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Abstract
We present a novel theoretical analysis of Feder-
ated SARSA (FedSARSA) with linear function ap-
proximation and local training. We establish con-
vergence guarantees for FedSARSA in the pres-
ence of heterogeneity, both in local transitions
and rewards, providing the first sample and com-
munication complexity bounds in this setting. At
the core of our analysis is a new, exact multi-step
error expansion for single-agent SARSA, which
is of independent interest. Our analysis precisely
quantifies the impact of heterogeneity, demonstrat-
ing the convergence of FedSARSA with multiple
local updates. Crucially, we show that FedSARSA
achieves linear speed-up with respect to the num-
ber of agents, up to higher-order terms due to
Markovian sampling. Numerical experiments sup-
port our theoretical findings.

1. Introduction
Federated reinforcement learning (FRL) (Zhuo et al., 2019)
allows multiple agents to collaboratively learn a policy with-
out exchanging raw data. By sharing information, agents
can accelerate training by leveraging one another’s experi-
ence. This paradigm is particularly valuable when commu-
nication, storage, or privacy constraints preclude direct data
sharing. Yet, effective learning in such settings remains diffi-
cult. Communication is costly, and while federated methods
try to mitigate this by relying on local updates, these up-
dates can cause client drift when environment dynamics are
different from one agent to another.

Despite rapid progress in FRL (Qi et al., 2021; Jin et al.,
2022; Khodadadian et al., 2022), little attention has been
given to the federated counterpart of the classical on-policy
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method SARSA. This method, which simultaneously up-
dates and evaluates a policy, is fundamental in RL. Most
existing works have studied either federated policy eval-
uation with TD learning (Wang et al., 2024; Mitra et al.,
2024; Mangold et al., 2024; Beikmohammadi et al., 2025),
methods like Q-learning (Khodadadian et al., 2022; Woo
et al., 2025; Zheng et al., 2024), or policy gradient (Yang
et al., 2024; Lan et al., 2025; Labbi et al., 2025a). A notable
exception is Zhang et al. (2024), who analyzed the Fed-
SARSA algorithm and showed that federated training can
reduce variance. However, when agents are heterogeneous,
their convergence rate is affected by a persistent bias, which
remains even with a single local update.

In this paper, we present a novel analysis of the FedSARSA
algorithm with multiple local training steps, establishing
explicit finite-time convergence bounds. We also introduce
a federated variant of fitted SARSA (Zou et al., 2019), where
the policy is updated only at communication rounds, guaran-
teeing that all agents are using the same policy at all times.
Our analysis begins with a new framework for single-agent
SARSA, based on a novel expansion of the error along the
trajectory that separates transient and fluctuation compo-
nents, and tightly characterizes the impact of Markovian
noise. We then extend this novel analysis to the federated
setting, establishing sharp convergence guarantees where
we quantify explicitly the impact of heterogeneity in local
updates. Unlike prior work (Zhang et al., 2024), our results
do not rely on an averaged environment assumption, and
directly characterize the local drift arising from multiple
heterogeneous local steps, allowing for a tighter characteri-
zation of the impact of agent heterogeneity on FedSARSA.

An important feature of our analysis is the characterization
of the limiting point, to which FedSARSA converges. This
allows for a rigorous analysis of the algorithm when both
transition kernels and reward functions differ across agents.
The main contributions of our work are the following:

1. We develop a novel analysis of federated SARSA, pre-
cisely characterizing its convergence point and deriving
explicit finite-time bounds that quantify the effect of
environmental heterogeneity. We provide the first sam-
ple complexity bounds for FedSARSA, showing that it
achieves linear speed-up in the number of agents. This
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follows from a careful analysis of the impact of Marko-
vian noise, showing that higher-order variance terms
scale proportionally to the chain’s mixing time τmix.

2. At the core of our analysis lies a new analysis of single-
agent SARSA based on a refined error decomposition
and a sharp characterization of the impact of Markovian
noise, which is of independent interest.

3. We provide numerical illustrations validating our theory
and empirically demonstrating the linear speed-up of
FedSARSA. We also provide a JAX implementation of a
deep FedSARSA variant, demonstrating the applicability
of our method to federated deep RL.

The paper is organized as follows: we introduce FRL in
Section 3, and discuss related work in Section 2. We present
our analysis of single-agent SARSA in Section 4, and our
results on FedSARSA in Section 5. We then illustrate our
theory numerically in Section 6.

Notations. We denote by ⟨· , ·⟩ the Euclidean inner prod-
uct and by ∥ · ∥ its associated norm. All vectors are column
vectors. We let I be the d× d identity matrix and ej the j-th
vector of the canonical basis of Rd. For a matrix A ∈ Rd,d,
we denote Ai,j its i, j-th coordinate, and for a vector b ∈ Rd,
we denote bi its i-th coordinate. For two sequences (un)n≥0

and (vn)n≥0, we write un ≲ vn if there exists c > 0 such
that un ≤ cvn for all n ≥ 0, and un ≈ vn if both un ≲ vn
and vn ≲ un. For a closed convex set W ⊆ Rd, ΠW de-
notes the projection onto W . Finally, for a set X , P(X)
denotes the set of probability measures on the measurable
space (X,B(X)), where B(X) is the Borel σ-field of X .

2. Related Work
SARSA and RL. (Tabular.) The SARSA algorithm (short
for State–Action–Reward–State–Action), introduced by Rum-
mery & Niranjan (1994), is a classical on-policy reinforce-
ment learning method. Singh et al. (2000) proved its conver-
gence in the tabular case, showing that if the policy becomes
greedy while maintaining exploration (the greedy-in-the-
limit with infinite exploration condition), the state-action
values converge to the unique optimal solution. This re-
sult extended earlier convergence proofs for off-policy Q-
learning (Watkins & Dayan, 1992).

(Linear function approximation.) In large or continuous
state spaces, SARSA is combined with linear function ap-
proximation (LFA) for the state-action function using an
embedding in Rd. Tsitsiklis & Van Roy (1997) established
the convergence of TD(0) to a fixed point of a linear equa-
tion; subsequent works analyzed it in both asymptotic and
finite-time regimes (Tsitsiklis & Van Roy, 1997; Bhandari
et al., 2018; Samsonov et al., 2024). SARSA generalizes
TD learning (Vamvoudakis et al., 2021; Meyn, 2022), esti-

mating the state-action value of the current policy via TD
updates while improving the policy. De Farias & Van Roy
(2000) proved the existence of a solution for SARSA using
fixed-point arguments. Related convergence results have
also been established for Q-learning (Melo et al., 2008) and
actor-critic (Wu et al., 2020; Barakat et al., 2022).

(Convergence Rates for SARSA.) Extending TD to SARSA
requires a policy improvement operator Impβ (formally de-
fined in (2)), which updates the policy from the parameters
learned via TD. In analyses of single-agent SARSA, it is
commonly assumed that Impβ satisfies a Lipschitz condi-
tion, with Clip ≥ 0,

| Impβ(θ1)(a|s)− Impβ(θ2)(a|s)| ≤ Clip∥θ1 − θ2∥,

for all s, a ∈ S × A and θ1, θ2 ∈ Rd. Setting Clip = 0
recovers TD(0), without policy improvement. Perkins &
Precup (2002) proved convergence of a SARSA variant
with LFA, using multiple TD updates between improve-
ments, small Clip, and ε-greedy policies. Melo et al. (2008)
later established the first asymptotic convergence proof for
SARSA with LFA. Under a similar Lipschitz assumption
on Impβ , Zou et al. (2019) gave a non-asymptotic conver-
gence analysis of SARSA with LFA, using projection onto
a bounded ball at each step, akin to TD(0) with Marko-
vian noise (Bhandari et al., 2018). More recently, Zhang
et al. (2023) studied SARSA with larger Clip, identifying a
chattering phenomenon (Gordon, 1996; 2000).

Federated Reinforcement Learning. Federated rein-
forcement learning (FRL) (Zhuo et al., 2019; Qi et al.,
2021) generalizes federated learning (McMahan et al., 2017;
Kairouz et al., 2021; Li et al., 2020; Ogier du Terrail et al.,
2022) to sequential decision making. Early theoretical work
concentrated on policy evaluation, particularly federated
TD–type methods under generative and online-interaction
setting, establishing finite-time convergence guarantees and
often linear-in-agents speedups (Khodadadian et al., 2022;
Dal Fabbro et al., 2023; Tian et al., 2024). A parallel line
of research addresses environment heterogeneity (agents
facing distinct MDPs), characterizing how aggregation must
adapt to model mismatch and under what conditions col-
laboration remains beneficial (Jin et al., 2022; Woo et al.,
2025). Beyond evaluation, tabular setting has received com-
plexity analyses. For Q-learning, recent results establish
linear speedups together with sharp—often optimal or near-
optimal—sample and communication bounds (Khodadadian
et al., 2022; Woo et al., 2025; Zheng et al., 2024; Salgia
& Chi, 2024). For value-iteration–style methods, federated
regret bounds with linear speedups and explicit heterogene-
ity terms are now available (Labbi et al., 2025b). On the
policy-gradient side (generative/simulator-oracle setting),
theory now encompasses both natural policy gradient and
actor–critic methods (Lan et al., 2023; Yang et al., 2024; Jor-
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dan et al., 2024). In contrast, the online-interaction setting
in FRL remains comparatively underexplored. A notable
exception is Zhang et al. (2024), who analyze federated
SARSA under agent heterogeneity and prove convergence
to a heterogeneity-dependent neighborhood of the optimum:
convergence cannot, in general, be made arbitrarily precise.

3. Background on Federated SARSA

Federated Reinforcement Learning. In FRL, N >
0 agents collaborate to learn a single shared policy.
Formally, each agent’s environment is modeled as a
Markov Decision Process (MDP), yielding N MDPs
{(S,A, P (c), r(c), γ)}c∈{1,...,N}, with a common state
space S, action space A, and discount factor γ ∈ (0, 1).
Each agent c ∈ {1, . . . , N} has its own transition kernel
P (c), where P (c)(·|s, a) denotes the probability of transi-
tioning from state s ∈ S after action a ∈ A, and a determin-
istic reward function r(c) : S ×A → [0, 1]. State-action
pairs are embedded in Rd via a feature map ϕ : (s, a) 7→
ϕ(s, a). For a policy πθ parameterized by θ ∈ Rd, we de-
note by P

(c)
θ the induced state transition kernel and by µ

(c)
θ

the stationary distribution satisfying µ
(c)
θ P

(c)
θ = µ

(c)
θ . In

this context, heterogeneity lies both in the transition kernel
and the rewards. We measure it using ϵp and ϵr, defined as

ϵp
∆
= sup

ϱ∈P(S×A)

sup
c,c′∈{1,...,N}

∥ϱP (c) − ϱP (c′)∥TV ,

ϵr
∆
= sup

s,a∈S×A
sup

c,c′∈{1,...,N}
|r(c)(s, a)− r(c

′)(s, a)| ,
(1)

where ϵp measures heterogeneity in the transition dynamics
and ϵr heterogeneity in the rewards. This measure of het-
erogeneity is classical in federated RL, and has been used
in many prior works (Wang et al., 2024; Zhang et al., 2024).

Federated SARSA. SARSA combines TD learning (Sut-
ton, 1988) with policy improvement: TD updates estimate
the state-action value function, which is then used to update
the policy. In its federated version (FedSARSA), agents
collaboratively learn a shared policy. Each agent performs
several local TD updates, after which a central server aggre-
gates the local estimators to update the global policy.

We approximate the state-action value function by a linear
model Qθ : (s, a) 7→ ϕ(s, a)⊤θ for (s, a) ∈ S×A, where ϕ
is a fixed embedding of state-action pairs. At global iteration
t ≥ 0 and local iteration h ≥ 0, the parameter θ(c)t,h ∈ Rd of
agent c ∈ {1, . . . , N} is updated via the local TD rule

θ
(c)
t,h+1 = θ

(c)
t,h + ηt

(
A(c)(Z

(c)
t,h+1)θ

(c)
t,h + b(c)(Z

(c)
t,h+1)

)
,

where, for h ≥ 0, Z(c)
t,h = (S

(c)
t,h, A

(c)
t,h, S

(c)
t,h+1, A

(c)
t,h+1) takes

values in Z
∆
= (S × A)×2, and represents the current and

the next observed state-action pairs. The TD error is defined
at iteration t, h by A(c)(Z

(c)
t,h+1)θ

(c)
t,h + b(c)(Z

(c)
t,h+1) where

for z = (s, a, s′, a′) ∈ Z, define A(c) and b(c) as

A(c)(z) = ϕ(s, a)
(
γϕ(s′, a′)⊤ − ϕ(s, a)⊤

)
b(c)(z) = ϕ(s, a)r(c)(s, a) .

After H > 0 local TD updates are performed, the local
parameters are sent to the server, which averages them and
projects the result on a compact convex set W ⊆ Rd,

θt+1 = projW(θ̄t+1), where θ̄t+1 = 1
N

∑N
c=1θ

(c)
t,H .

The global, shared policy is then updated using the softmax
of the approximated state-action value

Impβ : θ 7→ πθ,where πθ(a|s) ∝ exp(βϕ(s, a)⊤θ) (2)

for all s, a ∈ S × A, and β > 0 is referred to as the
sharpness of the policy. Note that this policy improvement
operator is Clip-Lipschitz, with Clip = β, that is that for
θ, θ′, we have, for (s, a) ∈ S ×A,

|πθ(a|s)− πθ′(a|s)| ≤ Clip∥θ − θ′∥ .

We give the pseudo-code for FedSARSA in Algorithm 1.

Assumptions. In the following, we assume the feature
map to be bounded, which gives uniform bounds on A(c)(·)
and b(c)(·) and restricts the diameter of W .
A 1. The state-action feature map ϕ is such that
sups,a∈S×A ∥ϕ(s, a)∥ ≤ 1. This gives the almost sure
bounds, for any c ∈ {1, . . . , N},

∥A(c)∥ ≤ CA
∆
= (1 + γ) , ∥b(c)∥ ≤ Cb

∆
= 1 ,

where for z ∈ Z, A(c)(z) ∈ Rd×d and b(c)(z) ∈ Rd, we
defined the norms ∥A(c)∥2 =

∑
1≤i,j≤d supz∈Z A

(c)
i,j (z)

2

and ∥b(c)∥2 =
∑

1≤i≤d supz∈Z b
(c)
i (z)2.

Given a policy πθ with stationary distribution µ
(c)
θ over

the state space, we define for each agent c ∈ {1, . . . , N}
a stationary distribution ν

(c)
θ on Z. A tuple (s, a, s′, a′) is

drawn by sampling s ∼ µ
(c)
θ , a ∼ πθ(·|s), s′ ∼ P (c)(·|s, a),

and a′ ∼ πθ(·|s′). We then define the expectations of A(c)(·)
and b(c)(·) with respect to this distribution.

Ā(c)(θ) = Ez∼νθ

[
ϕ(s, a)

(
γϕ(s′, a′)⊤−ϕ(s, a)⊤

)]
b̄(c)(θ) = Ez∼νθ

[
ϕ(s, a)r(c)(s, a)

]
, (3)

where the key difference with TD learning (Samsonov et al.,
2024; Mangold et al., 2024) is that z ∼ νθ depends on the
parameter currently being optimized θ. From these defini-
tions, we see that a limit point θ⋆ ∈ Rd of the FedSARSA
algorithm must satisfy the equation

1
N

∑N
c=1Ā

(c)(θ⋆)θ⋆ +
1
N

∑N
c=1b̄

(c)(θ⋆) = 0 . (4)
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Algorithm 1 FedSARSA: Federated State-Action-Reward-State-Action

1: Input: step sizes ηt > 0, initial parameters θ0, projection set W , number of local steps H > 0, number of communica-
tions T > 0, initial distribution ϱ over states

2: Initialize first state s
(c)
−1,H ∼ ϱ for c ∈ {1, . . . , N} and initial policy πθ0 = Impβ(Qθ0

3: for step t = 0 to T − 1 do
4: for agent c = 1 to N do
5: Initialize θ

(c)
t,0 = θt, take first action a

(c)
t,0 ∼ πθt(·|s(c)t−1,H)

6: for step h = 0 to H − 1 do
7: Take action a

(c)
t,h+1 ∼ πθt(·|s(c)t,h), observe reward r(c)(s

(c)
t,h, a

(c)
t,h), next state s

(c)
t,h+1

8: Compute δ
(c)
t,h = r(c)(s

(c)
t,h+1, a

(c)
t,h+1) + γϕ(s

(c)
t,h+1, a

(c)
t,h+1)

⊤θ
(c)
t,h − ϕ(s

(c)
t,h, a

(c)
t,h)

⊤θ
(c)
t,h

9: Update θ
(c)
t,h+1 = θ

(c)
t,h + ηtδ

(c)
t,hϕ(s

(c)
t,h, a

(c)
t,h)

10: end for
11: end for
12: Compute θ̄t+1 = 1

N

∑N
c=1 θ

(c)
t,H and update of global parameter θt+1 = Π

(
θ̄t+1

)
13: Policy improvement πθt+1

= Impβ(Qθt+1
)

14: end for
15: Return: θT

We discuss the existence of such points in Section 5. We
assume that the solutions of (4) and W satisfy the following.

A2. There exists a > 0 such that, for any θ⋆ satisfying (4)
and c ∈ {1, . . . , N}, Ā(c)(θ⋆) is negative definite and the
largest eigenvalue of 1/2(Ā(c)(θ⋆) + Ā(c)(θ⋆)

⊤) is −a.

A3. The set W ⊆ Rd is large enough so that there exists
a θ⋆ ∈ W satisfying (4). Moreover, there exists Cproj > 0
such that supθ∈W ∥θ∥ ≤ Cproj.

Under A 3, we also define the following two quantities,
which bound intermediate FedSARSA’s iterates and updates,

C̃proj = 4Cproj + 1 and G
∆
= CAC̃proj +Cb . (5)

The next two assumptions define the Markovian property
of the noise and the variance of the Markov chains at sta-
tionarity, and are classical in the analysis of RL methods.

A4. The kernels P (c)
θ have invariant distributions µ(c)

θ and
are uniformly geometrically ergodic. There exists τmix ≥ 0
such that, for all distributions ϱ, ϱ′ over Z, and h ≥ 0,

∥ϱ(P (c)
θ )h − ϱ′(P

(c)
θ )h∥TV ≤ (1/4)⌊h/τmix⌋ .

Following previous work on SARSA (Zou et al., 2019;
Zhang et al., 2024), we assume the policy improvement
operator’s Lipschitz constant Clip is not too large.
A5. The constant Clip is such that 80GClip|A|τmix ≤ a.

This assumption is classical in finite-sample analysis of
SARSA and FedSARSA (Zhang et al., 2024). To our knowl-
edge, the only theoretical work that relaxes this assumption
is Zhang et al. (2023). However, without this assumption,

SARSA does not necessarily converge, and one can only
show that SARSA’s iterates remain in a bounded domain. In
this work, we aim to study the convergence of FedSARSA,
requiring this assumption: extending our results to larger
Lipschitz constants is a promising direction for future re-
search on federated SARSA.

4. Single-Agent SARSA

First, we present our novel analytical framework for the
single-agent SARSA algorithm, that is Algorithm 1 with
N = 1, or Algorithm 2 in Appendix D. In the single-agent
case, we have Ā(1)(θ) = Ā(θ), and we can define the
solution θ⋆ as the vector that satisfies

Ā(1)(θ⋆)θ⋆ + b̄(1)(θ⋆) = 0 . (6)

Existing analysis (Zou et al., 2019) guarantees that such a
θ⋆ exists, and that it is unique under assumptions A1-5. We
propose a novel decomposition of the error of SARSA as

θ
(1)
t,h+1 − θ⋆ =

(
I + ηtĀ

(1)(θ⋆)
)
(θ

(1)
t,h − θ⋆)

+ ηtφ
(1)
t,h + ηtε

(1)
t,h(Z

(1)
t,h+1) , (7)

where we introduced the notations

φ
(1)
t,h = (Ā(1)(θt)− Ā(1)(θ⋆))θ

(1)
t,h + b̄(1)(θt)− b̄(1)(θ⋆)

ε
(1)
t,h(Z

(1)
t,h+1) = (A(1)(Z

(1)
t,h+1)− Ā(1)(θt))θ

(1)
t,h (8)

+ b(1)(Z
(1)
t,h+1)− b̄(1)(θt) .

The term φ
(1)
t,h accounts for the discrepancy between the

current policy parameterized by θt and the optimal one,
parameterized by θ⋆. The second term ε

(1)
t,h(Z

(1)
t,h+1) is a
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fluctuation term. Now, we define the following matrices,
which will appear in all subsequent error decompositions,

Γ
(1)
t,k:h =

(
I + ηtĀ

(1)(θ⋆)
)k−h+1

, for k, h ≥ 0 , (9)

with the convention that Γ(1)
t,k:h = I when h < k. Unrolling

(7) gives the following decomposition.
Claim 1. Let t ≥ 0. The updates of SARSA at block t can
be written as

θ
(1)
t,H − θ⋆ = Γ

(1)
t,1:H (θt − θ⋆) +

∑H
h=1 ηtΓ

(1)
t,h+1:Hφ

(1)
t,h−1

+
∑H

h=1 ηtΓ
(1)
t,h+1:Hε

(1)
t,h−1(Z

(1)
t,h ) . (10)

We prove this claim in Appendix C.1. We are now ready
to prove the following lemma, which shows that SARSA
reduces the error between consecutive blocks of updates.

Lemma 4.1. Assume A1–5. Let t ≥ 0, assume that the step
size satisfies ηtHCA ≤ 1/6. Then, it holds that

E[∥θ(1)t,H − θ⋆∥2] ≤ (1− ηtaH
4 )∥θt−θ⋆∥2+c1η

2
tHτmixG

2

+ δ
c1ηtτ

2
mixG

2

Ha +
c1η

3
tHτ2

mixG
2C2

A

a ,

where c1 > 0 is an absolute constant and δ = 0 if episodes
start in the stationary distribution and δ = 1 otherwise.

We prove this lemma in Appendix D. The proof is based
on the error expansion from Claim 1. The first term is a
transient term, which decreases linearly towards zero, the
second term is a fluctuation term and third term is an error
term due to sampling from the “wrong” policy. The first
term can be bounded using A2, and the third term’s bound
follows from A5. Due to the Markovian nature of the noise,
the second term requires a very careful examination, in order
to handle all the correlation between pairs of iterates. In
Appendix A, we provide an analysis of this Markovian error,
with tight bounds depending on H and τmix.

Note that, when δ = 1, one of the error term scales in ηt/H:
controlling it requires setting H ≥ τmix. This is unavoid-
able, since when δ = 1, it is necessary to do τmix updates to
get close to the stationary distribution of the Markov chain.
One can eliminate this term by skipping about τmix samples
before updating θt, ensuring that the updates start in the
stationary distribution with high probability. We can now
state our main theorem in the single-agent setting, which
gives a convergence rate for SARSA.

Theorem 4.2. Assume A 1–5. Assume that the step size
ηt = η is constant and satisfies ηHCA ≤ 1/5 and that
H ≥ τmix. Then it holds that

E[∥θT − θ⋆∥2] ≲ (1− ηaH
4 )T ∥θ0 − θ⋆∥2 + c1ητmixG

2

a

+ δ
c1τ

2
mixG

2

H2a2 +
c1η

2τ2
mixG

2C2
A

a2 ,

where δ is defined in Lemma 4.1.

We state this theorem with explicit constants and prove it in
Appendix D. It shows that SARSA converges linearly to a
neighborhood of θ⋆, and that the size of this neighborhood
is determined by the step size, the variance of the updates,
and the mixing time τmix.

Corollary 4.3. Assume A 1–5. Let ϵ > 0, set η ≈
min

(
1

CA
, aϵ2

G2τmix
, aϵ
GCAτmix

)
and H ≈ max

(
1, Gτmix

aϵ

)
,

then SARSA reaches E[∥θT −θ⋆∥2] ≲ ϵ2 with

TH ≈ max
(
CA

a , G2τmix

a2ϵ2 , CAGτmix

a2ϵ

)
log

(∥θ0−θ⋆∥2

ϵ

)
samples and T ≳ CA

a log
(∥θ0−θ⋆∥2

ϵ

)
policy updates.

The proof is in Appendix D. This shows that, with proper
hyperparameter settings, single-agent SARSA reaches a so-
lution with mean squared error ϵ2 using O(log(1/ϵ)) policy
improvements and O(1/ϵ2 log(1/ϵ)) samples. It highlights
the relevance of keeping the policy constant during blocks,
reducing the need for policy improvement steps, while keep-
ing the same overall sample complexity.
Remark 4.4. Our analysis can be extended to the setting
where the policy is updated after each sample, by bounding
the difference between the samples obtained with the fixed
policy πθt and the updated policy πθ

(1)
t,h

, as proposed by Zou
et al. (2019). We refrain from extending our analysis to
this setting, since, in federated settings, one may desire the
policy to remain identical for all agents at all times.

5. Convergence of FedSARSA

We now present our main result, establishing the global
convergence of the FedSARSA algorithm to a point θ⋆. To
this end, we first establish existence and uniqueness of θ⋆,
in Section 5. We then extend the methodology that we
introduced in Section 4 to FedSARSA in Section 5, estab-
lishing the first convergence result for FedSARSA and the
corresponding sample and communication complexity.

Limit Point of FedSARSA. To identify the limit of the
FedSARSA algorithm, we consider the idealized, determin-
istic FedSARSA algorithm, where the local updates are
replaced by their expected value, and only a single local
step is performed. This gives the global parameter update

θt+1 = projW (θt + ηtκt) , (11)

where κt =
1
N

∑N
c=1 Ā

(c)(θt)θt +
1
N

∑N
c=1 b̄

(c)(θt) .

This algorithm must converge to a point θ⋆ that is a fixed
point of (11). However, the existence of such a point θ⋆ is
not straightforward. The main difficulty lies in the fact that
the matrices Ā(c)(·) and b̄(c)(·) depend on the current policy.
Indeed, for a fixed policy parameter ω, finding ω⋆ such that
1
N

∑N
c=1 Ā

(c)(ω)ω⋆ +
1
N

∑N
c=1 b̄

(c)(ω) = 0 boils down to

5
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the federated TD learning algorithm with linear approxima-
tion, which is known to converge (Mangold et al., 2024).
In the next proposition, we extend this result to the fixed
points of the FedSARSA update, establishing the existence
and unicity of a solution of (4).
Proposition 5.1. Assume A 1–5. There exists a unique
parameter θ⋆ ∈ W such that

1
N

∑N
c=1 Ā

(c)(θ⋆)θ⋆ +
1
N

∑N
c=1 b̄

(c)(θ⋆) = 0 .

We postpone the proof to Appendix E.1. The definition of
θ⋆ as a solution of this equation is crucial. In other FRL
works (Wang et al., 2024; Zhang et al., 2024), heterogene-
ity is handled by introducing a virtual environment using
averaged transitions and rewards from all environments. Un-
fortunately, studying convergence to the optimal parameters
that correspond to this average environment leads to non-
vanishing bias. In contrast, our approach will allow to show
convergence to arbitrary precision towards to the unique
fixed point θ⋆ defined in Proposition 5.1. The global fixed
point θ⋆ can be related to the local optimum.
Proposition 5.2. Assume A1–5. For any c ∈ {1, . . . , N},
assume that θ(c)⋆ ∈ W , then the local optimum θ

(c)
⋆ (defined

analogously to (6)) satisfies

∥θ(c)⋆ − θ⋆∥ ≲ (1 + τmix)(ϵp∥θ⋆∥ + ϵr) ,

where ϵp and ϵr are defined in (1).

This shows that when agents are increasingly homogeneous
(i.e., ϵp and ϵr get closer to zero), the shared parameter θ⋆
and the local optimums θ

(c)
⋆ become closer. The proof is

postponed to Appendix E.1.

Convergence Rate of FedSARSA. Now that we iden-
tified the limit point of FedSARSA, we can decompose its
error similarly to SARSA in Claim 1. To this end, we follow
(9) and define the matrices Γ(c)

t,k:h
∆
= (I + ηtĀ

(c)(θ⋆))
k−h+1

for k ≥ h ≥ 0 and c ∈ {1, . . . , N}, with the convention
Γ
(c)
t,k:h = I for k < h, and θ⋆ as defined in Proposition 5.1.

We define, for c ∈ {1, . . . , N},

φ
(c)
t,h = (Ā(c)(θt)− Ā(c)(θ⋆))θ

(c)
t,h + b̄(c)(θt)− b̄(c)(θ⋆)

ε
(c)
t,h(Z

(c)
t,h+1) = (A(c)(Z

(c)
t,h+1)− Ā(c)(θt))θ

(c)
t,h

+ b(c)(Z
(c)
t,h+1)− b̄(c)(θt) ,

which are the federated counterparts of (8). We also de-
fine the local limit parameter ϑ

(c)
⋆ as the solution of the

local equation, when samples are collected from the global
optimal policy θ⋆,

Ā(c)(θ⋆)ϑ
(c)
⋆ + b̄(c)(θ⋆) = 0 .

The point ϑ(c)
⋆ is used solely for analysis purposes, and

allows to measure heterogeneity through the two following
quantities, which we relate to ϵp and ϵr from (1).

Proposition 5.3. Assume A1, A2, A4, and A5. For c ∈
{1, . . . , N}, there exists ζĀ, ζθ⋆ ≥ 0 such that

∥Ā(c)(θ⋆)−Ā(θ⋆)∥2≤ζ2
Ā
, ∥Ā(c)(θ⋆)(ϑ

(c)
⋆ −θ⋆)∥2≤ζ2θ⋆ ,

where we introduced the constants ζĀ
∆
= 4CA(1 + τmix)ϵp

and ζθ⋆
∆
= 6(1 + τmix)(ϵp∥θ⋆∥ + ϵr).

The proof is postponed to Appendix E.2. We measure two
types of heterogeneity: ζĀ measures heterogeneity of the
matrices Ā(c)(θ⋆) themselves, while ζθ⋆ relates the discrep-
ancy between the global and local solutions of TD learning
when following the global optimal policy. Similarly to
Claim 1, we obtain a decomposition of the federated update.

Claim 2. For t ≥ 0, the global updates of Algorithm 1
satisfy, before projection,

θ̄t+1 − θ⋆ = 1
N

∑N
c=1 Γ

(c)
1:H (θt − θ⋆)+∆1:H

+ ηt

N

∑N
c=1

∑H
h=1 Γ

(c)
h+1:H

(
ε
(c)
t,h−1(Z

(c)
t,h)+φ

(c)
t,h−1

)
,

where ∆1:H
∆
= 1

N

∑N
c=1(I−Γ

(c)
1:H)(ϑ

(c)
⋆ − θ⋆) accounts for

bias due to heterogeneity.

Analogously to Lemma 4.1 in the single-agent case, we
bound the progress in-between policy updates.

Lemma 5.4. Assume A 1, A 2, A 4, and A 5. Let t ≥ 0,
assume that the step size satisfies ηtHCA ≤ 1/6. Then, it
holds that, for some universal constant c2 > 0,

E[∥θ̄t+1−θ⋆∥2]≤(1− ηtaH
8 )∥θt−θ⋆∥2+ c2η

3
tH(H−1)2

a ζ2Āζ2θ⋆

+
c2η

2
tHτmixG

2

N +
c2δηtG

2τ2
mix

Ha +
c2η

3
tG

2C2
AHτ2

mix

a ,

where δ = 0 if the Z
(c)
t,0 are sampled from the stationary

distribution ν
(c)
θt

and δ = 1 otherwise.

We prove this lemma in Appendix E.3. The proof essen-
tially follows the same structure as the proof of Lemma 4.1,
using the error decomposition from Claim 2. First, we note
that the transient terms and error due to sampling from the
“wrong” policy are handled in the same way. The analysis
differs with the single-agent case in two crucial ways. First,
environment heterogeneity induces an additional error term,
which increases with ϵp and ϵr, scaling with the constants
defined in Proposition 5.3. Second, the leading variance
terms decrease with the number of agents: this allows Fed-
SARSA to achieve reduced sample complexity per agent,
which is essential in federated RL. Moreover, our sharp
analysis technique allows us to show that higher-order terms
(due to the Markovian nature of the noise), only increase
with τmix, and not with H . This is in stark contrast with
existing analyses (e.g., Zhang et al. (2024)), and allows to
derive improved sample complexity. We now state our main
theorem, assessing the convergence of FedSARSA.
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Figure 1. MSE as a function of the number of communications. For each run, we report two errors: (i) in solid lines, the error E[∥θt−θ⋆∥2]
in estimating θ⋆ as defined in Proposition 5.1, and (ii) in dashed lines, the error E[∥θt − χ⋆∥2] in estimating χ⋆, the limit of SARSA on
the averaged environment. For each plot, we report the average over 10 runs and the corresponding standard deviation.

Theorem 5.5. Assume A1, A2, A4, and A5, that the step
size ηt = η is constant and satisfies ηHCA ≤ 1/5 and that
H ≥ τmix. Then it holds that

E[∥θT −θ⋆∥2] ≲ (1− ηaH
8 )T ∥θ0−θ⋆∥2 + c2η

2(H−1)2

a2 ζ2Āζ2θ⋆

+ c2ητmixG
2

Na +
c2δG

2τ2
mix

H2a2 +
c2η

2G2C2
Aτ2

mix

a2 ,

where δ = 0 if the Z
(c)
t,0 are sampled from the stationary

distribution ν
(c)
θt

and δ = 1 otherwise.

The two main differences with the single-agent cases are
that (i) leading variance terms decrease in 1/N , and (ii)
heterogeneity induces additional error, smaller than

η2(H−1)2
a2 ζ2Āζ2θ⋆ ≲

η2(H−1)2
a2 C2

A(1+τmix)
4ϵ2p(ϵp∥θ⋆∥+ϵr)

2.

This term decreases to zero with the step size η and disap-
pears when H = 1, which is in stark contrast with existing
work (Zhang et al., 2024), which exhibit a non-vanishing
bias when ϵp ̸= 0 or ϵr ̸= 0. Interestingly, this term de-
creases to zero as kernel heterogeneity ϵp → 0, even if the
rewards are heterogeneous, which is in line with previous
observations in the literature (Zhu et al., 2024; Yang et al.,
2024; Labbi et al., 2025b). We now state the sample and
communication complexity of FedSARSA.
Corollary 5.6. Assume A 1–5. Let ϵ > 0. Set
η ≈ min

(
1

CA
, Naϵ2

G2τmix
, aϵ
GCAτmix

)
, and H such that

H ≲ τmixG
ζĀζθ⋆

max
(

G
Nϵ ,CA

)
and H ≳ δτmixG

aϵ , then
FedSARSA reaches E[∥θT − θ⋆∥2] ≲ ϵ2 with T ≳

max
(
CA

a ,
ζĀζθ⋆
a2ϵ

)
log

(∥θ0−θ⋆∥2

ϵ

)
communications, and

TH ≈ max
(
CA

a , G2τmix

Na2ϵ2 ,
GCAτmix

a2ϵ

)
log

(∥θ0−θ⋆∥2

ϵ

)
(12)

samples per agent.

We prove this corollary in Appendix E.3. This corol-
lary shows that FedSARSA can exploit the experience
of multiple agents to accelerate training, a property in
FRL, typically known as linear speed-up. This effect is
most pronounced when high precision is required and het-
erogeneity is moderate, in which case each agent takes

TH ≈ G2τmix

Na2ϵ2 log
(

∥θ0−θ⋆∥2

ϵ

)
samples. In other regimes,

other terms in the maximum may dominate. This occurs
when (i) low-precision results suffice (i.e., large ϵ), or (ii)
heterogeneity is high (i.e., large ζĀζθ⋆ ).

Note that the linear speed-up is not unconditional and is
limited by two phenomena that cannot be avoided. First, the
algorithm cannot be faster than its deterministic counterpart,
which gives the first term of the max in (12). Second, due
to the Markovian nature of the noise, higher-order terms
scaling in η2τ2mix remain in the rate of Theorem 5.5), which
gives the third term of the max in (12). Nonetheless, we
stress that previous analyses exhibited a η2τmixH terms,
which we reduce to η2τ2mix: this is a direct consequence of
our tighter analysis of Markovian noise. Finally, we note
that in heterogeneous environments, the number of commu-
nications scales polynomially in O(1/ϵ). Reducing this to
O(log(1/ϵ) is a promising open question, which could be
tackled by communicating in between policy updates, or
using heterogeneity-correction methods such as Scaffold or
Scafflsa (Karimireddy et al., 2020; Mangold et al., 2024).

6. Numerical Experiments
We now study tabular FedSARSA algorithm on synthetic
problems, and propose an extension to deep RL. First, we
generate 2 different instances of the Garnet environment
(Archibald et al., 1995; Geist et al., 2014) with |S| = 10
states and |A| = 3 actions, where we connect each state
with 2 other states with random transitions. For tabular
experiments, we choose N ∈ {2, 10, 50, 100} and equip
half of the agents with the first environment, and the other
half with the second one. For deep experiments, we use
N ∈ {2, 10, 50, 100} copies of CartPole, and use a deep
network with two hidden layers to approximate the state-
action value function. All experiments are run on a single
laptop with an RTX 2000 Ada Generation Laptop GPU, and
the code is available online at https://github.com/
pmangold/fed-sarsa.
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Figure 2. Rewards over the course of the learning for SARSA and FedSARSA on the CartPole environment for different numbers of
agents N and numbers of local updates H . For each plot, we report the average over 10 runs and the corresponding standard deviation.

FedSARSA has linear speed-up. In Figure 1, we re-
port the convergence of FedSARSA for different number of
agents, with the same shared problem. In all experiments,
we keep the same step size and the same number of local
updates. As predicted by our theory, increasing the number
of agents reduces the variance, allowing to reach solutions
with higher precision. However, as the number of local
steps gets larger, the bias of FedSARSA due to heterogene-
ity increases, and eventually prevents the algorithm from
converging to satisfying precision. Remarkably, this phe-
nomenon appears only when the number of local updates is
very large, highlighting the relevance of FedSARSA.

FedSARSA converges even with multiple local steps. In
Figure 1, we run the algorithm for H ∈ {1, 100, 10000}.
For small values of H , FedSARSA has small heterogeneity
bias, while for H = 10000, FedSARSA suffers from a large
heterogeneity bias. This is in line with our theory, which
shows that FedSARSA’s bias increases with the number of
local iterations, but remains small as long as H is small. We
stress that this is the case until H = 10000 local updates,
allowing for significant communication reduction.

FedSARSA converges to θ⋆. We study the norm of two er-
rors for the FedSARSA: (i) the error θ̄t,h − θ⋆, where θ̄t,h is
the average of the local parameters θ(c)t,h for c ∈ {1, . . . , N},
in estimating θ⋆, as defined in Proposition 5.1, and (ii) the
error θt − χ⋆, where χ⋆ is the point to which local SARSA
converges when run on the averaged environment. In Fig-
ure 1, we plot the error as a function of the number of
updates, for H ∈ {1, 100, 10000}. The error relative to θ⋆
is reported in solid lines, and quickly becomes small, while
the error relative to χ⋆ remains large, demonstrating that
FedSARSA does not converge to this point. This underlines
the soundness of our analysis in showing convergence to
the solution of the fixed-point equation defined in Proposi-
tion 5.1 rather than to the solution of a virtual environment.

Deep FedSARSA. To evaluate the soundness of the
learned policy in real environments, we introduce a deep
variance of FedSARSA for episodic environments. To this
end, we propose a full-featured JAX (Google Research,

2018) implementation of SARSA and FedSARSA, support-
ing parallel environment executions using gymnax (Lange,
2022). Following common deep RL practice, we stabilize
the learning with a small replay buffer, as well as a target
Q network, which remains fixed during episodes, and is
updated to the current value of the Q network at the end of
episodes. We run experiments on the CartPole environment,
which we report in Figure 2. Our results show that Fed-
SARSA reaches large rewards faster and in a more stable
way than SARSA, provided the number of local steps is
not too large. When the number of local steps increases,
the algorithm becomes biased due to noisy updates and
heterogeneity, making rewards drop just after aggregation.

7. Conclusion and Discussion
We provide the first sample and communication complexity
result for the FedSARSA algorithm in heterogeneous envi-
ronments, assuming that the policy improvement operator is
Lipschitz. Our results highlight that FedSARSA converges
with arbitrary precision even with multiple local steps, and
that it has linear speed-up. To conduct this analysis, we de-
velop a novel analytical framework for single-agent SARSA,
based on a novel, exact expansion of the algorithm’s error
over multiple updates, paired with a careful analysis of the
impact of Markovian noise. We then characterize the point
to which FedSARSA converges, highlighting that, contrary
to common belief, the algorithm does not converge to the
optimal parameter of a virtual averaged environment, but
rather to the solution of an equation that depends on all
environments. Together with numerical validation and ex-
tensions to deep RL, our results demonstrate that federated
SARSA is both theoretically sound and practically appli-
cable. Expanding our theoretical analysis to more general
policy improvement operators constitutes a promising next
step towards bridging the gap between the theoretical foun-
dations of FedSARSA and its practical performance. Finally,
when the number of local iterations increases, FedSARSA’s
iterations become increasingly biased due to noise and het-
erogeneity. This opens novel perspectives for debiasing
FedSARSA in communication-constrained settings.
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Impact Statement
This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Technical Results on Markov Chains
A.1. Markov kernels and canonical Markov chains

Throughout this section, P denotes a Markov transition kernel on a Polish space (Z,Z). We denote by (ZN,Z⊗N) the set of
Z-valued sequence endowed with the product σ-field and by (Zh)h∈N the canonical (or coordinate) process (see Chapter 3
(Douc et al., 2018)). For any probability distribution ϱ on (Z,Z), there exists a unique distribution Pϱ on the canonical
space such that the coordinate process (Zh)h∈N is a Markov chain with initial distribution ϱ and Markov kernel P . We
denote by Eϱ the corresponding expectation. For any bounded measurable function f on (Z,Z),

Eϱ[f(Z0)] = ϱ(f), and Eϱ[f(Zh+1) |Fh] = Pf(Zh), Pϱ-a.s.,

where (Fh = σ(Z0, . . . , Zh))h∈N is the canonical filtration and for any bounded measurable function, Pf(z) =∫
Z
P (z,dz′)f(z′). For any two markov kernels P and Q, we denote by PQ the Markov kernel defined by PQf(z) =∫

Z
P (z,dz′)Qf(z′). Finally, we denote k ∈ N, P k the k-th power of P .

A.2. Exact coupling

Let (Zh)h∈N and (Z ′
h)h∈N be (discrete time) processes. By a coupling of (Zh) and (Z ′

h) we mean a simultaneous realizations
of these processes on the same probability space (Ω, F̄ , P̄). We say that a coupling is successful if the two processes
agree P̄(Zh = Z ′

h, for all h large enough) = 1. Let ϱ and ϱ′ be two probability distributions on (Z,Z). We say that
(Ω, F̄ , P̄, (Z̄h)h∈N, (Z̄

′
h)h∈N, τcouple) is an exact coupling of (Pϱ,Pϱ′) if:

1. For all A ∈ Z⊗N, P̄((Z̄h)h∈N ∈ A) = Pϱ(A) and P̄((Z̄ ′
h)h∈N ∈ A) = Pϱ′(A).

2. P(τcouple < ∞) = 1.
3. For all h ∈ N, Z̄h+τcouple

= Z̄ ′
h+τcouple

.

Note that we allow ourselves a slight abuse of notation here, as the distribution P̄ depends on both ϱ and ϱ′. To avoid
cumbersome notation, this dependence is kept implicit.

In particular, at all times h subsequent to the coupling time τcouple, the two processes coincide Zh = Z ′
h. Theorem 19.3.9 of

Douc et al. (2018) shows that:

Lemma A.1. There exists a maximal exact coupling, i.e. an exact coupling (Ω, F̄ ,P, (Z̄h)h∈N, (Z̄
′
h)h∈N, τcouple), such that

P (τcouple > h) = (1/2)∥ϱPh − ϱ′Ph∥TV .

Corollary A.2. Assume that P is uniformly geometrically ergodic with mixing time τmix, i.e.

(1/2)∥ϱPh − ϱ′Ph∥TV ≤ (1/4)⌊h/τmix⌋.

Let (Ω, F̄ ,P, (Z̄h)h∈N, (Z̄
′
h)h∈N, τcouple) be an exact coupling of Pϱ and Pϱ′ . Then,

E[τcouple] ≤
4τmix

3
, and E[τ2couple] ≤

20τ2mix

9
.

Proof. Note first that

E[τcouple] =
∞∑
h=0

P (τcouple > h) = (1/2)

∞∑
h=0

∥ϱPh − ν∥TV ≤
∞∑
h=0

(1/4)⌊h/τmix⌋ = (4/3)τmix.

The second inequality follows from

E[τ2couple] =
∞∑
h=0

h2P (τcouple = h) =

∞∑
h=0

h2
(
P (τcouple > h− 1)− P (τcouple > h)

)
,

which gives, after reorganizing the terms,

E[τ2couple] =
∞∑
h=0

(
(h+ 1)2 − h2

)
P (τcouple > h) =

∞∑
h=0

(2h+ 1)P (τcouple > h) .

12
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Using P (τcouple > h) = ∥ϱPh − ν∥TV ≤ (1/4)⌊h/τmix⌋ and grouping the terms by blocks gives

E[τ2couple] ≤
∞∑
h=0

(2h+ 1)(1/4)⌊h/τmix⌋ = τ2mix

∞∑
k=0

(2k + 1)(1/4)k = τ2mix

(8
9
+

4

3

)
,

and the second inequality of the corollary follows.

Lemma A.3. Assume that P is uniformly geometrically ergodic with unique invariant distribution ν, i.e. νP = ν and
mixing time τmix. Let fh : Z → Rd, for h ≥ 0, be functions such that ∥f∥2,∞ = suph≥0 supz∈Z |fh(z)| < +∞. Then, it
holds that ∥∥∥Eϱ

[∑H−1
h=0 fh(Zh)

]∥∥∥ ≤
∥∥∥Eν

[∑H−1
h=0 fh(Zh)

]∥∥∥ + 8∥f∥∞τmix

3 ,

Eϱ

[∥∥∥∑H−1
h=0 fh(Zh)

∥∥∥2] ≤ 2Eν

[∥∥∥∑H−1
h=0 fh(Zh)

∥∥∥2]+ 160∥f∥2
∞τ2

mix

9 .

Proof. Let (Ω, F̄ , (Z̄h)h∈N, (Ȳh)h∈N, τcouple) an exact maximal coupling of Pϱ and Pν . Denote SZ
H =

∑H−1
h=0 fh(Z̄h) and

SY
H =

∑H−1
h=0 fh(Ȳh), and using the definition of τcouple, we have

Eϱ

[∑H−1
h=0 f(Zh)

]
= Ē

[
SY
H

]
+ Ē

[
SZ
H

]
− Ē

[
SY
H

]
= Eν

[H−1∑
h=0

f(Zh)
]
+ Ē

[τcouple∑
h=0

(
f(Z̄h)− f(Ȳh)

)]
, (13)

since for h ≥ τcouple, f(Z̄h) − f(Ȳh) = 0. The first inequality follows by taking the norm of (13), using the triangle
inequality, the definition of ∥f∥2,∞, and Corollary A.2. The second inequality follows from Young’s inequality, which gives

Eϱ

[∥∥∥∑H−1
h=0 f(Zh)

∥∥∥2]≤ 2Eν

[∥∥∥∑H−1
h=0 f(Zh)

∥∥∥2]+2Ē
[∥∥∥∑τcouple

h=0 f(Z̄h)− f(Ȳh)
∥∥∥2] .

We then use Jensen’s inequality, and the definition of ∥f∥2,∞, to bound the second term as

2Eϱ

[∥∥∥τcouple∑
h=0

f(Zh)−f(Yh)
∥∥∥2] ≤ 2Eϱ

[
τcouple

τcouple∑
h=0

∥f(Zh)−f(Yh)∥2
]

≤ 2Eϱ

[
4τ2couple∥f∥2∞

]
,

and the result follows from Corollary A.2.

A.3. Berbee’s Lamma

We conclude this section by giving a simplified statement of the Berbee lemma. Consider the extended measurable space
Z̃N = ZN × [0, 1], equipped with the σ-field Z̃N = Z⊗N ⊗ B([0, 1]). For each probability measure ϱ on (Z,Z), we consider
the probability measure P̃ϱ = Pϱ ⊗Unif([0, 1]) and denote by Ẽϱ the corresponding expected value. Finally, we denote by
(Z̃k)k∈N the canonical process defined, for each k ∈ N, by Z̃k : ((zi)i∈N, u) ∈ ZN 7→ zk and U : ((zi)i∈N, u) ∈ ZN 7→ u.
Under P̃ϱ, the process {Z̃k}k∈N is by construction a Markov chain with initial distribution ϱ and Markov kernel P , and is
independent of U . The distribution of U under P̃ϱ is uniform over [0, 1].

We first recall (Rio, 2017), Chapter 5. Let A and B two σ-fields of (Ω, T ,P). The β-mixing of (A,B) is defined by:

β(A,B) = 1

2
sup

∑
i∈I

∑
j∈J

|P (Ai ∩Bj)− P (Ai)P (Bj)|


the maximum being taken over all finite partitions (Ai)i∈I and (Bj)j∈J of Ω with the sets Ai in A and the sets Bj in B.

13
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Lemma A.4. Let A be a σ-field in (Ω, T ,P) and X be a random variable with values in some Polish space. Let δ be a
random variable with uniform distribution over [0, 1], independent of the σ-field generated by X and A. Then there exists a
random variable X∗, with the same law as X , independent of X , such that P (X ̸= X∗) = β(A, σ(X)). Furthermore X∗

is measurable with respect to the σ-field generated by A and (X, δ).

Lemma A.5. Assume that P is uniformly geometrically ergodic with mixing time τmix. Set m ∈ N. Then, there exists a
random process (Z̃⋆

k)k∈N defined on (Z̃N, Z̃N, P̃ϱ) such that for any k ≥ m,

1. Z̃⋆
k is independent of F̃k−m = σ{Z̃ℓ : ℓ ≤ k −m};

2. P̃ϱ(Z̃
⋆
k ̸= Z̃k) ≤ (1/4)⌊m/τmix⌋;

3. the random variables Z̃⋆
k and Z̃k have the same distribution under P̃ϱ.

Proof. We apply for each k ∈ N Lemma A.4 with Ω = Z̃N, P = P̃ϱ, A = σ{Z̃ℓ : ℓ ≥ k −m} and X = Z̃k. We conclude
by using the bound for β-mixing coefficient given in (Douc et al., 2018), Theorem 3.3.

Lemma A.6. Assume that P is uniformly geometrically ergodic with mixing time τmix. Let 0 ≤ m ≤ k ∈ N and f : Z → R
and g : Zk−m → R be two bounded measurable functions. Then, for any initial distribution ϱ,

|Eϱ[f(Zk)g(Z0:k−m)]| ≤ ∥f∥∞|Eϱ[g(Z0:k−m)]|+ 2∥f∥∞∥g∥∞(1/4)⌊m/τmix⌋,

where, for any sequence (uℓ)ℓ∈N and 0 ≤ k ≤ ℓ, we set uk:ℓ = [uk, . . . , uℓ].

Proof. Using Lemma A.5, we get that

A := Eϱ[f(Zk)g(Z0:k−m)] = Ẽϱ[f(Z̃k)g(Z̃0:k−m)]

= Ẽϱ[f(Z̃
⋆
k)g(Z̃0:k−m)] + Ẽϱ[{f(Z̃k)− f(Z̃⋆

k)}g(Z̃0:k−m)]

where by construction Z̃⋆
k is independent of σ{Z̃ℓ : ℓ ≥ k −m} under P̃ϱ. Hence:

Ẽϱ[f(Z̃
⋆
k)g(Z̃0:k−m)] = Eϱ[f(Zk)]Eϱ[g(Z0:k−m)],

where we have used that, under P̃ϱ, the law of Z̃⋆
k and Z̃k coincide and Ẽϱ[g(Z̃0:k−m)] = Eϱ[g(Z0:k−m)]. Finally,

|Ẽϱ[{f(Z̃k)− f(Z̃⋆
k)}g(Z̃0:k−m)]| = |Ẽϱ[{f(Z̃k)− f(Z̃⋆

k)}g(Z̃0:k−m)1{Z̃k ̸=Z̃∗
k}
]|

≤ 2∥f∥∞∥g∥∞P̃ϱ(Z̃k ̸= Z̃⋆
k) .

The result follows.

Lemma A.7. Assume that P is uniformly geometrically ergodic with mixing time τmix. Let 0 ≤ h ≤ k ≤ ℓ ≤ m and let
fh, fk, fℓ, fm : Z → R be bounded measurable functions. Then, for any initial distribution ϱ, it holds that∣∣∣Eϱ

[
(fh(Zh)− ϱPhfh)(fk(Zk)− ϱP kfk)(fℓ(Zℓ)− ϱP ℓfℓ)

]∣∣∣
≤ 8∥fh∥∞∥fk∥∞∥fℓ∥∞(1/4)⌊(ℓ−k)/τmix⌋(1/4)⌊(k−h)/τmix⌋ .

(14)

and ∣∣∣Eϱ

[
(fh(Zh)− ϱPhfh)(fk(Zk)− ϱP kfk)(fℓ(Zℓ)− ϱP ℓfℓ)(fm(Zm)− ϱPmfm)

]∣∣∣
≤16∥fℓ∥∞∥fm∥∞∥fh∥∞∥fk∥∞(1/4)⌊(m−ℓ)/τmix⌋((1/4)⌊(ℓ−k)/τmix⌋+(1/4)⌊(k−h)/τmix⌋) .

(15)

Proof. In this proof, we denote f̄i = fi − ϱP ifi, i ∈ {h, k, ℓ,m}. We first prove the first part (14) of the lemma. Note that

Eϱ[f̄h(Zh)f̄k(Zk)f̄ℓ(Zℓ)] = Eϱ[f̄h(Zh)f̄k(Zk)P
ℓ−kf̄ℓ(Zk)] .

Using the Chapman-Kolmogorov equation for Markov chain, we have that, for all z ∈ Z,

P ℓ−kf̄ℓ(z) = δzP
ℓ−kfℓ − ϱP kP ℓ−kfℓ . (16)

14
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This implies that
∥P ℓ−kf̄ℓ∥∞ ≤ 2(1/4)⌊(ℓ−k)/τmix⌋∥fℓ∥∞ ,

∥f̄kP ℓ−kf̄ℓ∥∞ ≤ 4(1/4)⌊(ℓ−k)/τmix⌋∥fk∥∞∥fℓ∥∞ .
(17)

Noticing that Eρ[f̄h(Zh)] = 0, we use Lemma A.6 to bound

|Eϱ[f̄h(Zh)f̄k(Zk)f̄ℓ(Zℓ)]| ≤ ∥f̄h∥∞∥f̄kP ℓ−kf̄ℓ∥∞(1/4)⌊k−h/τmix⌋

≤ 4∥f̄h∥∞∥fk∥∞∥fℓ∥∞(1/4)⌊(ℓ−k)/τmix⌋(1/4)⌊(k−h)/τmix⌋ ,

and (14) follows. To prove the second inequality (15), we first use the Markov property

Eϱ[f̄h(Zh)f̄k(Zk)f̄ℓ(Zℓ)f̄m(Zm)] = Eϱ[f̄h(Zh)f̄k(Zk)f̄ℓ(Zℓ)P
m−ℓf̄m(Zℓ)] .

By Lemma A.6, we obtain

|Eϱ[f̄h(Zh)f̄k(Zk)f̄ℓ(Zℓ)f̄m(Zm)]|
≤ ∥f̄ℓ(Zℓ)P

m−ℓf̄m(Zℓ)∥∞
{
|Eϱ[f̄h(Zh)f̄k(Zk)]|+ ∥f̄h∥∞∥f̄k∥∞(1/4)⌊(ℓ−k)/τmix⌋

}
≤ 4∥fℓ∥∞∥fm∥∞∥f̄h∥∞∥f̄k∥∞(1/4)⌊(m−ℓ)/τmix⌋

{
(1/4)⌊(k−h)/τmix⌋ + (1/4)⌊(ℓ−k)/τmix⌋

}
,

where we also used the Markov property and proceeded as in the derivation of (17).

A.4. Bounds on covariances

In this part, we will make extensive use of the following norms, for a sequence of matrices Fh : Z → Rd×d and vectors
gh : Zh → Rd

|||g|||2,∞
∆
= sup

h≥0
∥gh∥2,∞ , with ∥gh∥2,∞ ∆

=
( d∑

i=1

sup
z1:h∈Zh

|gh,i(z1:h)|2
)1/2

,

|||F |||2,∞
∆
= sup

h≥0
|||Fh|||2,∞ , with |||Fh|||2,∞

∆
=

( d∑
i=1

∥Fh,i,:∥22,∞
)1/2

.

Lemma A.8. Assume that P is uniformly geometrically ergodic with mixing time τmix. Let fh : Z → Rd be uniformly
bounded for h ≥ 0. Then, for any initial distribution ϱ, we get

Eϱ

[∥∥∥H−1∑
h=0

{fh(Zh)− ϱPhfh}
∥∥∥2] ≤ 15Hτmix∥f∥22,∞ . (18)

Proof. Expanding the square, we have

Eϱ

[∥∥∥H−1∑
h=0

{fh(Zh)− ϱPhfh}
∥∥∥2]

=

H−1∑
h=0

Eϱ[∥fh(Zh)− ϱPhfh∥2]︸ ︷︷ ︸
A1

+2
∑

0≤h<h′≤H

Eϱ[⟨fh(Zh)− ϱPhfh , fh′(Zh′)− ϱPh′
fh′⟩]︸ ︷︷ ︸

A2

. (19)

We bound the first term by A1 ≤ 4H∥f∥2∞. For the second term A2, we proceed coordinate by coordinate, using the
triangle inequality and the Markov property, which yields∣∣∣Eϱ

[〈
fh(Zh)− ϱPhfh , fh′(Zh′)− ϱPh′

fh′

〉]∣∣∣
15
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≤
d∑

i=1

∣∣∣Eϱ

[
e⊤i

(
fh(Zh)− ϱPhfh

)
· e⊤i

(
fh′(Zh′)− ϱPh′

fh′
)]∣∣∣

=

d∑
i=1

∣∣∣Eϱ

[(
fh,i(Zh)− ϱPhfh,i

)
·
(
δZh

Ph′−he⊤i fh′ − ϱPhPh′−hfh′,i

)]∣∣∣ .

By ergodicity of the Markov chain, we obtain

∣∣∣Eϱ

[〈
fh(Zh)−ϱPhfh , fh′(Zh′)−ϱPh′

fh′

〉]∣∣∣ ≤ d∑
i=1

2∥fh,i∥∞ · 2∥fh′,i∥∞(1/4)⌊(h
′−h)/τmix⌋ ,

where, ∥fk,i∥∞ = supz∈Z |fk,i(z)| for k ∈ {h, h′}. Using the definition of ∥f∥2,∞ then gives

|A2| ≤ 8∥f∥22,∞
∑

0≤h<h′≤H

(1/4)⌊(h
′−h)/τmix⌋ ≤ 32∥f∥22,∞τmixH

3
,

and the result follows by summing the bounds on A1 and A2.

Corollary A.9. Under the assumptions of Lemma A.8, it holds that,

Eϱ

[∥∥∥H−1∑
h=0

{fh(Zh)− νPhfh}
∥∥∥2] ≤ 34Hτmix∥f∥22,∞ . (20)

Proof. We can decompose the error as

Eϱ

[∥∥∥H−1∑
h=0

{fh(Zh)− νPhfh}
∥∥∥2] ≤ 2Eϱ

[∥∥∥H−1∑
h=0

{fh(Zh)− νPhfh}
∥∥∥2]+ 2Eϱ

[∥∥∥H−1∑
h=0

{νPhfh − ϱPhfh}
∥∥∥2] .

The first term can be bounded using Lemma A.8, while the second term can be bounded as

2Eϱ

[∥∥∥H−1∑
h=0

{νPhfh − ϱPhfh}
∥∥∥2] ≤ 2H

H−1∑
h=0

Eϱ

[∥∥∥{νPhfh − ϱPhfh}
∥∥∥2] ≤ 8

3
Hτmix∥f∥22,∞ ,

where the second bound follows from the mixing property of the Markov chain.

Lemma A.10. Assume that P is uniformly geometrically ergodic with unique invariant distribution ν, i.e. νP = ν and
mixing time τmix. Let Fh : Z → Rd×d and gh : Zh → Rd, for h ≥ 0, be uniformly bounded. Then, it holds that

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
Fh(Zh)− ϱPhFh

}
gℓ(Z1:ℓ)

∥∥∥2] ≤ 70

3
H3τmix|||F |||22,∞ sup

h∈{1,...,H}
E[∥gh(Z1:h)∥2] ,

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
Fh(Zh)− ϱPhFh

}
gℓ(Z1:ℓ)

∥∥∥2] ≤ 70

3
H3τmix|||F |||22,∞|||g|||22,∞ .

Proof. We define F̄h(z) = Fh(z)− ϱPhFh. Expanding the square, we have

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2]

=

H∑
h=1

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2]+ 2

H∑
h′>h=1

h−1∑
ℓ=1

h′−1∑
ℓ′=1

Eϱ

[〈
F̄h(Zh)gℓ(Z1:ℓ) , F̄h′(Zh′)gℓ′(Z1:ℓ′)

〉]

=

H∑
h=1

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2]

16
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+ 2

H∑
h′>h=1

h−1∑
ℓ=1

h′−1∑
ℓ′=1

Eϱ

[〈
F̄h(Zh)gℓ(Z1:ℓ) , P

h′−max(h,ℓ′)F̄h′(Zmax(h,ℓ′))gℓ′(Z1:ℓ′)
〉]

︸ ︷︷ ︸
Ah,h′

ℓ,ℓ′

.

To bound the first sum, we remark that, for h ∈ {1, . . . ,H},

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2] ≤ h

h−1∑
ℓ=1

Eϱ

[∥∥∥F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2] ≤ 4h

h−1∑
ℓ=1

|||F |||22,∞Eϱ

[
∥gℓ(Z1:ℓ)∥2

]
,

where the second inequality follows by bounding Fh’s operator norm by |||F |||22,∞. We thus obtain

H∑
h=1

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2] ≤ 2H3|||F |||22,∞ sup

1≤ℓ≤H
Eϱ

[
∥gℓ(Z1:ℓ)∥2

]
. (21)

To bound the second term, we remark that

|Ah,h′

ℓ,ℓ′ | ≤
d∑

i=1

∣∣∣Eϱ

[
e⊤i · (F̄h(Zh)gℓ(Z1:ℓ))× e⊤i · (Ph′−max(h,ℓ′)F̄h′(Zmax(h,ℓ′))gℓ′(Z1:ℓ′))

]∣∣∣
=

d∑
i=1

∣∣∣Eϱ

[ d∑
j=1

F̄h,i,j(Zh)gℓ,j(Z1:ℓ)

d∑
j=1

Ph′−max(h,ℓ′)F̄h′,i,j(Zmax(h,ℓ′))gℓ′,j(Z1:ℓ′))
]∣∣∣ .

By Jensen’s then Hölder inequality, we have

|Ah,h′

ℓ,ℓ′ | ≤
d∑

i=1

E1/2
ϱ

[∣∣∣ d∑
j=1

F̄h,i,j(Zh)gℓ,j(Z1:ℓ)
∣∣∣2]E1/2

ϱ

[∣∣∣ d∑
j=1

Ph′−max(h,ℓ′)F̄h′,i,j(Zmax(h,ℓ′))gℓ′,j(Z1:ℓ′))
∣∣∣2]

≤
d∑

i=1

E1/2
ϱ

[
∥F̄h,i,:(Zh)∥2∥gℓ,:(Z1:ℓ)∥2

]
E1/2
ϱ

[
∥Ph′−max(h,ℓ′)F̄h′,i,:(Zmax(h,ℓ′))∥2∥gℓ′,:(Z1:ℓ′)∥2

]
≤

d∑
i=1

∥F̄h,i,:∥2,∞∥Ph′−max(h,ℓ′)F̄h′,i,:∥2,∞E1/2
ϱ

[
∥gℓ,:(Z1:ℓ)∥2

]
E1/2
ϱ

[
∥gℓ′,:(Z1:ℓ′)∥2

]
,

where we also used the Cauchy-Schwarz inequality in the second inequality. By the mixing property of the Markov chain,
and using ∥F̄h,i,:∥2,∞ ≤ 2∥Fh,i,:∥2,∞ we obtain

|Ah,h′

ℓ,ℓ′ | ≤ 4

d∑
i=1

(1/4)⌊(h
′−max(h,ℓ′))/τmix⌋∥Fh,i,:∥2,∞∥Fh′,i,:∥2,∞E1/2

ϱ

[
∥gℓ,:(Z1:ℓ)∥2

]
E1/2
ϱ

[
∥gℓ′,:(Z1:ℓ′)∥2

]
≤ 4(1/4)⌊(h

′−max(h,ℓ′))/τmix⌋|||Fh|||∞|||Fh′ |||∞E1/2
ϱ

[
∥gℓ,:(Z1:ℓ)∥2

]
E1/2
ϱ

[
∥gℓ′,:(Z1:ℓ′)∥2

]
.

Finally, summing over all ℓ, ℓ′, we obtain

h∑
ℓ=1

h′∑
ℓ′=1

|Ah,h′

ℓ,ℓ′ |≤4

h−1∑
ℓ=0

h′−1∑
ℓ′=0

(1/4)⌊(h
′−max(h,ℓ′))/τmix⌋|||F |||22,∞E1/2

ϱ

[
∥gℓ(Z1:ℓ)∥2

]
E1/2
ϱ

[
∥gℓ′(Z1:ℓ′)∥2

]
.

We then bound each E1/2[∥gℓ+1(Z1:ℓ)∥2] by their supremum over ℓ ∈ {1, . . . ,H}, sum over all h ̸= h′, and use the triangle
inequality to obtain

∣∣∣2∑
h′>h

h∑
ℓ=1

h′∑
ℓ′=1

Ah,h′

ℓ,ℓ′

∣∣∣≤ 8
∑
h′>h

h−1∑
ℓ=0

h′−1∑
ℓ′=0

(1/4)⌊(h
′−max(h,ℓ′))/τmix⌋|||F |||22,∞ sup

1≤m≤d
Eϱ

[
∥gm(Z1:m)∥2

]
.
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We then remark that

h−1∑
ℓ=0

h′−1∑
ℓ′=0

(1/4)⌊(h
′−max(h,ℓ′))/τmix⌋≤

h−1∑
ℓ=0

h′−1∑
ℓ′=0

(1/4)⌊(h
′−h)/τmix⌋+ (1/4)⌊(h

′−ℓ′)/τmix⌋≤ 8h′τmix

3
,

and the bound on the first term follows by summing this inequality over h′ > h, and combining the resulting inequality with
(21).

Corollary A.11. Under the assumptions of Lemma A.10, it holds that

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
Fh(Zh)− νFh

}
gℓ(Z1:ℓ)

∥∥∥2] ≤ 48H3τmix|||F |||22,∞ sup
h∈{1,...,H}

E[∥gh(Z1:h)∥2] ,

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
Fh(Zh)− νFh

}
gℓ(Z1:ℓ)

∥∥∥2] ≤ 48|||F |||22,∞|||g|||22,∞H3τmix .

Proof. Recentering the Fh(Zh)’s on their expectation, and using the fact that ν = Pν, we get

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
Fh(Zh)− νFh

}
gℓ(Z1:ℓ)

∥∥∥2]
≤ 2Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

F̄h(Zh)gℓ(Z1:ℓ)
∥∥∥2]+ 2Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
ϱPhFh − νPhFh

}
gℓ(Z1:ℓ)

∥∥∥2] . (22)

The first term is directly bounded by Lemma A.10. The second term can be bounded using Jensen’s inequality together with
the mixing property

2Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{
ϱPhFh−νPhFh

}
gℓ(Z1:ℓ)

∥∥∥2] ≤ 2H

H∑
h=1

h

h−1∑
ℓ=1

|||F |||22,∞(1/4)⌊h/τmix⌋E[∥gℓ(Z1:ℓ)∥2]

≤ 4H3τmix

3
|||F |||22,∞ sup

1≤h≤H
E[∥gh(Z1:h)∥2] ,

and the result follows.

When g is centered and only depends on one of the Markov iterates, we have the refined bound.

Lemma A.12. Assume that P is uniformly geometrically ergodic with mixing time τmix. Let Fh : Z → Rd×d and
gh : Z → Rd be uniformly bounded for h ≥ 0. Then, for any initial distribution ϱ, it holds that

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{Fh(Zh)− ϱPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2] ≤ 76|||F |||22,∞|||g|||22,∞H2τ2mix .

Proof. We set F̄h = Fh − ϱPhFh and ḡℓ = gℓ − ϱP ℓgℓ. Expanding the square, we have

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

F̄h(Zh)ḡℓ(Zℓ)
∥∥∥2]

=

H∑
h=1

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)ḡℓ(Zℓ)
∥∥∥2]+ 2

H∑
h<h′=1

h−1∑
ℓ=1

h′−1∑
ℓ′=1

Eϱ[⟨F̄h(Zh)ḡℓ(Zℓ) , F̄h′(Zh′)ḡℓ′(Zℓ′)⟩] .

Bound on the variance term. To bound the first term, we expand it as

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)ḡℓ(Zℓ)
∥∥∥2]
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=

h−1∑
ℓ=1

Eϱ[∥F̄h(Zh)ḡℓ(Zℓ)∥2] + 2

h−1∑
ℓ<ℓ′=1

Eϱ[⟨F̄h(Zh)ḡℓ(Zℓ) , F̄h(Zh)ḡℓ′(Zℓ′)⟩] .

It is easily seen that Eϱ[∥F̄h(Zh)ḡℓ(Zℓ)∥2] ≤ 4|||F |||22,∞|||g|||22,∞. On the other hand, we write

Eϱ[⟨F̄h(Zh)ḡℓ(Zℓ) , F̄h(Zh)ḡℓ′(Zℓ′)⟩] =
d∑

i=1

d∑
j,j′=1

F̄h,i,j(Zh)ḡℓ,j(Zℓ)F̄h,i,j′(Zh)ḡℓ′,j′(Zℓ′)

=

d∑
i=1

d∑
j,j′=1

FFh,i,j,j′(Zh)ḡℓ,j(Zℓ)ḡℓ′,j′(Zℓ′) + ϱPh(F̄h,i,jF̄h,i,j′)ḡℓ,j(Zℓ)ḡℓ′,j′(Zℓ′) ,

where we denote FFh,i,j,j′(Zh) = F̄h,i,j(Zh)F̄h,i,j′(Zh)− ϱPh(F̄h,i,jF̄h,i,j′). By the triangle inequality, Lemma A.7 and
the mixing property, we obtain

|Eϱ[⟨F̄h(Zh)ḡℓ(Zℓ) , F̄h(Zh)ḡℓ′(Zℓ′)⟩]|

≤
d∑

i=1

d∑
j,j′=1

16∥Fh,i,j∥∞∥Fh,i,j′∥∞∥gℓ,j∥∞∥gℓ′,j′∥∞(1/4)⌊(h−ℓ′)/τmix⌋(1/4)⌊(ℓ
′−ℓ)/τmix⌋

+ 16∥Fh,i,j∥∞∥Fh,i,j′∥∞∥gℓ,j∥∞∥gℓ′,j′∥∞(1/4)⌊(ℓ
′−ℓ)/τmix⌋ .

Using the definition of |||·|||2,∞, we obtain

|Eϱ[⟨F̄h(Zh)ḡℓ(Zℓ) , F̄h(Zh)ḡℓ′(Zℓ′)⟩]| ≤ 32|||F |||22,∞|||g|||22,∞(1/4)⌊(ℓ
′−ℓ)/τmix⌋ .

Summing over h, ℓ, and ℓ′, this gives a bound on the first term

H∑
h=1

Eϱ

[∥∥∥ h−1∑
ℓ=1

F̄h(Zh)ḡℓ(Zℓ)
∥∥∥2] ≤ 4H2|||F |||22,∞|||g|||22,∞ + 2

H∑
h=1

4 · 32
3

h|||F |||22,∞|||g|||22,∞τ2mix

≤ 140

3
H2τ2mix|||F |||22,∞|||g|||22,∞ . (23)

Bound on the covariance term. To study the covariance terms, we consider all different orderings of h, h′, ℓ, and ℓ′. Note
that h′ > h, h′ > ℓ′, and h > ℓ by construction, there are thus three possible orderings: h′ > h > ℓ′ ≥ ℓ, h′ > h > ℓ > ℓ′,
and h′ > ℓ′ ≥ h > ℓ. We now treat each case separately. We set for i, i′, j, j′ ∈ {1, . . . , d},

Bi,i′,j,j′

h,ℓ,h′,ℓ′ = Eν [F̄h,i,j(Zh)ḡℓ,j(Zℓ)F̄h′,i′,j′(Zh′)ḡℓ′,j′(Zℓ′)] .

Denoting Ci,i′,j,j′

h,ℓ,h′,ℓ′ = 16∥Fh,i,j∥∞∥gℓ,j∥∞∥Fh′,i′,j′∥∞∥gℓ′,j′∥∞.

(Case h′ > h > ℓ′ > ℓ.) Applying Lemma A.7, we get, since ℓ′ > ℓ,

|Bi,i′,j,j′

h,ℓ,h′,ℓ′ | ≤ Ci,i′,j,j′

h,ℓ,h′,ℓ′

(
(1/4)⌊(h

′−h)/τmix⌋(1/4)⌊(ℓ
′−ℓ)/τmix⌋ + (1/4)⌊(h

′−h)/τmix⌋(1/4)⌊(h−ℓ′)/τmix⌋
)

.

(Case h′ > h > ℓ ≥ ℓ′.) We simply need to switch the ℓ′ and ℓ.

|Bi,i′,j,j′

h,ℓ,h′,ℓ′ | ≤ Ci,i′,j,j′

h,ℓ,h′,ℓ′

(
(1/4)⌊(h

′−h)/τmix⌋(1/4)⌊(ℓ−ℓ′)/τmix⌋ + (1/4)⌊(h
′−h)/τmix⌋(1/4)⌊(h−ℓ)/τmix⌋

)
.

(Case h′ > ℓ′ ≥ h > ℓ.) Similarly to the first two cases, applying Lemma A.7

|Bi,i′,j,j′

h,ℓ,h′,ℓ′ | ≤ Ci,i′,j,j′

h,ℓ,h′,ℓ′

(
(1/4)⌊(h

′−ℓ′)/τmix⌋(1/4)⌊(h−ℓ)/τmix⌋ + (1/4)⌊(h
′−ℓ′)/τmix⌋(1/4)⌊(ℓ

′−h)/τmix⌋
)

.
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(Final bound.) Splitting the sum and combining the three above results, we obtain

h−1∑
ℓ=1

h′−1∑
ℓ′=1

∣∣∣Ci,i′,j,j′

h,ℓ,h′,ℓ′

∣∣∣ ≤ Ci,i′,j,j′

h,ℓ,h′,ℓ′

∑
h′>h>ℓ′>ℓ

(1/4)⌊(h
′−h)/τmix⌋(1/4)⌊(ℓ

′−ℓ)/τmix⌋ + (1/4)⌊(h
′−h)/τmix⌋(1/4)⌊(h−ℓ

′)/τmix⌋

+Ci,i′,j,j′

h,ℓ,h′,ℓ′

∑
h′>h>ℓ≥ℓ′

(1/4)⌊(h
′−h)/τmix⌋(1/4)⌊(ℓ−ℓ

′)/τmix⌋ + (1/4)⌊(h
′−h)/τmix⌋(1/4)⌊(h−ℓ)/τmix⌋

+Ci,i′,j,j′

h,ℓ,h′,ℓ′

∑
h′>ℓ′≥h>ℓ

(1/4)⌊(h
′−ℓ′)/τmix⌋(1/4)⌊(h−ℓ)/τmix⌋ + (1/4)⌊(h

′−ℓ′)/τmix⌋(1/4)⌊(ℓ
′−h)/τmix⌋

≤ Ci,i′,j,j′

h,ℓ,h′,ℓ′(4/3)
2H2τ2mix .

Summing over all i, i′, j, j′, and using the definitions of the norms, we obtain

2

H∑
h<h′=1

h−1∑
ℓ=1

h′−1∑
ℓ′=1

Eϱ[⟨F̄h(Zh)ḡℓ(Zℓ) , F̄h′(Zh′)ḡℓ′(Zℓ′)⟩] ≤
256

9
H2τ2mix|||F |||22,∞|||g|||22,∞ ,

and the result follows by combining this inequality with (23).

Corollary A.13. Under the assumptions of Lemma A.12, with ν such that ν = Pν, we have

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{Fh(Zh)− νPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2] ≤ 312H2τ2mix|||F |||22,∞|||g|||22,∞ .

Proof. Using Young’s inequality, we have

Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{Fh(Zh)− νPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2]

≤ 2Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{Fh(Zh)− ϱPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2]

+ 2Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{ϱPhFh − νPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2] .

The second term can be bounded using Lemma A.8, which gives

2Eϱ

[∥∥∥ H∑
h=1

h−1∑
ℓ=1

{ϱPhFh − νPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2] ≤ 2H

H∑
h=1

Eϱ

[∥∥∥ h−1∑
ℓ=1

{ϱPhFh − νPhFh}{gℓ(Zℓ)− ϱP ℓgℓ}
∥∥∥2]

≤ 2H

H∑
h=1

2 · 15 · 4hτmix(1/4)
⌊h/τmix⌋|||F |||22,∞|||g|||22,∞

≤ 160H2τ2mix|||F |||22,∞|||g|||22,∞ ,

where we used
∣∣∣∣∣∣ϱPhFh − νPhFh

∣∣∣∣∣∣
2,∞ ≤ 2(1/4)⌊h/τmix⌋|||F |||2,∞ in the second inequality. The first term can be bounded

using Lemma A.12, and the result follows.

B. Technical Lemmas
B.1. Bounds on policy improvement

In subsequent proofs, we will require the following lemma, restated from Zou et al. (2019)’s Lemma 3. It allows to bound
the difference between the two measures µθ1 and µθ2 , parameterized by two parameters θ1, θ2, as a function of the distance
between these two parameters.
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Lemma B.1 (from (Zou et al., 2019)). Assume A1 and A4. Let µθ the invariant joint distribution of state and action after
following policy πθ. Then, for θ1, θ2 ∈ Rd we have:

∥µθ1 − µθ2∥TV ≤ Cµ∥θ1 − θ2∥ , (24)

where Cµ
∆
= Clip|A| (1 + 4τmix).

Proof. Note that under our assumption A 4, the assumptions of Zou et al. (2019) are satisfied with m = 4 and ρ =
(1/4)1/τmix . Lemma 3 from Zou et al. (2019) then gives

Cµ ≤ Clip|A|
(
1 + ⌈log(1/m)⌉+ 1

1− ρ

)
≤ Clip|A|

(
1 +

1

1− exp(− log(4)/τmix)

)
,

and the result follows from exp(−x) ≤ 1− x/2 and 1/ log(4) ≤ 2.

A crucial corollary of this lemma is that the matrix A(1)(·) and the vector b(1)(·) are Lipschitz.

Corollary B.2. Assume A1 and A4. Then, for any θ ∈ Rd, the following property holds

∥A(1)(θ)−A(1)(θ⋆)∥ ≤ CµCA∥θ − θ⋆∥ , ∥b(1)(θ)−b(1)(θ⋆)∥ ≤ CµCb∥θ − θ⋆∥ ,

where Cµ = Clip|A| (1 + 4τmix) is defined in Lemma B.1.

Proof. From (3), we have, with A(c)(s, a, s′, a′) = ϕ(s, a)
(
γϕ(s′, a′)⊤ − ϕ(s, a)⊤

)
, that

Ā(c)(θ) = E (s,a)∼µθ

s′∼P (c)(·|s,a)
a′∼πθ(·|s′)

[
A(c)(s, a, s′, a′)

]
.

This gives

∥A(1)(θ)−A(1)(θ⋆)∥ =
∥∥∥E (s,a)∼µθ

s′∼P (c)(·|s,a),
a′∼πθ (·|s′)

[A(c)(s, a, s′, a′)]− E (s,a)∼µθ⋆

s′∼P (c)(·|s,a)
a′∼πθ⋆ (·|s

′)

[A(c)(s, a, s′, a′)]
∥∥∥

≤ ∥µθ − µθ⋆∥TV sup
s,a,s′,a′

∥A(c)(s, a, s′, a′)∥ ,

and the result follows from the definition of CA and Lemma B.1. The second inequality follows from similar derivations.

B.2. Expression of difference of matrix products

In our derivations, we will use the follwing lemma, that allows to decompose the difference of two matrix products.

Lemma B.3. For c ∈ {1, . . . , N}, t ≥ 0, ηt ≥ 0, and H ≥ 0, we have

Γ
(c)
t,1:H − I = ηt

H∑
h=1

Ā(c)(θ⋆)Γ
(1)
t,1:h−1 , (25)

Γ
(c)
t,1:H − Γ

(avg)
1:H = ηt

H∑
h=1

Γ
(c)
t,h−1(Ā

(c)(θ⋆)− Ā(θ⋆))Γ
(avg)
h+1:H . (26)

Proof. Remark that for all h ≥ 0, we have

Γ
(c)
t,1:h+1 − I = (I + ηtĀ

(c)(θ⋆))Γ
(1)
t,1:h − I =

(
Γ
(c)
t,1:h − I

)
+ ηtĀ

(c)(θ⋆)Γ
(1)
t,1:h ,

and the first identity follows. The second one follows from similar computations.
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C. Bound on terms of the decomposition
C.1. Decomposition of the error

Claim 1 (Restated). Let t ≥ 0. The updates of SARSA at block t can be written as

θ
(1)
t,H − θ⋆ = Γ

(1)
t,1:H (θt − θ⋆) +

∑H
h=1 ηtΓ

(1)
t,h+1:Hφ

(1)
t,h−1

+
∑H

h=1 ηtΓ
(1)
t,h+1:Hε

(1)
t,h−1(Z

(1)
t,h ) . (10)

Proof. We have, by adding and removing ηt

(
Ā(1)(θ⋆)θ

(1)
t,h + b̄(1)(θ⋆)

)
to the update of θ(1)t,h+1,

θ
(1)
t,h+1 − θ⋆ = θ

(1)
t,h − θ⋆ + ηt

(
A(1)(Z

(1)
t,h+1)θ

(1)
t,h + b(1)(Z

(1)
t,h+1)

)
= θ

(1)
t,h − θ⋆ + ηt

(
Ā(1)(θ⋆)θ

(1)
t,h + b̄(1)(θ⋆)

)
+ ηt

(
(A(1)(Z

(1)
t,h+1)− Ā(1)(θ⋆))θ

(1)
t,h + b(1)(Z

(1)
t,h+1)− b̄(1)(θ⋆)

)
.

Since b̄(1)(θ⋆) = −Ā(1)(θ⋆)θ⋆ in the single-agent case, we have

θ
(1)
t,h+1 − θ⋆ = θ

(1)
t,h − θ⋆ + ηtĀ

(1)(θ⋆)
(
θ
(1)
t,h − θ⋆

)
+ ηt

(
(A(1)(Z

(1)
t,h+1)− Ā(1)(θt))θ

(1)
t,h + b(1)(Z

(1)
t,h+1)− b̄(1)(θt)

)
+ ηt

(
(Ā(1)(θt)− Ā(1)(θ⋆))θ

(1)
t,h + b̄(1)(θt)− b̄(1)(θ⋆)

)
.

We then replace φ
(1)
t,h and ε

(1)
t,h(Z

(1)
t,h+1) by their definitions

φ
(1)
t,h = (Ā(1)(θt)− Ā(1)(θ⋆))θ

(1)
t,h + b̄(1)(θt)− b̄(1)(θ⋆) ,

ε
(1)
t,h(Z

(1)
t,h+1) = (A(1)(Z

(1)
t,h+1)− Ā(1)(θt))θ

(1)
t,h + b(1)(Z

(1)
t,h+1)− b̄(1)(θt) ,

and the result follows after unrolling the recursion.

C.2. Bounds on iterates’ norm and variance

First, we provide some bounds on the differences between the global and local iterates.

Lemma C.1 (Bound on the local iterates). Assume A1. Let c ∈ {1, . . . , N}, t, h ≥ 0, and θt ∈ Rd, and θ
(c)
t,h ∈ Rd be the

parameters obtained after h local TD updates started from θt. Then, whenever ηtHCA ≤ 1 it holds that

(a) the distance between last policy improvement and current estimate is bounded

∥θt − θ
(c)
t,h∥ ≤ 3ηtH(CACproj +Cb) ≤ 3(Cproj + 1) ,

(b) the norm of current iterate is bounded as

∥θ(c)t,h∥ ≤ C̃proj
∆
= 4(Cproj + 1) ,

(c) if ηtHCA ≤ 1/6, the variance, conditionally on Ft, of the local updates is bounded as

E[∥θ(c)t,h − E[θ(c)t,h |Ft]∥2 |Ft] ≤ 55η2tHτmixG
2 ,

Proof. Proof of C.1-(a). Triangle inequality gives

∥θt − θ
(c)
t,h+1∥ = ∥θt − θ

(c)
t,h + θ

(c)
t,h − θ

(c)
t,h+1∥ ≤ ∥θt − θ

(c)
t,h∥ + ∥θ(c)t,h − θ

(c)
t,h+1∥ .
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Plugging in the update, we have

∥θt − θ
(c)
t,h+1∥ ≤ ∥θt − θ

(c)
t,h∥ + ηt∥A(c)(Z

(c)
t,h+1)θ

(c)
t,h + b(c)(Z

(c)
t,h+1)∥

≤ ∥θt − θ
(c)
t,h∥ + ηt∥A(c)(Z

(c)
t,h+1)∥∥θ

(c)
t,h∥ + ηt∥b(c)(Z

(c)
t,h+1)∥ .

Bounding ∥θ(c)t,h∥ ≤ ∥θ(c)t,h − θt∥ + ∥θt∥ and using the bounds from A1, we obtain

∥θt − θ
(c)
t,h+1∥ ≤ ∥θt − θ

(c)
t,h∥ + ηtCA∥θ(c)t,h − θt∥ + ηtCA∥θt∥ + ηtCb

≤ (1 + ηtCA)∥θt − θ
(c)
t,h∥ + ηtCACproj + ηtCb ,

where the second inequality comes from ∥θt∥ ≤ Cproj. Unrolling the recursion, we obtain

∥θt − θ
(c)
t,h∥ ≤ ηt

h−1∑
ℓ=0

(1 + ηtCA)
ℓ(CACproj +Cb) ≤ 3ηtH(CACproj +Cb) ,

where the last inequality comes from the fact that, for ℓ ≤ H and ηtCA ≤ 1/H , it holds that (1+ηtCA)
ℓ ≤ (1+1/H)H ≤ 3.

The bound follows from ηtH ≤ 1/CA and Cb/CA ≤ 1.

Proof of C.1-(b). The second bound follows from ∥θ(c)t,h∥ ≤ ∥θ(c)t,h − θt∥ + ∥θt∥ and C.1-(a).

Proof of C.1-(c). First, remark that E[∥θ(c)t,0 − E[θ(c)t,0 |Ft]∥2 |Ft] = 0, thus the result holds for h = 0. Let h ≥ 0, and assume
that the result holds for all ℓ ≤ h. Then, we have

E[∥θ(c)t,h+1 − E[θ(c)t,h+1 |Ft]∥2 |Ft]

= E
[∥∥∥ηt h∑

ℓ=0

A(c)(Z
(c)
ℓ+1)θ

(c)
t,ℓ + b(c)(Z

(c)
ℓ+1)− E[A(c)(Z

(c)
ℓ+1)θ

(c)
t,ℓ + b(c)(Z

(c)
ℓ+1) |Ft]

∥∥∥2 ∣∣∣Ft

]
≤ 2E

[∥∥∥ηt h∑
ℓ=0

A(c)(Z
(c)
ℓ+1)θ

(c)
t,ℓ − E[A(c)(Z

(c)
ℓ+1)θ

(c)
t,ℓ |Ft]

∥∥∥2 ∣∣∣Ft

]
+ 2E

[∥∥∥ηt h∑
ℓ=0

b(c)(Z
(c)
ℓ+1)− E[b(c)(Z

(c)
ℓ+1) |Ft]

∥∥∥2 ∣∣∣Ft

]
.

We decompose

A(c)(Z
(c)
ℓ+1)θ

(c)
t,ℓ − E[A(c)(Z

(c)
ℓ+1)θ

(c)
t,ℓ |Ft]

= A(c)(Z
(c)
ℓ+1)

(
θ
(c)
t,ℓ − E[θ(c)t,ℓ |Ft]

)
+
(
A(c)(Z

(c)
ℓ+1)− E[A(c)(Z

(c)
ℓ+1) |Ft]

)
E[θ(c)t,ℓ |Ft] + E

[
A(c)(Z

(c)
ℓ+1)

(
θ
(c)
t,ℓ − E[θ(c)t,ℓ |Ft]

) ∣∣∣Ft

]
,

which gives, using ∥a+ b+ c∥2 ≤ 3∥a∥2 + 3∥b∥2 + 3∥c∥2,

E
[∥∥∥ηt h∑

ℓ=0

A(c)(Z
(c)
ℓ+1)θ

(c)
t,ℓ − E[A(c)(Z

(c)
ℓ+1)θ

(c)
t,ℓ |Ft]

∥∥∥2 ∣∣∣Ft

]
≤ 6E

[∥∥∥ηt h∑
ℓ=0

A(c)(Z
(c)
ℓ+1)

(
θ
(c)
t,ℓ − E[θ(c)t,ℓ |Ft]

)∥∥∥2 ∣∣∣Ft

]
+ 3E

[∥∥∥ηt h∑
ℓ=0

(
A(c)(Z

(c)
ℓ+1)− E[A(c)(Z

(c)
ℓ+1) |Ft]

)
E[θ(c)t,ℓ |Ft]

∥∥∥2 ∣∣∣Ft

]
,

where we also used Jensen’s inequality to bound∥∥∥ηt h∑
ℓ=0

E
[
A(c)(Z

(c)
ℓ+1)

(
θ
(c)
t,ℓ − E[θ(c)t,ℓ |Ft]

) ∣∣∣Ft

]∥∥∥2 ≤ E
[∥∥∥ηt h∑

ℓ=0

A(c)(Z
(c)
ℓ+1)

(
θ
(c)
t,ℓ − E[θ(c)t,ℓ |Ft]

)∥∥∥2 ∣∣∣Fr

]
.
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Since the A(c)(·) are uniformly bounded, we can use the induction hypothesis, Lemma A.8, and Lemma A.10, to obtain

E
[∥∥∥ηt h∑

ℓ=0

A(c)(Z
(c)
ℓ+1)θ

(c)
t,ℓ −E[A(c)(Z

(c)
ℓ+1)θ

(c)
t,ℓ |Ft]

∥∥∥2∣∣∣Ft

]
≤330η4tH

3C2
AτmixG

2 + 45η2tHτmixC
2
AC̃

2
proj .

Similarly, Lemma A.8 gives

E
[∥∥∥ηt h∑

ℓ=0

b(c)(Z
(c)
ℓ+1)− E[b(c)(Z

(c)
ℓ+1) |Ft]

∥∥∥2 ∣∣∣Ft

]
≤ 15η2tHτmixC

2
b ,

and the result follows from ηtHCA ≤ 1/6.

Proposition C.2. Assume A1. Let t ≥ 0, and ηt ≤ 1/CA. Then, for any vector u ∈ Rd, and k ≤ h, we have

∥Γ(1)
t,k:hu∥2 ≤ (1− ηta)

k−h+1∥u∥2 .

Proof. The result follows directly from A1.

Lemma C.3. Assume A1-5. Let t ≥ 0 and assume that ηtHCA ≤ 1, then for c ∈ {1, . . . , N}, we have∥∥∥E[ H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Z

(c)
t,h)

]∥∥∥ ≤ 8G

3

(
ηtCAHτmix + δτmix

)
,

where δ = 0 if Z(c)
t,0 is sampled from the stationary distribution νθt and δ = 1 otherwise.

Proof. If δ = 1, we use Lemma A.3 to construct a Markov chain Y
(c)
t,h such that Y (c)

t,h ∼ νθt starts from the stationary
distribution of the policy πθt and∥∥∥E[ H∑

h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Z

(c)
t,h)

]∥∥∥ ≤
∥∥∥E[ H∑

h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Y

(c)
t,h )

]∥∥∥ +
8(CAC̃proj +Cb)

3
δτmix , (27)

which also holds when δ = 0. Then, we write

E
[ H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Y

(c)
t,h )

]
=

H∑
h=1

Γ
(c)
t,h+1:HE

[
Ã(c)(Y

(c)
t,h )θ

(c)
t,h−1 + b̃(c)(Y

(c)
t,h )

]
= −ηt

H∑
h=1

h−1∑
ℓ=1

Γ
(c)
t,h+1:HE

[
Ã(c)(Y

(c)
t,h )

(
A(c)(Y

(c)
t,ℓ )θ

(c)
t,ℓ−1 + b(c)(Y

(c)
t,ℓ )

)]
, (28)

where we recall that Ã(c)(z) = A(c)(z)− Ā(c)(θt) and we used the fact that E[Ã(c)(Y
(c)
t,h )θt] = 0. Now, remark that, by A1

and Jensen’s inequality,∥∥∥E[Ã(c)(Y
(c)
t,h )(A(c)(Y

(c)
t,ℓ )θ

(c)
t,ℓ−1 + b(c)(Y

(c)
t,ℓ )

]∥∥∥ =
∥∥∥E[E[Ã(c)(Y

(c)
t,h ) |Y (c)

t,ℓ ]
(
A(c)(Y

(c)
t,ℓ )θ

(c)
t,ℓ−1 + b(c)(Y

(c)
t,ℓ )

)]∥∥∥
≤ E

[∥∥∥E[Ã(c)(Y
(c)
t,h ) |Y (c)

t,ℓ ]
∥∥∥](CAC̃proj +Cb) .

Then, A4 gives the bound
∥∥∥E[Ã(c)(Y

(c)
t,h ) |Y (c)

t,ℓ ]
∥∥∥ ≤ 2CA(1/4)

⌊(h−ℓ)/τmix⌋, and we obtain

∥∥∥E[ H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Y

(c)
t,h )

]∥∥∥ ≤ 2ηt

H∑
h=1

h−1∑
ℓ=1

CA(CAC̃proj +Cb)(1/4)
⌊(h−ℓ)/τmix⌋ .

Bounding the inner sum by the sum of the series, plugging the result in (28) gives∥∥∥E[ H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Y

(c)
t,h )

]∥∥∥ ≤ 8ηtCA(CAC̃proj +Cb)Hτmix

3
, (29)

and the result follows from plugging (29) in (27).
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Lemma C.4. Assume A1-5. Let t ≥ 0, and assume the step size satisfies ηtHCA ≤ 1, then

E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h(Z

(c)
t,h)

∥∥∥2] ≤ 136HτmixG
2

N
+ 5504η2tC

2
AG

2H2τ2mix ,

where δ = 1 if Z(c)
t,0 ∼ νθt and δ = 0 otherwise.

Proof. We start from

E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h−1(Z

(c)
t,h)

∥∥∥2] ≤ 2E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)θ

(c)
t,h−1

∥∥∥2
+ 2E

[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:H b̃(c)(Z

(c)
t,h)

∥∥∥2 . (30)

First, the second term of (30) can be bounded by Corollary A.9, which gives

2E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:H b̃(c)(Y

(c)
t,h )

∥∥∥2 ≤ 34HτmixC
2
b

N
. (31)

Then, to bound the first term of (30), we recall that θ(c)t,h = θt − ηt
∑h

ℓ=1 A
(c)(Y

(c)
t,ℓ )θ

(c)
t,ℓ−1 + b(c)(Y

(c)
t,ℓ ), which gives the

following decomposition, using θ
(c)
t,h = θ

(c)
t,h − E[θ(c)t,h |Ft] + E[θ(c)t,h |Ft],

2E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)θ

(c)
t,h−1

∥∥∥2]
≤ 4E

[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)E[θ

(c)
t,h−1 |Ft]

∥∥∥2 (32)

+ 4η2tE
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)

(
A(c)(Z

(c)
t,ℓ )θ

(c)
t,ℓ−1−E[A(c)(Z

(c)
t,ℓ )θ

(c)
t,ℓ−1 |Ft]

)∥∥∥2 .

Since the Ã(c)(Z
(c)
t,h) are centered and independent from one agent to another, we can use Corollary A.9 to bound the first

term as

4E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)E[θ

(c)
t,h]

∥∥∥2 ≤
136HτmixC

2
AC̃

2
proj

N
, (33)

To bound the second term, we use the decomposition

A(c)(Z
(c)
t,ℓ )θ

(c)
t,ℓ−1 − E[A(c)(Z

(c)
t,ℓ )θ

(c)
t,ℓ−1 |Ft] = A(c)(Z

(c)
t,ℓ )

(
θ
(c)
t,ℓ−1 − E[θ(c)t,ℓ−1 |Ft]

)
+

(
A(c)(Z

(c)
t,ℓ )− E[A(c)(Z

(c)
t,ℓ )]

)
E[θ(c)t,ℓ−1 |Ft]

+ E[A(c)(Z
(c)
t,ℓ )

(
θ
(c)
t,ℓ−1 − E[θ(c)t,ℓ−1 |Ft]

)
|Ft] .

Using ∥a+ b+ c∥2 ≤ 3∥a∥2 + 3∥b∥2 + 3∥c∥2 and Jensen’s inequality, we have

4η2tE
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)

(
A(c)(Z

(c)
t,ℓ )θ

(c)
t,ℓ−1−E[A(c)(Z

(c)
t,ℓ )θ

(c)
t,ℓ−1 |Ft]

)∥∥∥2
≤ 6 · 4η2tE

[∥∥∥ 1

N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)A

(c)(Z
(c)
t,ℓ )

(
θ
(c)
t,ℓ−1 − E[θ(c)t,ℓ−1 |Ft]

)∥∥∥2]
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Algorithm 2 SARSA: Single-Agent State-Action-Reward-State-Action

1: Input: step sizes ηt > 0, initial parameters θ0, projection set W , number of local steps H > 0, number of communica-
tions T > 0, initial distribution ϱ over states

2: Initialize first state s−1,H ∼ ϱ and initial policy πθ0 = Impβ(Qθ0

3: for step t = 0 to T − 1 do
4: Initialize θ

(1)
t,0 = θt, take first action a

(1)
t,0 ∼ πθt(·|s(1)t−1,H)

5: for step h = 0 to H − 1 do
6: Take action a

(1)
t,h+1 ∼ πθt(·|s(1)t,h), observe reward r(1)(s

(1)
t,h, a

(1)
t,h), next state s

(1)
t,h+1

7: Compute δ
(1)
t,h = r(1)(s

(1)
t,h+1, a

(1)
t,h+1) + γϕ(s

(1)
t,h+1, a

(1)
t,h+1)

⊤θ
(1)
t,h − ϕ(s

(1)
t,h, a

(1)
t,h)

⊤θ
(1)
t,h

8: Update θ
(1)
t,h+1 = θ

(1)
t,h + ηtδ

(1)
t,hϕ(s

(1)
t,h, a

(1)
t,h)

9: end for
10: Update global parameter θt+1 = Π

(
θ
(1)
t,H

)
11: Policy improvement πθt+1

= Impβ(Qθt+1
)

12: end for
13: Return: θT

+ 3 · 4η2tE
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)Å

(c)(Z
(c)
t,ℓ )E[θ

(c)
t,ℓ−1 |Ft]

∥∥∥2] ,

where we defined Å(c)(Z
(c)
t,ℓ ) = A(c)(Z

(c)
t,ℓ )− E[A(c)(Z

(c)
t,ℓ ) |Ft]. The second term can be bounded using Corollary A.13,

which gives

3 · 4η2tE
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)Ã

(c)(Z
(c)
t,ℓ )E[θ

(c)
t,ℓ−1 |Ft]

∥∥∥2] ≤ 3744η2tH
2τ2mixC

4
AC̃

2
proj .

To bound the first one, we remark that, by Lemma C.1-(c), we have

sup
1≤h≤H

E
[∥∥∥A(c)(Z

(c)
t,h)

(
θ
(c)
t,h−1 − E[θ(c)t,h−1 |Ft]

)∥∥∥2] ≤ 55η2tC
2
AG

2Hτmix .

Thus, by Corollary A.11, we obtain

6 · 4η2tE
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

h∑
ℓ=1

Γ
(c)
t,h+1:HÃ(c)(Z

(c)
t,h)A

(c)(Z
(c)
t,ℓ )

(
θ
(c)
t,ℓ−1 − E[θ(c)t,ℓ−1]

)∥∥∥2] ≤ 6 · 4 · 48 · 55η4tC4
AG

2H4τ2mix .

(34)

Plugging (33) and (34) in (32), together with (31), allows to upper bound (30) as

E
[∥∥∥ 1

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h−1(Y

(c)
t,h )

∥∥∥2] ≤ 136HτmixG
2

N
+ 63360η4tC

4
AG

2H4τ2mix + 3744η2tH
2τ2mixC

4
AC̃

2
proj

≤ 136HτmixG
2

N
+ 5504η2tC

2
AG

2H2τ2mix ,

where we also used ηtHCA ≤ 1/6, C2
AC̃

2
proj ≤ G2.

D. Proof for single-agent SARSA— Proofs of Lemma 4.1 and Theorem 4.2
Lemma D.1 (Restated). Assume A1–5. Let t ≥ 0, assume that the step size satisfies ηtHCA ≤ 1/6. Then, it holds that

E[∥θ(1)t,H − θ⋆∥2] ≤ (1− ηtaH
4 )∥θt−θ⋆∥2+136η2tHτmixG

2

+ δ
58ηtτ

2
mixG

2

Ha +
976η3

tHτ2
mixG

2C2
A

a ,

where and δ = 0 if episodes start in the stationary distribution and δ = 1 otherwise.
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Proof. We use a step size ηt,h = ηt, that verifies ηta ≤ 1/2, and remains constant during H steps and only depends on t.
Expanding the expected square of Claim 1’s error decomposition, we have

E
[
∥θ(1)t,H − θ⋆∥2

]
= ∥Γ(c)

t,1:H(θt − θ⋆)∥2 + 2E
[〈

Γ
(c)
t,1:H(θt − θ⋆) ,

H∑
h=1

ηtΓ
(c)
t,h+1:H

(
ε
(c)
t,h−1(Z

(c)
t,h) + φ

(c)
t,h−1

)〉]
+ E

[∥∥∥ H∑
h=1

ηtΓ
(c)
t,h+1:H

(
ε
(c)
t,h−1(Z

(c)
t,h) + φ

(c)
t,h−1

)∥∥∥2]

≤
[
∥Γ(c)

t,1:H

(
θ
(1)
t − θ⋆

)
∥2
]

︸ ︷︷ ︸
T1

+2ηt

〈
Γ
(c)
t,1:H(θt − θ⋆) , E

[ H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h−1(Z

(c)
t,h)

]〉
︸ ︷︷ ︸

T2

+ 2ηt

〈
Γ
(c)
t,1:H(θt − θ⋆) , E

[ H∑
h=1

Γ
(c)
t,h+1:Hφ

(c)
t,h−1

]〉
︸ ︷︷ ︸

T3

+ 2η2tE

[∥∥∥ H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h−1(Z

(c)
t,h)

∥∥∥2]︸ ︷︷ ︸
T4

+2η2tE

[∥∥∥ H∑
h=1

ηtΓ
(c)
t,h+1:Hφ

(c)
t,h−1

∥∥∥2]︸ ︷︷ ︸
T5

.

In this decomposition, T1 is an optimization error, representing progress towards the solution θ⋆; T2 is a sampling bias error
due to the Markovian noise; T3 and T5 are error terms due to sub-optimality of the current policy; and T4 is a variance
term. Next, we bound each term of this decomposition.

Bound on T1. The first term is the contraction term, and can be bounded using Proposition C.2

T1 ≤ (1− ηta)
H∥θt − θ⋆∥2 . (35)

Bound on T2. We bound T2 using Cauchy-Schwarz inequality and Young’s inequality

T2 ≤ 2ηt∥Γ(1)
1:H∥∥θt − θ⋆∥

∥∥∥E[ H∑
h=1

Γ
(1)
h+1:Hε(1)(Y

(1)
t,h )

]∥∥∥
≤ ηtHa

8
∥θt − θ⋆∥2 +

8ηt
Ha

∥∥∥E[ H∑
h=1

Γ
(1)
h+1:Hε(1)(Y

(1)
t,h )

]∥∥∥2 ,

where we also used the fact that ∥Γ(1)
1:H∥ ≤ 1. Then, by Lemma C.3, we have

T2 ≤ ηtHa

8
∥θt − θ⋆∥2 +

8ηt
Ha

(8G
3

(
ηtCAHτmix + δτmix

))2

≤ ηtHa

8
∥θt − θ⋆∥2 +

58η3tHτ2mixC
2
AG

2

a
+

58δηtG
2τ2mix

Ha
. (36)

Bound on T3. The term T3 can be bounded using Cauchy-Schwarz inequality and Corollary B.2,

T3 ≤ 2ηt∥Γ(c)
t,1:H∥∥θt − θ⋆∥

∥∥∥E[ H∑
h=1

Γ
(c)
t,h+1:Hφ

(c)
t,h−1

]∥∥∥ ≤ 2ηtHCµG∥θt−θ⋆∥2 , (37)

where we also used ∥Eφ(1)
t,h∥ ≤ ∥(Ā(1)(θt)− Ā(1)(θ⋆))∥C̃proj + ∥b̄(1)(θt)− b̄(1)(θ⋆)∥ ≤ CµG∥θt−θ⋆∥.

Bound on T4. The term T4 can be bounded using Lemma C.4 with N = 1, which gives

T4 ≤ 136η2tHτmixG
2 + 5504η4tC

2
AG

2H2τ2mix . (38)
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Bound on T5. Finally, the last bound is also a consequence of Corollary B.2, which gives

T5 ≤ 2η2tH

H∑
h=1

E
[∥∥∥Γ(1)

h+1:Hφ
(1)
t,h−1

∥∥∥2] ≤ 8η2tH
2G2C2

µ∥θt−θ⋆∥2 . (39)

Full error bound. Plugging (35), (36), (37), (38) and (39) in the above decomposition, we have

E[∥θ(1)t,H − θ⋆∥2] ≤ (1− ηa)H∥θt − θ⋆∥2 +
ηtHa

8
∥θt − θ⋆∥2 +

58η3tHτ2mixC
2
AG

2

a
+

58δηtG
2τ2mix

Ha

+ 2ηtHCµG∥θt−θ⋆∥2 + 136η2tHτmixG
2 + 5504η4tC

2
AG

2H2τ2mix + 8η2tH
2G2C2

µ∥θt−θ⋆∥2 .

After reorganizing the terms, we obtain

E[∥θ(1)t,H − θ⋆∥2] ≤
(
1− ηaH/2 + ηtHa/8 + 2ηtHCµG+ 8η2tH

2G2C2
µ

)
∥θt − θ⋆∥2

+ 136η2tHτmixG
2 +

58δηtG
2τ2mix

Ha
+

58η3tHτ2mixC
2
AG

2

a
+ 5504η4tC

2
AG

2H2τ2mix .

Finally, remark that 16GCµ ≤ a, which implies that

1− ηaH/2 + ηtaH/8 + 2ηtHCµG+ 8η2tH
2G2C2

µ ≤ 1− ηaH/4 ,

and the result of the lemma follows by bounding 58η3
tHτ2

mixG
2C2

A

a + 5504η4tC
2
AG

2H2τ2mix ≤ 976η3
tG

2C2
AHτ2

mix

a .

Theorem 4.2 (Restated). Assume A1–5. Assume that the step size ηt = η is constant and satisfies ηHCA ≤ 1/5 and that
H ≥ τmix. Then it holds that

E[∥θT − θ⋆∥2] ≤ (1− ηaH
4 )T ∥θ0 − θ⋆∥2 + 544ητmixG

2

a

+ δ
232τ2

mixG
2

H2a2 +
3904η2τ2

mixG
2C2

A

a2 ,

where δ is defined in Lemma 4.1.

Proof. Since projections on convex sets are contractions, and θ⋆ is within the set on which we project, we have

∥θt+1 − θ⋆∥2 ≤ ∥θ̄t+1 − θ⋆∥2 .

Applying Lemma 4.1 and unrolling the recursion gives the result.

We now prove the corollary for SARSA’s sample complexity.

Corollary D.2 (Restated). Assume A1–5. Let ϵ > 0, set η ≈ min
(

1
CA

, aϵ2

G2τmix
, aϵ
GCAτmix

)
and H ≈ max

(
1, Gτmix

aϵ

)
, then

SARSA reaches E[∥θT −θ⋆∥2] ≲ ϵ2 with

TH ≈ max
(
CA

a , G2τmix

a2ϵ2 , CAGτmix

a2ϵ

)
log

(∥θ0−θ⋆∥2

ϵ

)
samples and T ≳ CA

a log
(∥θ0−θ⋆∥2

ϵ

)
policy updates.

Proof. Let ϵ > 0. From Theorem 4.2, we have

E[∥θT − θ⋆∥2] ≤ (1− ηaH
4 )T ∥θ0 − θ⋆∥2 +

544ητmixG
2

a
+ δ

232τ2
mixG

2

H2a2 +
3904η2τ2

mixG
2C2

A

a2 ,

To obtain an overall mean squared error smaller than ϵ2, each term has to be smaller than ϵ2, which gives the conditions of η
and H . The bounds on T and TH follow from bounding the exponentially decreasing term.
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E. Proofs for federated SARSA

E.1. Convergence of FedSARSA— Proofs of Proposition 5.1 and Proposition 5.2

Proposition E.1 (Restated). Assume A1–5. There exists a unique parameter θ⋆ ∈ W such that

1
N

∑N
c=1 Ā

(c)(θ⋆)θ⋆ +
1
N

∑N
c=1 b̄

(c)(θ⋆) = 0 .

Proof. The proof follows ideas similar to De Farias & Van Roy (2000)’s Theorem 5.1. For c ∈ {1, . . . , N}, we define the
function s(c) as

s(c)(θ) = Ā(c)(θ)θ + b̄(c)(θ) ,

as well as the map F
(c)
η : θ 7→ θ + ηs(c)(θ), with η > 0. We show that 1

N

∑N
c=1 F

(c)
η has a fixed point.

Remark that 1
N

∑N
c=1 F

(c)
η is a continuous function, and that the set C := {θ | ∥θ∥ ≤ (1+ξ)R̄

1−ξ } is closed under 1
N

∑N
c=1 F

(c)
η

for a well-chosen ξ ∈ (0, 1) (the same as for the individual F (c)
η , whose explicit expression is provided in De Farias &

Van Roy (2000)). Indeed, we have that

∥∥∥ 1

N

N∑
c=1

F (c)
η (θ)

∥∥∥ ≤ 1

N

N∑
c=1

∥F (c)
η (θ)∥ ≤ 1

N

N∑
c=1

(ξ∥θ∥+ (1 + ξ)R̄) = ξ∥θ∥+ (1 + ξ)R̄ .

By Brouwer’s fixed-point theorem, this gives the existence of some θ⋆ ∈ Rd such that:

1

N

N∑
c=1

F (c)
η θ⋆ = θ⋆ ⇐⇒ 1

N

N∑
c=1

s(c)(θ⋆) = 0

⇐⇒ 1

N

N∑
c=1

Ā(c)(θ⋆)θ⋆ +
1

N

N∑
c=1

b̄(c)(θ⋆) = 0 ,

which proves the existence of a fixed point. To prove unicity, let θ1∗, θ
2
∗ ∈ W be two fixed points of FedSARSA. Then

θ1∗ − θ2∗ = θ1∗ − θ2∗ −
η

N

N∑
c=1

Ā(c)(θ1∗)θ
1
∗ − Ā(c)(θ2∗)θ

2
∗ + b̄(c)(θ1∗)− b̄(c)(θ2∗) .

This yields, denoting Ā = 1/N
∑

c Ā
(c),

θ1∗ − θ2∗ = (I − ηĀ(θ1∗))(θ
1
∗ − θ2∗)−

η

N

N∑
c=1

(Ā(c)(θ1∗)− Ā(c)(θ2∗))θ
2
∗ + b̄(c)(θ1∗)− b̄(c)(θ2∗) .

Taking the norm, using triangle inequality, using Corollary B.2 to bound ∥Ā(c)(θ1∗) − Ā(c)(θ2∗)∥ ≤ CµCA, ∥b̄(c)(θ1∗) −
b̄(c)(θ2∗)∥ ≤ CµCb, and using the bound ∥θ2∗∥ ≤ Cproj, we obtain

∥θ1∗ − θ2∗∥ ≤ (1− ηa+ 2ηGCµ)∥θ1∗ − θ2∗∥ ≤ (1− ηa/2)∥θ1∗ − θ2∗∥

where the first inequality comes from Lipschitzness of the policy improvement and the second one comes from A5. This
proves that ∥θ1∗ − θ2∗∥ = 0, guaranteeing the uniqueness of FedSARSA’s limit point.

Proposition E.2 (Restated). Assume A1–5. For any c ∈ {1, . . . , N}, assume that θ(c)⋆ ∈ W , then the local optimum θ
(c)
⋆

(defined analogously to (6)) satisfies

∥θ(c)⋆ − θ⋆∥ ≤ 480

79
(1 + τmix)(ϵp∥θ⋆∥ + ϵr) ,

where ϵp and ϵr are defined in (1).
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Proof. From Proposition 5.3, we obtain

∥Ā(c)(θ⋆)(ϑ
(c)
⋆ − θ⋆)∥ ≤ ζθ⋆ .

Using A2, we then obtain

∥ϑ(c)
⋆ − θ⋆∥ ≤ ζθ⋆

a
.

Now we need to bound ∥ϑ(c)
⋆ − θ

(c)
⋆ ∥. They are respectively defined by:

Ā(c)(θ⋆)ϑ
(c)
⋆ + b̄(c)(θ⋆) = 0,

Ā(c)(θ
(c)
⋆ )θ

(c)
⋆ + b̄(c)(θ

(c)
⋆ ) = 0 .

Subtracting the equalities we obtain(
Ā(c)(θ

(c)
⋆ )− Ā(c)(θ⋆)

)
θ
(c)
⋆ + Ā(c)(θ⋆)

(
θ
(c)
⋆ − ϑ

(c)
⋆

)
= b̄(c)(θ⋆)− b̄(c)(θ

(c)
⋆ ) .

Using A2 a second time yields

∥θ(c)⋆ − ϑ
(c)
⋆ ∥ ≤ 1

a

(∥∥∥(Ā(c)(θ
(c)
⋆ )− Ā(c)(θ⋆)

)
θ
(c)
⋆

∥∥∥+
∥∥∥b̄(c)(θ⋆)− b̄(c)(θ

(c)
⋆ )

∥∥∥) .

Then, Corollary B.2, gives

∥θ(c)⋆ − ϑ
(c)
⋆ ∥ ≤ 1

a

(
CµCA∥θ(c)⋆ ∥+CµCb

)
∥θ(c)⋆ − θ⋆∥ .

Using the triangle inequality, we obtain:

∥θ(c)⋆ − θ⋆∥ ≤ ζθ⋆
a

+
1

a

(
CµCA∥θ(c)⋆ ∥+CµCb

)
∥θ(c)⋆ − θ⋆∥ .

Since ∥θ(c)⋆ ∥ ≤ Cproj and using A5, we have

CprojCµCA +CµCb ≤ a/80,

then the result follows from the definition of ζθ⋆ .

E.2. Bound on heterogeneity drift — Proofs of Proposition 5.3

Proposition E.3 (Restated). Assume A1, A2, A4, and A5. For c ∈ {1, . . . , N}, there exists ζĀ, ζθ⋆ ≥ 0 such that

∥Ā(c)(θ⋆)−Ā(θ⋆)∥2≤ζ2
Ā
, ∥Ā(c)(θ⋆)(ϑ

(c)
⋆ −θ⋆)∥2≤ζ2θ⋆ ,

where we introduced the constants ζĀ
∆
= 4CA(1 + τmix)ϵp and ζθ⋆

∆
= 6(1 + τmix)(ϵp∥θ⋆∥ + ϵr).

Proof. This proofs is inspired by the proof of Zhang et al. (2024)’s Theorem 1.

(Heterogeneity of the Ā(c)’s.) By Mitrophanov (2005)’s Theorem 3.1, we have

∥µ(c)
θ⋆

− µ
(c)
θ⋆

∥TV ≤ 4(1 + τmix) sup
ϱ∼P(S)

∥ϱP (c)
θ⋆

− ϱP
(c′)
θ⋆

∥TV , (40)

Thus, we have, for any c ∈ {1, . . . , N}

1

N

N∑
c′=1

∥Ā(c)(θ⋆)− Ā(c′)(θ⋆)∥2 ≤ C2
A

N

N∑
c′=1

∥µ(c)
θ⋆

− µ
(c′)
θ⋆

∥2TV ≤ 16C2
A(1 + τmix)

2ϵ2p .
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(Heterogeneity of the ϑ
(c)
⋆ ’s.) By definition of θ⋆ and ϑ

(c)
⋆ , we have Ā(θ⋆)θ⋆ = b̄(θ⋆) and Ā(c)(θ⋆)ϑ

(c)
⋆ = b̄(c)(θ⋆). This

gives the identity

Ā(θ⋆)θ⋆ − Ā(c)(θ⋆)ϑ
(c)
⋆ = b̄(θ⋆)− b̄(c)(θ⋆) .

Adding and subtracting Ā(c)(θ⋆)θ⋆ on the left side, we obtain

(Ā(θ⋆)− Ā(c)(θ⋆))θ⋆ + Ā(c)(θ⋆)(θ⋆ − ϑ
(c)
⋆ ) = b̄(θ⋆)− b̄(c)(θ⋆) .

Reorganizing the terms, we obtain

Ā(c)(θ⋆)(θ⋆ − ϑ
(c)
⋆ ) = (Ā(c)(θ⋆)− Ā(θ⋆))θ⋆ + b̄(θ⋆)− b̄(c)(θ⋆) ,

which gives, by taking the norm, using the triangle inequality and A2, that

∥Ā(c)(θ⋆)(θ⋆ − ϑ
(c)
⋆ )∥ ≤ ∥Ā(c)(θ⋆)− Ā(θ⋆)∥∥θ⋆∥ + ∥b̄(θ⋆)− b̄(c)(θ⋆)∥ .

Averaging over all c ∈ {1, . . . , N} and using (40), we obtain

1

N

N∑
c=1

∥θ⋆ − ϑ
(c)
⋆ ∥2 ≤ 32C2

A(1 + τmix)
2ϵ2p∥θ⋆∥2 + 32C2

b(1 + τmix)
2ϵ2r ,

and the result follows.

Lemma E.4. Let ηt such that ηtHCA ≤ 1. Then, it holds that

∥∆1:H∥ ≤ 2ηtCAC̃proj .

Proof. We have

∥∆1:H∥ =
∥∥∥ 1

N

N∑
c=1

(
I− Γ

(c)
t,1:H

)(
ϑ
(c)
⋆ − θ⋆

)∥∥∥
≤ 2∥I− Γ

(c)
t,1:H∥C̃proj ,

where we used ∥θ⋆∥ ≤ C̃proj and ∥ϑ(c)
⋆ ∥ ≤ C̃proj. The result comes from ∥I− Γ

(c)
t,1:H∥ ≤ ηtHCA.

Lemma E.5. Let ηt such that ηtHCA ≤ 1. Then, it holds that

∥∆1:H∥2 ≤ η4tH
2(H − 1)2

4
ζ2Āζ2θ⋆ .

Proof. Using Lemma B.3, we have

1

N

N∑
c=1

(
I− Γ

(c)
t,1:H

)(
ϑ
(c)
⋆ − θ⋆

)
= − ηt

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HĀ(c)

(
ϑ
(c)
⋆ − θ⋆

)
.

Then, we remark that

N∑
c=1

Ā(c)(θ⋆)ϑ
(c)
⋆ −

N∑
c=1

Ā(c)(θ⋆)θ⋆ =

N∑
c=1

b̄(c)(θ⋆)−
N∑
c=1

b̄(c)(θ⋆) = 0 .

Thus, using the notation Γ
(avg)
h+1:H = 1

N

∑N
c=1 Γ

(c)
t,h+1:H , we have

∆1:H =
ηt
N

N∑
c=1

H∑
h=1

(
Γ̄
(c)
t,h+1:H − Γ̄

(avg)
t,h+1:H

)
Ā(c)(θ⋆)

(
ϑ
(c)
⋆ − θ⋆

)
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=
η2t
N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

Γ̄
(c)
t,1:ℓ−1(Ā

(c)(θ⋆)− Ā(θ⋆))Γ̄
(avg)
t,ℓ+h+1:HĀ(c)(θ⋆)

(
ϑ
(c)
⋆ − θ⋆

)
.

Consequently, we have, by the triangle inequality,

∥∆1:H∥ ≤ η2t
N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

∥Γ̄(c)
t,1:ℓ−1(Ā

(c)(θ⋆)− Ā(θ⋆))Γ̄
(avg)
t,ℓ+h+1:HĀ(c)(θ⋆)

(
ϑ
(c)
⋆ − θ⋆

)
∥

≤ η2t
N

N∑
c=1

H∑
h=1

h−1∑
ℓ=1

∥Ā(c)(θ⋆)− Ā(θ⋆)∥2∥Ā(c)(θ⋆)
(
ϑ
(c)
⋆ − θ⋆

)
∥

=
η2tH(H − 1)

2N

N∑
c=1

∥Ā(c)(θ⋆)− Ā(θ⋆)∥2∥Ā(c)(θ⋆)
(
ϑ
(c)
⋆ − θ⋆

)
∥ .

Using Cauchy-Schwarz inequality, we obtain

∥∆1:H∥2 ≤ η4tH
2(H − 1)2

4

( 1

N

N∑
c=1

∥Ā(c)(θ⋆)− Ā(θ⋆)∥2
)( 1

N

N∑
c=1

∥Ā(c)(θ⋆)
(
ϑ
(c)
⋆ − θ⋆

)
∥2
)

,

which is the result.

E.3. Convergence rate — Proofs of Lemma 5.4 and Theorem 5.5

Lemma E.6 (Restated). Assume A1, A2, A4, and A5. Let t ≥ 0, assume that the step size satisfies ηtHCA ≤ 1/6. Then, it
holds that,

E[∥θ̄t+1−θ⋆∥2]≤(1− ηtaH
8 )∥θt−θ⋆∥2+ 9η3

tH(H−1)2
a ζ2Āζ2θ⋆

+
136η2

tHτmixG
2

N +
58δηtG

2τ2
mix

Ha +
976η3

tG
2C2

AHτ2
mix

a ,

where δ = 0 if the Z
(c)
t,0 are sampled from the stationary distribution ν

(c)
θt

and δ = 1 otherwise.

Proof. Starting from Claim 2, and expanding the square, we have

E
[
∥θ̄t+1 − θ⋆∥2

]
=

∥∥∥ 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆)

∥∥∥2
+ 2

〈 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆) , ∆1:H +

ηt
N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HE

[
ε
(c)
t,h−1(Z

(c)
t,h) + φ

(c)
t,h−1

∣∣∣Ft

]〉
+ E

[∥∥∥∆1:H +
ηt
N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:H

(
ε
(c)
t,h−1(Z

(c)
t,h) + φ

(c)
t,h−1

)∥∥∥2 ∣∣∣Ft

]
.

This gives the decomposition

E
[
∥θ̄t+1 − θ⋆∥2

]
=
∥∥∥ 1

N

N∑
c=1

Γ
(c)
t,1:H(θt−θ⋆)

∥∥∥2︸ ︷︷ ︸
U1

+2
〈 1

N

N∑
c=1

Γ
(c)
t,1:H(θt−θ⋆),

ηt
N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HE

[
ε
(c)
t,h−1(Z

(c)
t,h)

∣∣∣Ft

]〉
︸ ︷︷ ︸

U2

+ 2
〈 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆) ,

ηt
N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HE

[
φ
(c)
t,h−1

∣∣∣Ft

]〉
︸ ︷︷ ︸

U3
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+ 3E
[∥∥∥ ηt

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:Hε

(c)
t,h−1(Z

(c)
t,h)

∥∥∥2 ∣∣∣Ft

]
︸ ︷︷ ︸

U4

+3E
[∥∥∥ ηt

N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:Hφ

(c)
t,h−1

∥∥∥2 ∣∣∣Ft

]
︸ ︷︷ ︸

U5

+ 3∥∆1:H∥2 + 2
〈 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆) , ∆1:H

〉
︸ ︷︷ ︸

U6

.

The terms U1 to U5 are analogous to the terms T1 to T5 in the single-agent setting, although with a variance term U4

whose leading term will scale in 1/N . The term U6 is due to heterogeneity, and accounts for the differences in local updates
from one agent to another.

Bound on U1. We have, using Jensen’s inequality and Proposition C.2,

U1 ≤ 1

N

N∑
c=1

∥Γ(c)
t,1:H (θt − θ⋆) ∥2 ≤ (1− ηa)H∥θt − θ⋆∥2 . (41)

Bound on U2. First, we use Lemma A.3 to construct a Markov chain {Y (c)
t,h }h≥0 initialized in the stationary distribution

alike in the single-agent case. We then have

U2 ≤ ηtaH

8

∥∥∥ 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆)

∥∥∥2 + 8

ηtaH

∥∥∥ ηt
N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HE

[
ε
(c)
t,h−1(Z

(c)
t,h)

]∥∥∥2
≤ ηtaH

8
∥θt − θ⋆∥2 +

8

ηtaH

∥∥∥ ηt
N

N∑
c=1

H∑
h=1

Γ
(c)
t,h+1:HE

[
ε
(c)
t,h−1(Z

(c)
t,h)

]∥∥∥2 .

Using Lemma C.3, we obtain

U2 ≤ ηtHa

8
∥θt − θ⋆∥2 +

58η3tHτ2mixC
2
AG

2

a
+

58δηtG
2τ2mix

Ha
. (42)

Bound on U3. First, we use the triangle inequality to split the mean. Then, similarly to the bound on T3, we use
Cauchy-Schwarz inequality and Corollary B.2 to obtain

U3 ≤ 2ηtHCµG∥θt−θ⋆∥2 . (43)

Bound on U4. Using Lemma C.4, we have the bound

U4 ≤ 136η2tHτmixG
2

N
+ 5504η4tC

2
AG

2H2τ2mix (44)

Bound on U5. Alike T5, the bound on U5 is a consequence of Corollary B.2,

U5 ≤ 3η2tH

N

N∑
c=1

H∑
h=1

E
[∥∥∥Γ(1)

h+1:Hφ
(c)
t,h−1

∥∥∥2] ≤ 12η2tH
2G2C2

µ∥θt−θ⋆∥2 . (45)

Bound on U6. This term is due to heterogeneity. First, we split the second term using Young’s inequality, then use
Lemma E.5, which gives the bound

U6 ≤ ηta

8

∥∥∥ 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆)

∥∥∥2 + (
3 +

8

ηta

)
∥∆1:H∥2

≤ ηtaH

8

∥∥∥ 1

N

N∑
c=1

Γ
(c)
t,1:H (θt − θ⋆)

∥∥∥2 + (
3 +

8

ηtaH

)
η4tH

2(H − 1)2ζ2Āζ2θ⋆ ,
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which gives, using 3 ≤ 1/(ηtaH),

U6 ≤ ηtaH

8
∥θt − θ⋆∥2 +

9η3tH
3(H − 1)2

a
ζ2Āζ2θ⋆ . (46)

Final bound. Plugging (41), (42), (43), (44), (45), and (46) the error decomposition above, we obtain

E[∥θ̄t+1 − θ⋆∥2] ≤ (1− ηa)H∥θt − θ⋆∥2 +
ηtHa

8
∥θt − θ⋆∥2 +

58η3tHτ2mixC
2
AG

2

a
+

58δηtG
2τ2mix

Ha

+ 2ηtHCµG∥θt−θ⋆∥2 +
136η2tHτmixG

2

N
+ 5504η4tC

2
AG

2H2τ2mix

+ 12η2tH
2G2C2

µ∥θt−θ⋆∥2 +
9η3tH

3(H − 1)2

a
ζ2Āζ2θ⋆ .

Simplifying, we obtain

E
[
∥θ̄t+1 − θ⋆∥2

]
≤ (1− ηa/8)H∥θt − θ⋆∥2 +

9η3tH(H − 1)2

a
ζ2Āζ2θ⋆ +

136η2tHτmixG
2

N

+
58η3tHτ2mixC

2
AG

2

a
+

58δηtG
2τ2mix

Ha
+ 5504η4tC

2
AG

2H2τ2mix ,

which gives the result of the lemma follows by bounding 58η3
tHτ2

mixG
2C2

A

a + 5504η4tC
2
AG

2H2τ2mix ≤ 976η3
tG

2C2
AHτ2

mix

a .

Theorem 5.5 (Restated). Assume A1, A2, A4, and A5, that the step size ηt = η is constant and satisfies ηHCA ≤ 1/5 and
that H ≥ τmix. Then it holds that

E[∥θT −θ⋆∥2] ≤ (1− ηaH
8 )T ∥θ0−θ⋆∥2 + 72η2(H−1)2

a2 ζ2Āζ2θ⋆

+ 1088ητmixG
2

Na +
464δG2τ2

mix

H2a2 +
7808η2G2C2

Aτ2
mix

a2 ,

where δ = 0 if the Z
(c)
t,0 are sampled from the stationary distribution ν

(c)
θt

and δ = 1 otherwise.

Proof. The proof follows the same arguments as the proof of Theorem 4.2.

Corollary E.7 (Restated). Assume A 1–5. Let ϵ > 0. Set η ≈ min
(

1
CA

, Naϵ2

G2τmix
, aϵ
GCAτmix

)
, and H such

that H ≲ τmixG
ζĀζθ⋆

max
(

G
Nϵ ,CA

)
and H ≳ δτmixG

aϵ , then FedSARSA reaches E[∥θT − θ⋆∥2] ≲ ϵ2 with T ≳

max
(
CA

a ,
ζĀζθ⋆
a2ϵ

)
log

(∥θ0−θ⋆∥2

ϵ

)
communications, and

TH ≈ max
(
CA

a , G2τmix

Na2ϵ2 ,
GCAτmix

a2ϵ

)
log

(∥θ0−θ⋆∥2

ϵ

)
(12)

samples per agent.

Proof. Let ϵ > 0. From Theorem 5.5, we have

E[∥θT − θ⋆∥2] ≤ (1− ηaH
8 )∥θt − θ⋆∥2 + 72η2(H−1)2

a2 ζ2Āζ2θ⋆ + 1088ητmixG
2

Na +
464δG2τ2

mix

H2a2 +
7808η2G2C2

Aτ2
mix

a2 .

To obtain an overall mean squared error smaller than ϵ2, each term has to be smaller than ϵ2, which gives the conditions on
η and H . For the exponential term to be small, we require T ≈ 1

ηHa log(
∥θ0−θ⋆∥2

ϵ2 ) and TH ≈ 1
ηa log(

∥θ0−θ⋆∥2

ϵ2 ), which
give the bounds on T and TH .
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