinix G2 + + 55040} C4 G2 H? 12,

Finally, remark that 16GC,, < a, which implies that
1 —naH/2+ naH/8+ 2 HC,G + 8nf H*G*C}, <1 —naH/4 |

3 2 22 22
and the result of the lemma follows by bounding % TmixS"C4 | 5504912 G2H272, < M. O

Theorem 4.2 (Restated). Assume A1-5. Assume that the step size 1, = 1) is constant and satisfies nHC 4 < 1/5 and that
H > Tyix. Then it holds that

. 2
E[|6r — 6,]%] < (1 — 12)T gy — 6, || + 24nmmnG”
T 5232;3,,,(2@ i 39047727;2,XG (oA :

a

where § is defined in Lemma 4.1.

Proof. Since projections on convex sets are contractions, and 6, is within the set on which we project, we have
2 ) 2
10241 = Ou[]” < (|01 — 64|

Applying Lemma 4.1 and unrolling the recursion gives the result. O

We now prove the corollary for SARSA’s sample complexity.
2

Corollary D.2 (Restated). Assume AI-5. Let € > 0, set n ~ min (CIA , ﬁ, m) and H =~ max (1 %) then
SARSA reaches E|||0r —0,]1?] < €2 with

TH ~ max (CA, Cripix %) log (w)

“aZe?

(|\90ﬂ9 oI )

samples and T 2, CA log policy updates.

Proof. Let e > 0. From Theorem 4.2, we have

mix

H2a2 + a2 ’

7 544 mix(;2 T T,
E[|0r — 6.]7) < (1= 24E)7 g — 6.2 + 2= g 2050 4 00T GCh

To obtain an overall mean squared error smaller than €2, each term has to be smaller than €2, which gives the conditions of 1
and H. The bounds on 7" and T'H follow from bounding the exponentially decreasing term.

O
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E. Proofs for federated SARSA
E.1. Convergence of FedSARSA— Proofs of Proposition 5.1 and Proposition 5.2

Proposition E.1 (Restated). Assume A 1-5. There exists a unique parameter 0, € VW such that
N 3 N (e
% Zc:l A(C) (9*)9* + % Zc:l b(C) (9*) =0.

Proof. The proof follows ideas similar to De Farias & Van Roy (2000)’s Theorem 5.1. For ¢ € {1, ..., N}, we define the
function s(©) as

s (0) = A9(0)0 + b (0) |
as well as the map F\) : 0 — 60 + ns(¢) (9), with > 0. We show that Ly F\) has a fixed point.

Remark that 4 Zivzl F7(,C) is a continuous function, and that the set C := {0 | ||0]] < %} is closed under % Zi\le Féc)

for a well-chosen £ € (0,1) (the same as for the individual F

Van Roy (2000)). Indeed, we have that

, whose explicit expression is provided in De Farias &

1 N 1 N N
|+ Fee)| <5 S 1E0) Z£||9||+ 1+ OR) = €lloll + (1 + OR

1 N N
N F{0, =0, <= =Y s(0,)=0
c=1 c=1
1 & 1 &
=S A90,)0, + = bls,) =
— chzl ( ) *+ Nc:1 ( *) 0 9

which proves the existence of a fixed point. To prove unicity, let 6%, 02 € W be two fixed points of FedSARSA. Then

K9 7k

0l — 02 =01 — 6% — LN AO(gl)9! — A (62)62 + B (0]) — b (67) .
N c=1
This yields, denoting A = 1/N Do A,
n N
_p2 _ 17277 ) 2 2 (e)(ply _ () (p2
0}~ 02 = (1~ nA(B)(0} —02) — - D (A A (2))62 + b(61) — b)(62) .

Taking the norm, using triangle inequality, using Corollary B.2 to bound | A (91) — Al (62)]] < C,Ca, |[b) (L) —
b (62)|| < C,,Cy, and using the bound ||62|| < Cyrj, We obtain

162 = 211 < (1 = na+ 2GC)lI6, — 2] < (1 —na/2)]0, — 62|
where the first inequality comes from Lipschitzness of the policy improvement and the second one comes from AS5. This
proves that |0} — 62| = 0, guaranteeing the uniqueness of FedSARSA’s limit point.
O

Proposition E.2 (Restated). Assume A1-5. Forany c € {1,..., N}, assume that 9,@ € W, then the local optimum 9&6)
(defined analogously to (6)) satisfies

480
7(1 + Trnix)(GPHa*” + 67‘) 9

e(c) _ 9* <
0 0. < 2

where €, and €, are defined in (1).
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Proof. From Proposition 5.3, we obtain
|AC @)@ ~ 0l < G, -

Using A2, we then obtain
9 — 6. < < .
a

Now we need to bound ||19ic) — 9l ||. They are respectively defined by:

A (9,9 +b©(0,) =0,
A(c)(eic))(g’(f) + b (9’((0)) -0 .

Subtracting the equalities we obtain
(A (6L7) — A€ (0,)) 64 + A (0,) (617 — 957 ) = B (0,) — B (6) .
Using A2 a second time yields

Hei(:) _ 19&6)” < % (H (A(C)(Oi"’)) _ A(c)(e*)> e

+ HB(C)(Q*) _ B(c)(g&@)H)
Then, Corollary B.2, gives

1657 — 0L <

1 c c
—(CuCallfl I+ C,Ch) 165 = 6.

Using the triangle inequality, we obtain:

© gl 1 (0) (o) _
1657 = 0. < 22 + = (CLCall6]| + CuCy ) 105 — a1

Since ||0£C) | < Cproj and using A5, we have
CprOjCMCA + CMCb < a/80,
then the result follows from the definition of (g, . O
E.2. Bound on heterogeneity drift — Proofs of Proposition 5.3
Proposition E.3 (Restated). Assume Al, A2, A4, and AS. Forc € {1,..., N}, there exists 5, Cp, > 0 such that
| A€ (6.) - A0 <CE . A0 0 0.2 <C.
where we introduced the constants (x = 4C A (1 4 Tmix)€ep and Cp, 2 6(1 + Timix) (ep |0« || + €r).

Proof. This proofs is inspired by the proof of Zhang et al. (2024)’s Theorem 1.
(Heterogeneity of the Al)’s.) By Mitrophanov (2005)’s Theorem 3.1, we have

115 — 182l ov < 4(1 + Tanix) sup_ 1oP” = oP{ 1y (40)
QN

Thus, we have, forany c € {1,...,N}

N N
1 Ale Al C2 c <
5 2 A0 — AD@)P < D7 g — ) Iy < 16CH(L + Timin) e

/=1 =1
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(Heterogeneity of the 9\)s.) By definition of 6, and 9L, we have A(6,)6, =b(h,) and Al©)(H )19(@ b(©)(6,). This
gives the identity

A(0.)0, — A (9,)9\” =b(6,) —bO(8,) .
Adding and subtracting A(°)(6, )6, on the left side, we obtain
(A(6,) — A9(6,))8, + A9 (0,)(0, — 9\)) = b(d,) — bO(8,) .
Reorganizing the terms, we obtain
A(0.)(6. —9\) = (A (0.) — A(8.))6. +B(6.) — B (.)
which gives, by taking the norm, using the triangle inequality and A2, that
| A (06, — )| < A (0) — A@]6:] + [B(8) — B @] -

Averaging over all ¢ € {1, ..., N} and using (40), we obtain
| X
~ S0 = 9872 < 32C% (1 + Tanine) 22 [0 1 + 32CE(1 + Tanine) €2

and the result follows. ]

Lemma Ed4. Let n; such that n,HC 4 < 1. Then, it holds that

[AL#] < 27:CaCproj -
proj

Proof. We have

1Aval = | + i (1-rid) (7 -0.) |

<21~ r“) 111 Cor
where we used ||6, || < Cproj and || || < Cproj. The result comes from || — FE?HH <nHCx. O
Lemma E.5. Let ny such that ns HC 4 < 1. Then, it holds that

s _ WP 1)

|Asen] :

3

Proof. Using Lemma B.3, we have

3 (1) (0 - 0) =~ 33 A (00

Then, we remark that

N N al
ZAC) &c)izA(c)( N **Zb(c ZB(C)(G*):O .
c=1 c=1

Thus, using the notation I'*%) = Ly )

h+1:H = t.ht1:1> We have

N H
= 3235 (v = i) K900 (o -0
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ST (A90.) —~ AT, n A0, (1) —0.)

o N H h-1
n I Alc A av, NG c
[Anall < 23T TSI (A90.) = A@NTEE, 1 A0, (05 =0, ) |
c=1h=1 (=1
nz N H h-1 B
<D DA @) — A@)IPAC ) (0 ~0.) |
c=1h=1 (=1
2 N
nyH(H —1 . _ . .
= DS 1400, - A@)PIA @) (4 - 6.) |

Using Cauchy-Schwarz inequality, we obtain

||A1:H||2<"?H2(4M(21V§31A<0><9*>—A ) (5 ZHNC (9 —0.) 7).

which is the result. O

E.3. Convergence rate — Proofs of Lemma 5.4 and Theorem 5.5

Lemma E.6 (Restated). Assume Al, A2, A4, and AS. Let t > 0, assume that the step size satisfies n. HC 4 < 1/6. Then, it
holds that,

_ 3 -~ 1)2
E[ 01 —0,]1%) < (1— 2228y |0, 0, || >4+ 22U 2 2.

a
586r;tG 2 n 976n3G2C4 Hr?

a
where § = 0 if the Zt(,co) are sampled from the stationary distribution Z/(S:) and § = 1 otherwise.

+ 136n?hjrvrmixc2 n

mix

Proof. Starting from Claim 2, and expanding the square, we have

_ 1 X
B[ 10 = 0] = | 5 iR =0

< ZF“H 0.) s Arm + ergcl)r&-lH {Eth 1(2())+<P§,C;2_1‘}-t}>

c=1 h=1
£l v+ zz (20 )P

This gives the decomposition

‘ 2

E[18s1 - 0,17

1 N
:HNZFE,?:H(@—H*)
c=1

U, U2

+2<;/,ZN:F§?1);H( ZrthHH [ ¥ (Zf,i)‘]:tp

c=1 c 1 h=1

1 (c Ui o (e)
<NZFMH )7ﬁzzrth+1H]E[ ]:t}>
c=1h=1
Us
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N H
Ui c c c Mt
+3E[Hﬁzzrgh+lH t,h— 1 Z H ‘]—}}—l—SE[H ZZFtHlH‘Pth 1H ‘]:t}

c=1h=1

U4 U5

+3||A1:HH2+2< ZF?{H 6,) . A1H>

Use

The terms U; to Uy are analogous to the terms T3 to T’ in the single-agent setting, although with a variance term Uy
whose leading term will scale in 1/N. The term Ug is due to heterogeneity, and accounts for the differences in local updates
from one agent to another.

Bound on U;. We have, using Jensen’s inequality and Proposition C.2,
Ui < fZHFHH 67 < (1= na)? 16 — 6. . (41)

Bound on U,. First, we use Lemma A.3 to construct a Markov chain {Y;(Z)} n>o initialized in the stationary distribution
alike in the single-agent case. We then have

neaH (c) ’2 H °) () H2
< _
o< 5 i o0 P+ 353 R 2
naH Nt c ENIE
< 2% 6, — 0. + ] * EthMH [s;,z (]|

Using Lemma C.3, we obtain

mHa 58ng Hr2, C% G2 5857”(}27%1)(

Ha

nllX

Uz < 16¢ — 0.]1* +

(42)

Bound on Uj. First, we use the triangle inequality to split the mean. Then, similarly to the bound on T3, we use
Cauchy-Schwarz inequality and Corollary B.2 to obtain

Uz < 2, HC, G0, —0,|* . (43)

Bound on Uy. Using Lemma C.4, we have the bound

136 2H mixC}2
Uy < T 550t C4 G272 (44)
Bound on Usj. Alike T'5, the bound on Us is a consequence of Corollary B.2,
3 2
S lt H B[P i | | < 12t —o.2 . (45)

c=1 h=1

Bound on Ug. This term is due to heterogeneity. First, we split the second term using Young’s inequality, then use
Lemma E.5, which gives the bound

N:a 2 8 9
Ug < — H F ‘ 3+ — ||A.
6= NZ p:0r 0s) +( +77ta)H 1H||
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which gives, using 3 < 1/(mn.aH),

77taH 9 H*(H — 1)

U < 16: — 6.]1% + S (46)

Final bound. Plugging (41), (42), (43), (44), (45), and (46) the error decomposition above, we obtain

9 Ha 58 C4G* | B8omGir
E[”0t+1 - 9*”2] < (1 — UQ)HHQt — 9*”2 T]t ||9t _ 0 ||2 nt le Ui mix
a Ha
136 H mixG
+ 2 HC, Gl =0, + I 4 5504y} CA G2 272,

+ 1202 H?G2C2|0,— 0. +

IPH3(H —1)?
Uh (a ) C%Cg* .

Simplifying, we obtain

P H(H —1)? 13612 H Tipnix G2

B 1011 = 0.12] < (1= na/8)7 6. — 0.1 + N
SH 2 2 12 5
5877 Tr;nxc G 58 nﬁaTmlx +550477?C G2H2 r%ux ,

3. +

97677;" G2C2 Hr?

which gives the result of the lemma follows by bounding w + 5504n}C4 G2 H?72, < mix - []

Theorem 5.5 (Restated). Assume Al, A2, A4, and A5, that the step size 1, = 1 is constant and satisfies nHC 4 < 1/5 and
that H > Ty« Then it holds that

E[|07—0,1%] < (1—222)7|l6o— 6,2 + 2B ¢

1088nTmixG2 | 4640G372, | T808n°G3C%T2..
Jl_ 7]]\711 + H2a2 + 2 A )

where § = 0 if the Zt(,co) are sampled from the stationary distribution I/éf) and § = 1 otherwise.

Proof. The proof follows the same arguments as the proof of Theorem 4.2. O

Corollary E.7 (Restated). Assume A 1-5. Let ¢ > 0. Set n ~ min (&, G]Xf; ,chi . ) and H such

that H < %max (5,Ca) and H 2 ™= then FedSARSA reaches E[||0r — 0,]*] < € with T 2

~ ~

a2
max (CA CAQ’* ) log (M) communications, and
a ’ a2e €
) 00—,
TH ~ max (S4, Srpy | GCarmix ) Jog (10=0-17) (12)

samples per agent.

Proof. Let e > 0. From Theorem 5.5, we have

2 2.2 2
E[||9T _ 9*”2} < (1 _ %)Het _ H*HQ 7202 (H 1)2 CAC + 108877'rm]xG + 464}5{(2} Tinix | 7808n2 (i CATmlx )

To obtain an overall mean squared error smaller than €2, each term has to be smaller than €2, which gives the conditions on

n and H. For the exponential term to be small, we require T’ ~ log(M) and TH =~ 1 log(M) which
give the bounds on 7" and T H. O
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